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XT is a remarkable, feet in the history of scienoei 

that the oldest book of Elementary Geometry id 

' still considered as the best, and that the wdtingii 

^ of Euclid, at the distance of two thousand yWi^ 

Continue to form the most approved intrdduction 

^ to the mathematical sciences This . remarkable 

^ dist^ction the Greek Geometer owes iK>t ofily to 

1 the elegance and correctness of his demonstra^ 

* «««, but .0 « .^.g^eot HKM ha^y con. 

trived for the purpose of instruction^-^-^dvantages 
^hich, when they reach a certaih emiiieB<5e, se- 
cure the works of an author against tibe injuries 
of time, more effectually than even originality 'of 
invention. The Elemenfs of Euclid, however, in 
passing through the hands of the ancient editors, 
diuring the decline of science, had suffered some 
diminution of their excellence, and much skill and 
learning have been employed by the modem ma- 
thematicians to deliver them from blemishes, 
which ©ertainly did not enter into their ori^al 

394654 



fV PHETACE. 




<^^'€^ these matiiemati^iifi, Dr Siflni 
ytih^l^&'Vtmafhti dMc^ted the test, 1ms alto bteil 
iBer inosfa suedeisslijtl, ^ aAd ' Iran 'left ' teryi Ifittle xoom 
!b)r Cfte fafigentlky c^ fiiture editors .to )|& e}aetdmei 

improving the txanslations fifin it 

7^:^ ' ^di Wog ti$ ineti^ii «f ]i>t SbffidN^s ^edition, 

94A thd re<!ieptian xt hai^ tnet with having be^ 
every way suitable, the work now ofibred to thb 
^^ »p«ia^ appear «.„»«»«,. A,d«. 
aeed, if the geometer just named had written' with 
a view of accommodating the ElenieHis of Euciiib 
iio' the present state! of ihe mathefnartieal isefettcA, 
^i is not likely th^t any thing new id Memenfatj^ 

^eometiry woujd have b^ soon attempted. But 

« • 

l^re tlie Wliting^ dP Ed^cIlid to t!(e»r Miginal '^- 
fection, and to give tfeiti to iriodem Etmjpe «8 
nearly ad posdble in the state wherein th^yteade 

^heh* firsi appearance in Amcleiit^Gneece. For tjas 
W^eHaldii^^ nobody could be better qualified tibta 
Df SiMl^oN ; who, to an accurate knowledge of the 

^m^ languages, ^nd w in4efiM%atte spirit of 

^resedil^ch, added a profound skill in the aiicie&t 
lUeometry, and an admiration of it almost onthti- 

'"l^tic. Accordingly, he not only restored ti^ I 
|e^t of EucLip wherever \\ had been corrupted^ 




PKEFACE, f^ 

hMy Udon^ed iio tile cc^qaI w<»r^} rt]^tjgh^Jt^f 
CKfareinfe ^artiidity f<»r kis wtho^ abitch^ ^etn^t^ 
iBH)teisdpiMe, tktftf jsuoh honoui: ^^g^lflllf^ t]!^ 

ilUS^ re^qed' to. be dow, wc^ notvdtlistaii^iig 
<it^ dcltiioi»Mged- ejGcellenoe of OSuclid^S Ele* 
j)9e&f^ it GQul^.}i(>t b^ doubted^ .tlnat^ s^m^ al^ra* 
i#tH6LSrifilBbt'.be rmad^ that would accpii^modate 
,f;|)f^ ]b|^l^ to jgi i^tafe p£therQiat^fmatica]| ^^^ 
ff^m3M^i&49e upptoved and e^jid^ than at the 
i^gfif^T wtapii they . w^e uncitlien. r A5eor^i]^ljr, .tM 
fottecthrf ^be^editioix xiowt ojBPfgrod^ to tji^e nubliCy is 
upt^ jsQfitftfeli t^ gwr^ tft the tm^ii^s. of. l^jeup t^ 
.f<i(pf rwJu^ ti^j^otigpi^aUy l^ ^. th»t .wh^h |p^^ 

^«|e«t^the>^4o^l9ii# of jPrj^Kwrtiou,, t;he fla^W^of 
iiafi«ilii^^'»bi€|^ .aant i» rJ*id . dftym, m .^^ ,4f^n?^ 

i<jccilri4^ra|rt^ d^Q^fi; <if wlwch^. lioweyer^ 4^ ;^^* 

itlteidefwtfrjiBtt^ j»?pi^e»t4., j^o^gxpj^n^^^^^^ 
^)ii(f flmc&i|pei>ff§qui):fs ^.fnore ii^te ^xa^a^^^^ 
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t^n is soited to this pluee, and musty therefere». he 
reserved for th& Notes; but, in tl^e mean time» it 
toiay be reip^k^dt iba^ no definition, except that 
Qt !BuGLii>, has ever bemi given, fiom whidi the 
propertiefs of proportionals can be deduced by rMr 
sonings, which, a^ the same time that, they are per<r 
Isctly rigorous, are also simple and direct. As to 
tfa6 defects; thet ps9l^ii«3s and obscurity thai hmt 
so (fiften been complained of in the fifth book, thcgr 
seem to arise chiefly ftssn the ntiture of the lanr 
guage emplo^edy wbidi beiqg no. oth?r than that of 
ordinary discourse^.. cannot ex]Hres% without mueb 
tediousness and circumlocution) the relati<ms of ma^ 
thematicsd iqpiantitiei^ when taken in thek utmoat 
^nerality, tod ^en no assistance can b^ received 
from dTagrams. As i« is plkin, that the concise 
language of Algebra is Meetly calculated to re*- 
medy this inconyenience» I have^eiidea^urod to : in- 
troduce! it here, in a varysimpleform however, and 
"without <^a»g^ng the nature of the reasoning, , or 
depaaN:iQg in any thing from the rigour «f g^me^ 
tribal demonstration. By this means, the steps of 
th^ xeasonipg #dch were before far separated, ace 
hiepught near to ene anotiMr, and the ^^ece of. the 
wbojb is so dtorly and direcdy perceived, that I 
am pen^aded no more di^ieulty will he &uadin 



in tii^Secoad Bodk 'ako^ 8ome aigelirak; 8igii9 
faaveilsfeii intfodueed^ for the sake of lepteteniiilg 
flMtfe xdaf% the additielt/ ttnd.8ufalrtetimi:of the 
lMtai^«i)Um whiflki the demoiistratifliie depend* 
mser'ttse 0f iMdh syntboiied Imto^^ in^lMiislMiBiiif 
fiom «iiiMigttial^ where so syimbohi ase usad^CHM 

hflttf f ifoi) tf ^.brtiMSt xMftte iht tKaaib|aQiiri«vrn6t 
lude into English, it is imidd intbtfaftt-mitvenial 
hngttage i3tiii]0h sought after in ilL the iseieabes^ 
hist d»iiii0i^'it tvDi^ he eqjojr^ only by 

the mathematical. 

JThedltiamtibiis above mientidiied ate the most 
matendL: that have been attempted on the boote 
of BubiaiK Thcace aie» hotreyery a .&w othen^^ 
whidi^ Ihmgh less conndesable^ it is hoped may 
in <8ome dqproe Acitttate the atiidy of the £kmciits< 
8adi> me ^those made on tide jbfiniitioas m 1^' 
fittft Book, imd. ipaorticulaily tm the '^cfinitioBi of /ft 
M»^g^lin& Anew axmm is also intioduae^ ilk 
^xtoamwi tfaelSdi^^lbr the purpose of deanoB^ 
stzaling^mdre easily some of ihb piopcrties of pa** 
fattdlilines* Inithe thiid Book» the x&xmkB eon*' 
osiDingrthe ai^es^made by a straight :Un^ and 
the dreumfeKente of a drdb» are left aut> as tend* 



tap pEiw4«tw 



,T 



^^psji>hfkm9l^'i':'i . •( o- •■ »> ' •'■■ • " ': ' ■^'^'^ ^-^ 

in die first Edition of th^ie ^Jgl^Qeotik rv i: ja/irnos 
4if^^ <^£at4o^tiP«r*teQt»ifWlu»t:9>ni3^^ 

%iF^]^^^Jr,c(p|^^ rjintl]iqit(T«lo^0»dt:tte8onA' 
^»S8!!fse,^^f^W«§©rfotti^rlw«A (rftill^ «iipfest«ft 

t§^^j|j^4^lp9B|p |})^;^|((AiEii]^i,^ tiM^,l6icpiai^-ap»[2 

F^s^tfonfh#i<^j#mt#'9^^ j»*i^|jt44iBrtO tb«iBvI 
When I sp<»k of the rectification of the cvwlfeiarT: 



A^ndtavuvfefthiii-is -w^ knowii) Geometrj has 
il^JBtiliWM Mb «o mmIiv : Aft ^d is proposed n» 
tB(idel|Mnitt <ww-<l»ug^'liiiis»»h«>iihiifl ffigg: very 
lililWfiBDMnn«'«iiollMr; npdooM^ ftr iflBtanee^ tikaa 
IJiftiHigiMsiiwl mill abely^Hveftth paitof the di. 
aoKtivafrtbs (dBdfe»>aad~of *vAidi tibe <ta6 (dot be 
giiiteFtfciW iWwi^ieffltnfewwB of tit^tokd^- andlJwr 
ottar Itts;- ^ift3^«qMtM4isdii^ tie ^padratdre <rir 
the drde is perfarmed only by apj^xokiatkm, or by 
flBia% tJKyoriibtei^eB tteu^ eqwl to one another x 
fm^^fiumgnateti and anoit^ less than the spaoe 
contained witlan the dide. 
gi Xni«iiii/8e«md Book of the Snpplcsnent which 
tBSHkiiEdto IntersecCiim of Pknes, I have depart- 
eJtaMttttp) aiP pMGfl^e^^fimn^EucLiB's method of 
cd toiJgMli yaiy^ftfce iklj^ in his dieyenih Bodt. 
la^BfidinimiSrieiSon ' 1^ is 

fiintaJiinKEiaBft^ IKteitnt^tftsof^Geometry; that 
oiAebnth^ tiMr;i:!aK ^^as 1 know ; as is also liie 
ssiBttoteiU^tt^ii^i«i(l£»i in^the niHeteraA propo* 
silMpH^aqpsiilifotti whid^ titoc^h^^in itsdf extreme- 
lyu»kMpl9^1lu»''iie^'m^ aiidhaid- 

lyt3B9# tfetaiib^^^' An elementary^ f6tm,^ any 

i WidlimSpMR^'tO^ the' Geometry bf Sdlids, in the 



gothef^ mfih »^im^ of ffeadenag ift botk dioorter a&dl 

9Me oois^^ettsive* Ths0, homer^ is iwt ats 

teaqptedr bf iiktrodudii^ a mode of reasoHi^ lanr 

x^of^mb tlum that of :tib^ Cbttk Geometef; ^^foi 

tiiii 'Tveidd be td pay -tclo'^BV mmi ^nr.tfa^ timrf 

tlKitrmiglit thereby be: isatod; but ifc ib done dfiefl;^ 

by .lafinir aride a«cMN4Bai/iide».vbidi» tbdvgbffit 

W iw^esttaitial' • ti>. tbe^ aettDBcy of anocBatrtrattcM^ 

£i^ci^l]>iba8[tboil^:it'pRip^ as possibly 

tof'diserve. •-. " -:■.'./ .. * :''r 

« ... 

. The nde atferred to, is ^evvvbsdb inflaaiMi 
tbe arraagemeBt: of Ms piopo^HiiQiis tfanrng^ iiie 
wbole of the Elements, VjiL^Tbat in the denloir^ 
isSxAiam of a tbeotem^ Jie^oi^vsr supposes any t&ing 
t^heik^m M^ my^e te be duna, or any %Q»e 
to be. ooofiti^ueted^ tiHe immneri of derag" whidt lie 
has not previously ^qilailied^ .Now» the only oo^ 
qi this rale is to prevent the adioiukm ofinb- 
posiible. or aontr^otory supjKiisitiini^ nvbiih, nrt 
doub^ mtgbt lead into eitor; and it is a rale if eU 
sahsutetedi to awvrer tibat iend^. » it does net sfion; 
the existence of any thing fo be sAppassdy -adtois 
tbe tbiD#iti^be abt^Qy ednbitedl :Bufrit ianot 
aliiifays necessary to make use isf tibis dirfbnoe ; foi 
the existenee of many things is obviously possibiei 
ipid ji^ery far from implying a contiMyietion^ whare 



FBXl'AGK. 3dk 

d^ m«tlfod tf ;Wtua% txbUttting theixunuj^. be id^ 

(plreu %ure as^a base^, a solid may be conotiituiitdt, 
oi 4Mm«^i^ to>0;pi^ . eqiial iA^aoiid caatfnts to ^anf 
ffveui sQ^d, ^beoaiu^ ^ 80lid» wbatev^ be its biie^r 
Mii»^fs^t;iiuiy( bei»d0%ii€fy Tade4 is oq^ 
^ d(^ees of . xaagmtiid^r £[ani AQtbuig. upwaxda^); 
and/^M^t maf jn.iEBaay^Gasesbea.prdiilfnirof^^^ 
tipoie ditileslfy to asttga. the height of su^ arstM 
fidl^ iiq4 actaa% to ejdubit it Now, this 'verjr 
8U|]positioii, that on a giyeu base a solid of a giTen 
BMgnitude loay be conatitBted*; is (»exif^ those, by > 
the intEodnatioa of which* the Geometry of Solids, 
is jpiu(^ shoiftened,. while idl tbe real accoiacf ot tb&, 
4@Bi<nist(»tHH» is preserved; and tliere£>xe^ to fbl. 
i^iir^ .as.£ucLii> hasdone^ the rule that exdudes. 
tbi% and mih like hypotbesoa^' is to create artificial, 
dificiilties, and to embaixass geometrical: investjiga^ 
tkp with more obstacles than the nattnre of things 
has thrown in its way. It is a nde, too, whichcan^ 
imt alw^be £bEowed» and^m which eren £u^ 
C3aU> himsidf has been finpcad to depart m maretham 
oBc^instance^ 

t . rln the Bpols^ therefioTf^ on.the jiroparties of So^ 
fids^ «?hf^ I' M^' o&f; to the puhUcir I have not 
99it^if,^o i$i4g06tthe d^oon^tiations to the law jtts€^ 
si«tt||oi|icd» apidj hw^e, i^fevei? hesitated to admit thr 



ay "^flijrr'^'^^ ^im' 6Atmi^i» '«irer< %llM i*«»$r 
refilled axti&W^'^iebib^f^^"it^mA^, '«»MtI«^ 
we *^ve%ef%sme '^ 'tt^ ''BCfetSfM ■ ^ BklilftunoiiSy 

by banners. m^^imitA W'iiKld&i^tB.>a£\irb* 



• •• 



?*«»^N5P» m 



ma l^^4r^m»gh Widens i^jff ^B^lf^iSm 

much advantege. into the lugher Geomet^j, .,^,^.^ 
•3e ^pab^.\^hm^ W^iSP^m^, ,:i}^^ T}}^ for 

*wiKi^rJt]>?: iSffOiguity .of ^ tj^ «ffiu|ii|;«?8i^ jwjiji.fi;^' 
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An explanation of Napier's v^ry. ingen&cAis 
and useliil rule of the CircuJur Paris is here Udd- 
ed as an appendix to Spherical Trigonometry. 

It has heen objected to many of the vniters 6a 
Elementary Greometry, and particularly to Euclid, 
that they have been at great pains to prove the 
truth of many 8im]^e propotntions, which evexy 
body is ready to admit, without any demonstnu 
tion, and that they thus take up the time, and fa^ 
tigue the attention of the studenjt, to no purpose. 
To this objection, if there be any force in it^ the 
present treatise is certainly as much exposed as 
any other ; for no attempt is here made to abridge 
the Elements, by considering as self-evident any 
thing that admits of being proved. Indeed those 

' r 

who make the objection just stated^ do not seem 
to have reflected sufficiently on the end of Mathe- 
matical Demonstration, which is not only to prove 
the truth of a certain proposition, but to shew its 
necessary connection with other propositions, and 
its dependence on them. The truths of Geometry 
are all necessarily connected with one another, 
and the system of such truths can never be 
rightly explained, unless that connection be ac* 
curately traced, wherever it exists. It is upon 
* this that the beauty and peculiar excellence of the 
mathematical sciences depend : it is this;, which, by 



I 

iolated, coimeets the dilfeient parts 4o Aw.fy> IbM 
they must all stand or. all inU toj^iher^ Th^ d^ 
mcmstmtion, therefore, even of an^obfieus^iMporii*- 
tion, amweis'the pwpose <^ eoBtte«liBg^<^^]^»^^ 
sttdon with others, and ascertainiBg its^Iai^ifi i^ 
general system of mathematical ttoth* If, fiH^>e& 
^nple, it' be alleged, that it is nee^ees to demeqi^ 
sirate that any two sides <^ a tnaiigle «re i^eater 
than the third; it may he replied^ that this is qo 
doubt a truth, which, without proof, most men v^ 
be inclined to admit ; but, ate we for that 9easod, to 
account it of no consequence to kqow what th^ prs^ 
positions are, which must cease to be true'if ti»s 
proposition were supposed to be false? Is it' nut 
us^iil to know, that unless it be.true^ that any ti^o 
sides of a triangle are greater than the third, nei* 
t^r oould it be true, that the greater side of every 
triangle is opposite to the greater angle, nor that 

4 

the equal ^ides are opposite to eqjial angles ; ndr, 
imftljr^ - tbat tjbpgs eqpftl to 1^ same tiiiog are 
eq^ to. €9i[e amN^er? By. a scientific mind, this 
iofenoatltm wQl upt be thought %htly of; and it is 
eiiacsAj that ifbiah we receii^e ^om Eugmd's de^- 
mouftration. 

To all this, it may be added, th^t the mind, es- 
p^ially when begii^ning to study the art of reascH^r 
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iag^ esnnot be employed to greater advant^^ than 
ia analysmg those judgments, which, though they 
aj^ear simple, are in reality complex, and capaUe 
of being distinguished into parts. Noprogressin 
ascending to higher investigations can be expected, 
ti9 a regdar habit of demonstcation in elementary 
matters has been acquired ; it is therefore to be 
feared, that he who has declined the trouble of 
tracing the connection between propositions such as 
that ahready quoted, and those that are more sinu 
ple, will pot be very expert in tracing their connec- 
tion with those which are more complex ; and that, 
as he ha3 not been careful in layhig the foimdation, 
he wiU never be successful in raising the superstruc- 
ture. 



College of Edinburgh, ) 
Dec. la 1818. j 
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ADVERTISEMENT TO THE SIXTH EDITION. 

T%e Fifth Editicm of the Idte Professor Plav^ 

riiR's Elements of Geometry ^ and the last that 

had the benefit of his own superintendance, having 

been ecohaustedj this New Edition has been printed 

nnder my care. 

WiiiLiAM Waj-lac?, 

College of Eoinbuegh, > 
January 1822, j* 
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]^f^j^T}» that which I^.{)o^tjo9|,bi4 wt/pf^U^^ 
turfe*^ 

A^fimr.^h|i^;ifit)i0i]t ii^ :. il : - ''» v - I 

" CoEOLLART. Tfec extremities of a line are points ; 

"and the mtersections of one line with another afS''-'^ 

"also points.*^ 

• III. ",;'"'■•-' ^v3 

" If two lines are such that they cannot coindae in any 
" two points, without coinciding altogether, eadi (x 
'• themisisdted" a flttaighrliw.'^ —■ ' — 

" Cor. Hence two straight lines cannot inclose a space. 

.^:N«iihfir teii.i5wi0;figpcM^ ]tge^ %m^^$^smjopKwgi:[ /^. 

" ment ; for they cannot coincide in part, without co- 

A)il^rl«fes ^ thai wllicl|^lKltt?«iriyae||jg^^^ . 

''Cofv..Tbe,fiXjtr(eraiitie§pf a superfioief a^ linesr; a^^^ ^ 

* thr ihtersections of 'dtie^: stlperttcie^^'with ' )ki6m^ ak - ' 

* The definitions marke^ wi^h ^erted commas are different from 
those of* Euclid. ' ■ .;, ■ 
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ELEMUKTS 



. V. 
Bbck i; A phne superficies is that in which; any two pomts being 
' ^ taken, the straight line between them lies wholly in^ 

that superficies^ 

VL 

A plane rectilineal angle is the inclination of two straight 
lines to one another, which meet tpgjpther,. but aw not 
in the same stnught line. 





JNR K * When aerend angles are at cyie pioint B, any 
^ one of them is expressed by three letters^, of which the- 

< letter that is at the vertex of the angle, that is,^ at the 

* point in which* the straight lines that contain the aii^e 
^ meet one another, is put between the other two letters,, 
'and one of these two is somewhere upon one of those 

* straight lines, and the other upon the other Ime : Thus 
' the angle whichr is< contained oy the straight lines ABr 
' CB, is named the angle ABC, or CBA ; that which is 

< dDHtained by AB^ BD^ is nam^ the angk ABD, or 
^ D&A, and that which is cotitaihed by BD, GB is call- 
^ ed the angle DBC, or -CBD ; but if there be only one 

* ailj^e at^apcmit, it maybeei&pi^dsed'by a letter placed 
*Ht that' p&mtr aa die ai^Ie at E.^ 

VIL 

When a straight line standjikg on 
-anothejr stridffbt line makes the 
adjacent an^a equal to one an^^ 
, .^ I ;OMer^: ^di' of the an^^ is call- 
ed a rkrht angle; and westrairiit 
Une which stands on the other 
isr called a perpendicular to it. 
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Vin. Book I. 

AiEk obtu0Mii%Ie k that irfiich is greater than a right angle. 




IX. 

An acute angle is that which is less than a right angle. 

X. . . . . 

A %ure is that which b inclosed by one or more bounl 
darie&-^^* The space contained within a figure is call- 
ed the Area of the Figure.^ 

XL 

A drde is a.plane figure contained by one line, which is 
<^ed the circumference^ and is such that aU straight 
lines dmwn from a certain point within the figure to 
the circumferenoe, are equal to one another. 



V 



XII. 

This pcnnt is called the centre of the circle. 

XIIL 
A diameter of a circle is a straight line drawn through 
the centre, and teminated bom ways by the circum- 
ference. ' 

XIV. 
A semidrcle is the figure contained by a diamet^ and the 
part of the drcumferenoe cut oflF by the diametier. 

■■-■»«•■ 
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XV. 
Bectiliiieal figum are those whidi are contained by 

straight lines. 

XVI. 
, Trilateral figures, or triangles, by Uuee strugbt lines. 

XVII. 

Quadrilateral, by four strught lines. 

XVIII. 

Multilateral figures, or polygons, by more than four 

straight lines. 

XIX. 
Of throe-sided figures, an equilateral triangle is that 

which has three equal ades. 

XX. . 

An isosceles triangle is that which has only two sides equal. 






XXI. 

A scalene triangle, is that which has three unequal sides. 

XXII. 

A right angled triangle, is that which has a right angle. 

XXIII. 

An obtuse angled triangle, is that which has an obtuse 
angle. 
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XXIV. 

4-n acute angled triangle, is that whi<^ has three acute 
angles, 

XXV. 

Of four sided figures, a square is that which has all its 
sides equal, and aU its angles right angles. 





XXVI. 

An oblong, is that. which has aU its angles: right angles, 
but has not all its sides equal. 

XXVII. 

A rhombus, is that which has all its ades equal, but its 
angles are not right angles. 




XXVIII. 

A rhomboid, is that which has its opposite sides equal 
to one another, but all its sides are not equal, nor its 
angles right angles. 

XXIX. 

All other four sided figures be^des these, are called 
Trapeziums. 



BLEMENTS 



ihfikh^ SUsight lines, which are in the same plane, and beii^ 
' produced ever so far both ways, do not meet, are 
called Parallel Lines. 



POSTULATES. 
I. 

Let it be granted that a straight line may be drawn 
from any one pcnnt to ai^ other pomt. 

IL 

That a terminated strai^t line may be produced to any 
length in a straight line. 

UL 

Apd that a circle may be described from any centre, at 
any distance from that centre. 

AXIOMS. 
I. 

N. Things which are equal to the same thing are equal 
toonew^tfafr. 

^ IL 

If equals be added to equals, the wholes are equal. 

IIL 

If equals be taken from equals, the remainders are equal. 

IV. 

If equals be added to unequals, the wholes are unequal. 

V. 

If equals be taken from unequals, the remainders are un- 
iequal- 
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VI. 

Things whicSh ai^ doubles of the same thing, fffe equal to iBod(<?. 
one another. 

VII. 
'ThingJs which are halves of the same thing are equal to 
one another. 

VIII. 
Magilitud^ whidi coincide with one ^nofher, that is, 
which exactly £11 the €ame space, are equal to one ano- 
I ther. 

IX. 
'The whole is ineato* than its part. 

——It-- 

(c Two straight lines which intersect cHie another, cannot 
be both parallel to the same strai^jht line.^ 
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Book I. PROPOSITION I. PROBLEM. 

To describe an equilateral triangle upon a given 

finite straight line. 

Let AB be the given straight line ; it is required to 
describe an equilateral triangle upon it. 

From the centre A, 

at the distance A B, de- 

a 3. Posttt- scribe* the circle BCD, 

^^ and from the centre B, 

at the (]hstance B A, de- 

sk;ribe |;he circle ACE ; 

and from the point C, 

in which the circles cut 

one another, draw the 

b. 1. Post, straight lines ^ CA, 

CB to the points A, B; 

ABC is an equilateral 

triangle. 

Because the point A is the centre of the circle BCD, 
ell. Defl- AC is equal ° to AB ; and because the point B is the cen- 
nition. tre of the circle ACE, BC is equal to AB : But it has 
been proved that C A is equal to AB ; therefore CA, CB 
are each of them equal to AB ; now things which are 
d 1. Axiom, equal to the same are equal to one another ^ ; therefore 
CA is equal to CB ; wherefore CA, AB, CB are equal 
to one another ; and the triangle ABC is therefore equi- 
lateral, and it is described upon the given straight une 
AB. Which was required to be done. 




PROP. II. PROB. 

From a given point to draw a straight line equal 

to a given straight line. 

Let A be the given point, and BC the given straight 
line ; it is required to draw, from the point A, a straight 
line equal to BC. ' 

a 1. Post. From the point A to B draw • the straight line AB ; 

b. 1. 1. and upon it describe *» the equilateral triangle DAB, 
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c 2. Pott. 



dS. Post. 



e 11. Def. 



and produce ^ the straight 

lines DA, BD, to E and F ; 
from the centre B, at the 
distance BC, describe'^ the 
circle CGH, and from the 
centre D, at the distance 
X^G, describe the circle GKL. 
AL is equal to BC. 

Because the point B is the 
centre of the circle CGH, 
BC is equal * to BG ; and be- 

^ cause D is the centre* of the 
circle GKL, DL is equal to DG, and DA, DB, parts of 
them, are equal ; therefore the remainder AL is equal 
to the remainder ' BG : But it has been shewn, that BC f 3. Ax. 
is equal to BG ; wherefore AL and BC are each of them 
equal to BG ; and things that are equal to the same are 
equal to one another ; uierefore the straight line AL is 
equal to BC. Wherefore, from the given point A, a 
straight line AL has been drawn equal to the given 
straight line BC. Which was to be done. 

PROP. III. PROB. 

From the gi^eater of two given straight lines to 
cut off a part equal to the less. 

Let AB and C be the 
two given str^ught lines, 
whereof AB is the greater. 
It is required to cut off 
from AB, the greater a 
part equal to C, the less. 

From the point A draw 
^ the straignt line AD 
equal to C ; and from the 
centre A, and at the dis- 
tance AD, describe ^ the circle DEF ; and because A ^ 3. Post 
is the centre of the circle DEF, AE is equal to AD ; 
but the straight line C is likewise equal to AD ; whence 
AE and C are each of them equal to AD ; wherefore 
the straight line AE is equal to "^ C, an(fVrom AB the c 1. Ax. 
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Book I. gieater of two straight lines, a part AE has been cut cff 
equal to C the less. Which was to be done. 

PROP. IV. THEOREM. 

If two iriansles have two sides of the one equal 
to two. sides of the other, each to each ; and 
have likewise the angles contained by those 
sides equal io one another, their bases or thiid 
sides, shall be equcd; and the areas of the tri- 
angles shall be equal ; and their other uncles 
shall be eqv4iU each to each, x)iz. those to vtmch 
the equal sides are opposite*. 

Let ABC, DEF be two triangles which have the two 
sides AB, AC equal to the two sides DE, DF, each to 
each, viz. AB to * D 

DE, and AC to ^ 
DF ; and let the 
angle B AC be also 
equal to the angle 
EDF : then shall 
the base BC be 
the base 
and the 



N. 



equal to 
EjV; anc 



he tri- I 
angle ABC to the L 





triande DEF; ^ ^ 

and me other angles,, to which the equal «ide§ are oppo- 
site, shall be equal, each to each, viz. the angle, ABC to 
the angle DEF, and the angle ACB to DFE. 

For, if the triangle ABC be applied to the triangle 
DEF, so that the point A may be on D, and the strai^t 
line AB upon DE ; the point B shall coincide with the 
point E, because AB is equal to DE ; and AB coinci- 
ding with DE, AC shall coincide with DF, because the 
angle BAC is equal to the angle EDF ; wh^fore also 
the point C shall coincide with the point F, "because AG 
is equal to DF : But the point B coincides with the 

Eoint^E ; wherefore the base BC shall coincide with the^ 
ase EF % and shall be equal to it. Therefore also thd" 
whole triangle ABC shall coincide with the whole tri- 



• The three conclusions in this enunciation are more briefly expressed 
by saying, that the trianglet an tvery ^ay equaL 
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angle DBF, so tbat the qpaces whidi they contain or t&rar ^^^^ <• 
areas are eqtial : and the rpmaining angles of the one ^"■^'v^^ 
shall coincide with the remaining an^es of the other, and 
be equal to them, viz, the angle ABC to the angle DEF, 
and the an^e ACfi to the angle DF£. Therefore, if , 
two triangles have two ades of the one equal to two aides 
of the other, each to each, and have likewise the angles 
contained by those ndes equal to one another; their bases 
shall be equal, and their areas diall be equal, aod thar 
other angles, to which the equal ades are opposite, shall 
be equal, each to each. Which was to be demonstrated* 

PROP. y. THEOR. 

The angles at the base of an Isosceles triangle k 
are equal to one another ; and if the eqvxd sides 
he produced^ the angles upon the other side of 
the base shaJl also be equal. 

Let ABC be an isosceles triangle, of which the idde 
AB is equal to AC, and let the straight lines AB, AC 
be produced toD and £, theangleABC shall be equal to 
the angle ACB, and the angle CBD to the an^le BCE. 

In BD take any point F, and from AE the great^ 
cut off AG equal " to AF the less, and join FC, GB. • a s. I. 

Because AF is equal to AG, and AB to AC, the two 
sides FA, AC are equal to the two GA, AB, each to 
each; and they contam the 
angle FAG common to the 
two triangles, AFC, AGB ; 
therefore the base FC is 

equal ^ to the base GB, and . / \ ^ 4. l. 

the trianele AFC to the 
triangle AGB; and the re- 
mainmg angles of the one 
are equal ** to the remain- 
ing angles of the other, each 
to each, to which the equal 



sides are wpoate, viz. the r^ 
angle AWr to the angle ' 




ABG, and the angle AFC to the angle AGB : And be- 
cause the whole AF is equal to the whole AG, and the 
part AB to the part AC; the remainder BF is e- 



m 
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itook I- qual * to the remainder CG ; and FC was proved to be 
^■J^>2^ equal to 6B, therefore the two ades Bh\ FC are equal 
^ to the two C6, GB, each to each ; but the angle BFC 
is equal to the angle CGB ; wherefore the triangles Bf*C, 
CGB are equal b, and their remaining angles are equal, 
to which the equal sides are opposite ; therefore the an- 
gle FBC is equal to the angle GCB, and the angle BCF 
to the angle CBG. Now, since it has been demonstra- 
ted, that the whole angle ABG is equal to the whcde 
ACF, and the part JDBG to the part BCF, the remain- 
ii^ angle ABC is therefore equal to the ronaining an^e 
ACB, which are the angles at the base of the triangle 
ABC : And it has also b^en proved, that the angle FBC 
is equal to the angle GCB, which are the angles upon 
the other side of uie base. Therefore, the angles at tl)e 
base, &c. Q. £. D. 

CofiOLLAEY. Hence every equilateral triangle is also 
equiangular. 

PROP. VI. THEOR. 

p If two angles of a triangle be equal to one ano- 

ther, the sides which subtend^ or are opposite 
to therriy are also eqiuil to one another. 

Let ABC be a triangle having the angle ABC equal to 
the angle ACB ; the side AB is also ecjual tD the sicfe AC. 

For, if AB be not equal to AC, one of them is greater 
b 3 1, than the other : Let AB be the greater, and from it cut ^ 
off DB equ^tl to AC the less, and 
join DC ; therefore, because in the 
triangles DBC, ACB, DB is equal 
to AC, and BC common to both, 
the two sides DB, BC are equal to 
the two AC, CB, each to each ; but 
the angle DBC is also equal to the 
angle ACB; therefore the base DC 
is equal to the base AB, and the area 
of the triangle DBC is equal to that 
c. 4. 1. of the triangle*' ACB, the less to the p" 
greater ; which is absurd. There- 
fore, AB is not unequal to AC, that is, it is equal to it. 
Wherefore, if two angles, &c. Q. E. D. 

Cor. Hence every equiangular triangle is also equi- 
lateral. ' 
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PROR VII. THEOR. wj^ 

Upon the same hase^ and on the same side qfit^ n. 
there cannot be two triangles^ that have their 
sides which are terminated in one eoetremity of 
the base equal to one another, and likewise 
those which are terminated in the other extre- 

. mity^ equal to one another. 

Let there be two triai^les ACS, ADB, upon tbe same 
base AB, and upon the same side of it, which have their 
ades C A, DA, terminated in A equal to one another ; 
then their sides CB, DB, ^ 

terminated in B, cannot be yK 

equal to one another. / \ >i> 

. ' Join CD, and if possible 
let CB be equal to DB; then, 
in the case va which the ver* 
tex of each of the triangles is 
without the other triangle, 
because AC is equal to AD, 
the angle ACD is equal * to // V^ a 6. i. 

the angle ADC : But theAZ. JB 

angle ACD is ^eater than the angle BCD ; therefore 
the angle AQC is greater also than BCD ; much more 
then is the angle BDC greater than the angle B('D. 
Again, because CB is equal to DB, the angle BDC is 
equal * to the angle BCD ; but it has been demonstra- 
ted to be greater than it ; which is impossible. 

But if one of the ^ 

vertices, as D, be with- y^ 

in the other triangle 
ACB; produce AC, 
AD to E, F ; there- 
fore, because AC is 
equal to AD in the tri- 
angle ACD, the angles 
ECD, FDC upon the 
other side of the base 

.CD are equal a to one another, but the angle ECD is 
;^eater tjian th^ angle BCD ; wherefore the angle FDC 
IS likewise gieater than BCD • much more then is the 





<. 



so 
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angle BDC greiiter tfian the angle BCD. Again^ be- 
cause CB is equal to DB, the angle BDC is equal * ta 
the angle BCD ; but BDC hasbeoi proved to be greater 
than the sam^ BCD; whidi is impomUe. The case in 
whidi the yertex ci one triioigle is upon a side of the 
other, needs no demonstration' 

Theref(»e, upon the same base, and on thi^ same ade 
of it, there cannot be two triangles that hav« their »des 
which are terminated in one extremity of the base equal 
to one another, and likewise those which are terminated 
in the other extremity equal to one another. Q. £. D. 

PROP. VIII. THEOK. ^ 

If txvo triangles have two sides of the one equal 
to two sides of the other, each to ea^ch, and have 
likewise their bases equal; the angle which is 
contained by the two sides of the one shaU he 
equal to the angle contained by the two sides 
of the other. 

Let ABC, DEF be two triangles haying the two sides 
AB9 AC, equal to the two sides DE, DF, each to each, 
yiz. AB to DE, and AC to DF ; and also the base BC 





equal to the base EF. The angle BAC is equal to the 
angle EDF. 

For, if the triangle ABC be applied to the trian^^le 
DEF, so that the pomt B be on E, and the straight hne 
BC upon EF ; the point C ^all also coincide with the 
jxrint F, because BC is equal to EF ; therefore BC coin- 
ciding with EF, BA and AC shall coincide with ED, 
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aAd DF ; for, if B A, and CA do not ocmicide widi ED, Book i. 
and FD, but hitve a different situation as EG and FG ; 
then, upoij the same base EF, and upon die same mde of 
it, there can be two triangles EDF, EOF, that have thrir 
i^des which are terminated in one extremity of the base 
equal to one another, and likewise their sides temnnated 
in the other extremity j but this is imposable''; there- 
fi>fe, if the base BC omncide with the base EF, the sides 
B A J AC cannot but coincide with the mdes ED, DF ; 
wherefore likewise the angle BAG coincides with the an- 
gle EDF, and is equal ' to it. Therefore if two trian- 1 8. Ax. 
gles, &c. Q. E. D. 

PROP. IX. PROB. 

Ta bisect a given rectilineal angle, that is, to di- 
vide it into two equal angles. 

Let BAC be the given rectilineal angle, it is required 
to^ bisect it. 

T^e any point D in AB, and from AC cut* off AE 
equal to AD ; join DE, and 
u^Mti' it describe ^ ah equilateral 
triangle DEF ; then join AF ; 
the straijs^t line AF bisects the 
angle BAC. 

Because AD is equal to AE, 
and AF is common to the two 
triangles DAF, EAF ; the two 
sides DA, AF, are equal to the 
two-sdes E A, AF, each to each ; 
biit the base DFis also eaualto 
the liase EF ; therefore tne an- 
gle DAF is equal '^ to the angle 
EAF : vibetwaee the given rec- 

tiHiieal angle BAC is bisected by the straight line AF. 
WUdi was to be done. 

PROP. X. PROB. 

To bisect a given Jinite straight line, that is, tO' 
divide it into two equal parts. 

Let AB be the ^ven straight line ; it is required ta 
£yide it into two equal parts. 
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c 8. 1» 



32 



ELEMENTS 




Book u Describe * upon it an equilateral triangle ABC, and 
^r^ bisect ** the angle ACB by the striught line CD. AB is 
b 9. 1.* cut into two equal parts in the point D. 

Because AC is equal to CB, and CD common to the 

two triangles ACD, BCD ; die two ^J 

sides AC, CD, are equal to the two 

BC, CD, each to each ; but the an- 
gle ACD is also equal to the angle 

BCD ; therefore the base AD is 
c 4. 1. equal to the base "" DB, and the 

straight line AB is divided into two 

eqxm parts in the point D. Which 

was to be done. A. 

PROP. XI. PROB. 

To draw a straight line at right angles to a given 
\ straight line, from a given point in tliatline. 

Let AB be a given straight line, and C a pcnnt giv^A 

in it ; it is required to draw a straight line from the point 

C at right angles to AB. » 

a 3. 1. Take any point D in AC, and* make C£ equal to 

CD, and upon DE de- 
fa 1. 1. scribe ^ the equilateral 
triangle DFE, and ioin 
FC ; the straight line 
FC, drawn from the gi- 
ven point C, is at right 
angles to the given 
strsdght line AB. r- 

Because DC is equal 
to CE, and FC common to the two triangles DCF, ECF, 
the two sides DC, CF are equal to tbe two EC, CF, 
each to each ; but the base DF is also equal to the base 
c 8. 1. EF ; therefore the angle DCF is equal ^ to the angle 
ECF ; and they are adjacent angles. But, when the ad- 
jacent angles which one straight line makes with another 
straight une are equal to one another, each of them is 
d 7. def. called a right * angle ; therefore each of the angles DCF, 
ECF, is a right angle. Wherefore, from the given point 
C, in the given straight line AB, FC has been drawn at 
right angles to AB. Which was to be done. 
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PROP. XII. PROB. ^"• 

Ta draw a straight line perpendiadar to a givenX 
straight line, of an unlimited length, from a 
given point without it. 

Let AB be a pven straight line, which may be pro- 
duced to any length both ways, and let C be a point with- 
out it. It is required q 
to draw a straight line 
perpendicular to AB 
m>m the point C 

Take any point D 
upon the other side of ^ 
AB^and from thecen- 
tre C, at the distance ^^ 

CD, describe* the circle E6F meeting AB in F, G; and a 3. Post, 
bisect ^ FG in H, and jcrin CF, CH, CG ; the strwght b lo. l. 
line CH, drawn from the given point C, is perpendicular 
to the given straight line AB. 

Because FH is equal to HG, and HC common to the 
two triangles FHC, GHC, the two sides FH, HC are 
equal to the two GH, HC, each to each ; but the base 
CF is also equal *^ to the base CG; therefore the angle c 11. Def. 
CHF is equal * to the aiigle CHG ; and they are adja* ^' 
cent angles; now when a straight line standing on a 
straight line makes the adjacent angles equal to one an- 
other, each of them is a right angle, and the straight line 
which stands upon the other is called a perpendicular to 
it ; therefore from the given point C a perpendicular CH 
has been drawn to the given straight line AB. Which 
was to be done. 

PROP. XIII. THEOR. 

Th€ angles which one straight line makes with 
another upon one side of it, are either two 
right angles, or are together equal to two right 
angles. > 

Let the straight line AB make with CD, upon one 
fflde of it, the angles CBA, ABD; these are either two 
right angles, or are together equal to two right angles. 

c 
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s^k L For, if the angle CB A be equal to ABD, each of tliem« 
5^^^ is a right angle * ; but,, if not, from tfee point B draw BK 

Ji: A 
A 



b^n. 1. 



<y2. Ax. 
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D^^^B ^* 13 B C 

at right angles'* to CD ; therefore the angles €BE^^BI>* 
are two right angles. Now, the angle CB£ is eijuaL^ti^ 
the two anglps CBA, ABE together ; add the angle EBI> 
to each of these equals,, and tne two angles CBBt'£fi0» 
will be equal* to the three CBA, ABE, EBD.: Agaiiv 
the angle DBA, is equal to the two angles DBEy EBA;^ 
add to ;each of these equals the angle ABC ; theft will. die 
two angles DBA,. ABC be equal to the three angles DBEy 
EBA, ABC ; but th^ angles CBE, EBD have been d«?- 
monstrated to be equal to the same three angles^; .andl 
things that are equal to the same are equal ^ tooae^an- 
other; thereforie the angles. CBB^ EBD ^e equal^to^tbe- 
angles DBA, ABC; but CBE^EBD, ane two^ right aub- 
glesi tb^refpn^ DBA, ABC are together equal to two 
right angles. Wherefore, when a straight Jine,jt,&c. 
Q. E. p. • . ^.<L 

PROP. XIV, THEOB. ^ ~ 

If, at a point in a straight line, two other straight 
lines, upon the apposite sides of it, make the 
adjacent angles together equal to two right 
angles, these two straight lines are in one and 
the same straight line^ • . 

At the point B in the, j^ 

straight line AB, let the 
Pffo straight lines BC, BD 
upon the opposite sides of 
AB, make the adjacent an- 
gles ABC, ABD equal to- 
gether to two right angles. 
BD is in the same straight 
line with CB. : 




». 
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For, if BD be not in the soioe straight line wit^ €B, Book, j^ 
let BE be iB the same straight hue with it ; tljeiefo^e, bet V^v^^ 
cause the straight line AB makes angles with the;6traight ^ 
line CBE upon one side of it, the angles ABC, ABE are 
together equal ^ to twc>^ right toigles ; but the angles ABC, a 13. i. 
ABD are likewise together equal to two right angles ; 
therefore the angles CBA, ABE alre-^ual to the angles 
CBA, ABD: Take away the common angle ABC, and 
the remaining angle ABE is equal ^ to the remaining b 3. Ax. 
angle ABD, the less to the greater, which is impossible ; 
therefore BE is not in the same straight Jime with BC. 
And in like manner it may be demonstrated, that no 
other can be in the same straight lin^ with it but BD, 
which therefore is in the same straight line with CB. 
Wherefore, if at a point, &c. Q, E. U. 



^ r '^ 



PROP. XV. THEOR. 



If two straight lines cut one another^ the vuerti'- 
caU or opposite angles are equal. 

Let the two straight lines AB, CD cut one another in 
the point E ; the angle AEC shall be equal t6 the angle 
DEB, and CEB to AED. 

For the angles CE A, AE D, which the straight liheA E 
makes with the straight line CD, are together equal* to two a 13. l, 
right angles : and the C 
angles AED, DEB 
which the straight 
line DE makesf with X 
tbe straight line AB 
arealsotogether equal 
* to twonght angles ;- 
therefore the two an- 
gles CE A, AED are 
equd to the two AED, DEB. Take away the doinmon 
angle AED, and the remaining angle CEA is equal H 3. Ax. 
to the ' remainmg angle DEB. In the same manner it 
may be demonstrated that the angles CEB, AED are 
equal. Therefore, if two straight fines, &c. Q. E. D. 

Cor. 1. From this it is manifest, that, if two straight 
lines cut one another, the angles which. tJjey make at the 
point of their intersection, are together equal to four right 
angles. >' . 

c 2 
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Book I. Cob. 8. And hence, all the angles maide by any num- 
"^^^Y^"^ ber of straight lines meeting in one point, are together 
equal to four right angles. 

PROP. XVI. THEOR. 

If one side of a triangle be produced^ the eocte* 
rior angle is greater than either of the inte- 
rioTy and opposite angles. 

Let ABC be a triangle, and lei its side BC be pro- 
duced to D, the exterior angle ACD is greater than ei- 
ther of the interior oppo- 
site angles CBA, BAC. 
la 1. Bisect * AC in E, join 
BE and produce it to F, 
and make EF equal to 
BE ; join also FC, and 
produce AC to G. 

Because AE is equal to 
EC, and BE to EF ; AE 
EB are equal to CE, EF, 
each to each ; and the an- 

b 15. 1. gle AEB is equal ^ to the 
angle CEF, because they 
are vertical angles; there- 
fore the base AB is equal 

c 4. 1. « to the base CF, atnd the 

triangle AEB to the triangle CEF, and the remaining 
angles to the remaining angles, each to each, to which 
the equal sides are opposite ; wherefore the angle B AE 
is equal to the angle ECF ; but the angle ECD is greater 
than the angle ECF ; therefore the angle ECD, that is 
ACD, is greater than BAE : In the same manner, if the 
side BC be bisected, it may be demonstrated that the 
' . angle BCG, that is **, the angle ACD, is greater than the 
angle ABC. Therefore, if one side, &c. Q. E. D. ^^ 

PROP. XVII. THEOR. 

j4ny two angles of a triangle are together less 

than two right angles. 
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ald.1. 



Let ABC be any tri- Book L 

angle ; any two of its 
angles together are less 
than two right angles. 

Produce BC to D ; 
and because ACD is the 
exterior angle of the tri- 
angle ABC, ACp is 
greater^ than the inte- 
rior and opposite angle . 

ABC ; to each of these B CD 

add the angle ACB ; therefore the angles ACD, ACB 
are greater than the angles ABC, ACB; but ACD, 
ACB are tc^ther equal ^ to two right angles ; therefore b 13. i. 
the angles ABC, BCA are less than two right angles. 
In like manner, it may be demonstrated, that BAC, 
ACB, as alsoy CAB, ABC, are less than two right 
angles. Therefore, any two angles, &c. Q. £. D. 




PROP. XVIII. THEOR. 

The greater side of every triangle ha^ the greater 

angle opposite to it. 

Let ABC be a triangle of 
which the side AC is greater 
than the side AB ; the angle 
ABC is also greater than the 
angle BCA. 

•From AC, which is greater 

tfcan AB, ctit off* AD equal B C 

to AB, and join BD ; and because ADB is the exterior 
angle of the triangle BDC, it is greater ^ than the into- b 16. i. 
rior and opposite an^le DCB ; but ADB is equal* toe 5. J, 
ABD, because the side AB is equal to the side AD ; 
therefore the angle ABD is likewise greater than the 
angle ACB; wherefore much more is the angle ABC 
greater than ACB. Therefore the greater side, &c. 
Q. E. D, 




aS. 1. 



38 



ELEMENTS 



Book I. 



a 5. 1- 



b 18. 1. 



«3, 1. 



b5.1« 




c 19. 1. 



PROP. XIX. THEOR. 

The greater angle qf every triangle is svbtanded 
by the greater side, or has the greater side 
opposite to it. 

Let ABC be a triangle, of which the angle ABC is 
greater than the angle BCA; the side AC is likewise 
greater than the side AB. 

For, if it be not greater, 
AC must either be equal to 
AB, or less than it; it is not 
e(}ual, because then the.angle 
ABC would be equal * to the 
angle ACB; but it is not; 
therefore AC is not equal to ^ 
AB; neither is it less; be- 
cause then the angle ABC would be less* than the angle 
ACB ; but it is not ; therefore the side AC is not less 
than AB ; and it has been shewn that it is not equal to 
AB ; therefore AC is ^greater than AB. Wherefore the 
greater angle, &c. Q. E- D. 

PROP. XX. THEOR. 

Any two sides of a triangle are together greater 

than the third side. 

Let ABC be a triangle ; any two sides of it togeth^ 
are greater than the third siae, viz. the ades BA, AC 
greater than the side BC ; and AB, BC greater than 
AC ; and BC, C A greater than AB. 

Produce BA to the jy 

point 1), and make * AD 
equal to AC ; and join A 

DC. 

Because DA is equal 
to AC, the angle ADC 
is likewise equal ^ to 

ACD; but the angle ^ ^ 

BCD is greater than the angle ACD; therefore the 
angle BCD is greater than the angle ADC ; and because 
the angle BCD of the triangle i5CB is greater than its 
angle BDC, and that the greater ^ side is opposite to the 
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^^reater amle: therefore the side DB is gi*eater than the J^^^ 
side BC; but DB is equal to BA and AC together; "^^ 
therefore BA and AC together are greater than BC. In 
the same manner it may be demonstrated, that the sides 
AB, BC are greater than C A, and BC CA greater than 
AB. Th^eftire any two sides, &c ^. £. D. 



PROP. XXI. ^HEOR. 



/ 



/^' 



If from the ends of one Mde ofdtrian^e, there n. 
he drawn txjoo straight lines to a point within 
the triangle, these two lines shall he less than 
the other two sides of the triangle^ but shall 
-contain a greater angle. 

Let thettvb'^i'aight lines 1BD, CD be drawn from B, 
O, the ends of the ade'BC of the triangle ABC, to the 
point D within it ; BD and DC are less than the other 
two sides BA AC of the triangle, but contain an angle 
BDC greatiET than the angle BAC. 

Produce BD to £ ; and because two sides of a tri- 
.angle* are greater than the third ade, the two sides BA, «f«o,% 
AE of the triangle ABE are greater than BE. To each 
of these add EC ; therefore the p^ 

sides B A, AC are greater than A 

-BE, EC,^ Again, because the / \]g 

two sides CE, ED, of the tri- 
angle CED are greater dian 
<;D, if DB be acfied to each, 
the sides CE, EB, will be 
greater than CD, DB; but it 
has been shewn that BA, AC 
are greater than BE, JEC ; 
«luek itiore then are BA, AC ® 
greater thtoi «D, DC. 

* Again,' beei^Use-the exterior angle of a triangle)* isi>l9S.a< 
greatea* than the interior and oppcate angle, the exterior 
aiigfe BDC of the triangle CDE is greater than CKD ; 
Ibr the same TiSaBbn, the exterior angle CEB of the tri- 
•angle ABE is greats than BAC ; and it has been de- 
•ffif^strated that the angle BDC is greater than the angle 
CJEB; much more then is the angle BDC greater than 
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Book I. ^e angle BAG. Therefore, if from the ends of, &c. 



Q. £. D. 



} ^ 



/ 
PROP. XXII. PROB. 



To construct a triangle of which the sides shall 
he equal to three given straight lines; but any 
two whatever of these lines must be greater 
a 20. 1. than the third \ 

Let A, B, C be the three given straight lines, of which 
any two whatever are greater than the third, viz. A and 
B greater than C ; A and C greater than B ; and B and 
C than A. It is required to make a triangle of which 
the sides shall be eaual to A, B, C, each to each. 

Take a straight line DE terminated at the point D, 
but unlimited to- 
wards E, and make 
a 3, 1. « DF equal to A, 
FG to B, and GH 
equal to C ; and 
from the centre F, 1^1 
at the distance FD, 
b 3. Po«t. describe ^ the circle 
DKL; and from 
the centre G, at ^ A' 

the distance GH, t» 

describe ^ another 

circle HLK; and C 

join KF, KG ; the 

triangle EFG has its sides equal to the three straight 

lines. A, B, C. 

Because the point F is the centre of the circle DKL, 
c 11. Def. FD is equal ^ to FK ; but FD is equal to the straight 
line A ; therefore FK is equal to A : Again, because G 
is the centre of the circle LKH, GH is equal *^ to GK«; 
but GH is equal to C ; therefore, also GK is equal to C ; 
and FiGr is equal to B ; therefore the three straight lines 
KF, FG, GK, are equal to the three A, B, C : And 
therefore the triangle KFG has its three sides, KF, FG, 
GK equal to the three given straight lines, A, B, C. 
Which was to be done. 
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PROP XXIII. PHOB. »«<* I- 

At a given point in a given straight line, to make 
a rectilineal angle eqtud to a given rectilineal 
angle. 

Let AB be the given straight line, and A the given 
point in it, and DCE the given rectilineal angle ; it is re- 
quired to make an an- 
gle at the given point 
A in the given straight 
line AB, that shall be 
eoual to the ^ven rec- 
tinneal angle DCE. 

Take in CD, CE 
any points D, E, and 

join DE ; and make • D / a 8f . 1. 

the triangle AF6, the 
ffldes of which shall 
be equal to the three 

^trwght lines, CD, DE, CE, so that CD be equal to AF, 
CE to AG, and DE to FG ; and because DC CE are 
equal to FA, AG, each to each, and the base DE to the 
base FG ; the angle DCE is equal ^ to the angle FAG. b 8. i. 
Therefore, at the given point A in the given straight line 
AB, the angle FAG is made .equal to the ^ven rectili- 
neal angle DCE. Which was to be done. j 

PROP. XXIV. THEOR. 

4 

If two triangles haveiwo sides of the one equal to 
two sides of the other, each to ea>ck, but the an- 
gle contained by the two sides of the one greater 
than the angle contained by the two sides of the 
other ; the ba^se of that which has the greater 
angle shall be greater than the ba^e of the other. 

; Let ABC, DEF be two triangles which have the two 
sides AB, AC equal to the two DE, DF, each to each, 
viz. AB equal to DE, and AC to DF ; but the ansie 
BAC greater than the angle EDF ; the base BC is also 
greater than the base EF. 
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c9.1. 





Of the two sides DE, DF, let DE be tlie side which is 
not greater than the other, and at the point D, in the 
strai^t line DE, make" the angle EDG equal to the 
angle BAC : and make DG equal *" to AC or DF, And 
join EG, GF. 

Because AB is equal to DE, and AC to DG, the two 
sides B A, AC are equal to the two ED, DG, each to 
each, and the 
angle BAC is 
equal to the 
angle EDG, 
therefore the 
base BC is e- 
qual^ to the 
base EG; and 
because DG 
is equal to 
DF, the an- 
gle DFG is 

equal * to the angle DGF ; but the angle DGF is great- 
er than the angte EGF ; therefore the angle DFG is 
greater than EGF ; and much more is the angle £9*6 
greater than the angle EGF ; and because the angle 
EFG of the triangle EFG is greater than its angle EGF, 
and because the greater® side is opposite to the greater 
angle, the side EG is greater than the side £F ; but EG 
is equal to BC ; and therefore also BC is greater thatt 
EF. Therefore, if two triangles, &c Q. E. D. 

PROP. XXV. THEOR. A /-^ 

If two triangles have two sides of the one emudto 
two sides of the other ^ each to each^ but the base 
of the 09ie greater than the base of the other ; 
the angle contained by the sides of that which 
has the greater ba^e^ shall be greater tjum the 
angle contained by the sides of the other. 

Let ABC, DEF be two triangles which have the two 

sides AB, AC equal to the two sides DEy DF, each to 

each, viz. AB equal to DE, and AC to DF : but let the 

' base CB be greater than the base EF, the angle BAC is 

likewise greater than the angle EDF. ♦ 
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b2i.I. 



For, if it be not greater, it must ^ther be equal to it, or Book J. 
less ; but the angle BAC is not equal to the angle EDF, 
because then the base ^ 

BC would be equal •A. AJ . 

to £F ; but it is not; 
therefore the angle 
BAC is not equal to 
the an^le EDF ; nei- 
ther is It less ; because 
then the base BC 
would be less^ than 
base EF; but it is 
not ; therefore the an- jg 
gle BAC is not less 

than the angle EDF ; and it was shewn that it is not 
equal to it : therefore the angle BAC is greater tham the 
angle EDF. Wherefore, if two triangles, &c. Q. £. D 

PROP. XXVI. THEOR. 

Iftxco triangles have two angles of the one equal 
to two angles of the others each to each ; and one 
side equal to one side, viz. either the sides adjO' 
cent to the equal angles, or the sides opposite to 
the equal angles in each ; then shall the other 
sides be equal, each to each ; and also the third 
angle oftlie one to the third angle of the other. 

Let ABC, PEF be two triangles which have the an- 
gles ABC, BCA equal to the angles DBF, EFD, viz. 
ABC toMF,and ^ _ 

BCAtoEFD;al. A JJ 

so one ^b equal 
to one side ; and QJ 
first let those sides 
be equal which are 
adjacent to the an- 
glestlu^; are equal 
in the two trian- 
gles, viz. BC to .,^ , ^ ^ 

EF; the, other B = T3 E T 

ade$ shall be equal, each to each, viz. AB to DE, and AC 
to DF ; and the third angle BAC to the third angle EDF. 
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Hook f. For, if AB be not equal to DE, one of them must be 
^"^^y^^ the greater. Let AB be the greater of the two, and 
make B6 equal to DE, and join 6C ; therefore, because 
B6 is equal to DE, and BC to ^F, the two sides GR, 
BC are equal to the two DE, EF, each to each ; and the 
angle GBC is equal to the angle DEF ; therefore the 
a 4. 1. ba^ GC is equal '^ to the base DF, and the triangle GBC 
to the triangle DEF, and the other angles to the other 
angles, each to each, to which the equal sides are oppo- 
site ; therefore the angle GCB is equai to the angle DFE; 
but DFE is, by the hypothesis, equal to the angle BCA ; 
wherefore also the angle BCG is equal to the angle BCA, 
the less to the greater, which is impossible ; therefore AB 
is not unequal to DE, that is, it is equal to it ; and BC 
is equal to EF ; therefore the two AB, BC are equal 
to tke two DE, EF, each to each ; and the angle ABC 
is eaual to the angle DEF ; therefore the b£^ AC is 
equed » to the base DF, and the angle BAG to the angle 
EDF. 

Next, let the 
sides which are 
opposite to equal 
angles in each tri- 
angle be equal to 
one another, viz. 
ABtoDE;like. 
wise in this case, 
the other sides 



shall be equal, ^ 
AC to DF, and ^ 




HC 




BC toEF; and also the third angle BAC to the third EDF. 
For, if BC be not equal to EF, let BC be the greater 
of them, and make ItM equal to EF, and join AH ; and 
because BH is equafto EF, and AB to DE ; the two 
AB, BH are equal to the two DE EF, each to each ; 
and they contain equal angle^ -therefore * the base AH 
is equal to the base DF, ana the triangle ABH to the 
triangle DEF, and the other angles are equal, each to 
each, to which the equal sides are opposite ; therefore 
the angle BHA is equal to the angle EFD ; but EFD 
is equal to the angle BCA ; therefore also the angle 
BHA is equal to the angle BCA, that is, the exterior 
angle BHA of the triangle AHC is equal to its inte- 
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rior and opposite angle BCA: which is impossiUe^; Boekl* 
wherefore BC is not unequal to EF, that is, it is equal ^T^rT' 
to it ; and AB is equal to DE ; therefore the two AB, * ' 

BC, are equal to the two DE, EF, each to each ; and 
they contain equal angles ; wherefore the base AC is equal 
to the base DF, and the third angle BAG to the third 
angle EDF. Therefore, if two triangles, &c. Q. E. D. 

PROP. XXVII. THEOR. 

If a straight line falling upon two other straight 
lines makes the alternate angles equal to one 
another y these two straight lines are paraUeL 

]L.et the straight line EF, which falls upon the two 
straight lines AB, CD make the alternate angles AEF, 
EFD equal to one another ; AB is parallel to CD. - 

For, if it be not parallel, AB and CD being produced 
shall meet either towards B, D, or towards A, C ; let them 
be produced and nieet towards B, D in the point G ; 
therefore GEF is a triangle, and its exterior angle AEF 
is greater * than the y a 16. i. 

Interior and oppo- 
site angle EFG ; but A 
it is also equal to it, 
¥/hich is impossible; 
therefore, AB and 
CD being produced, ^ 
do not meet towards 
B, D. In like manner it may be demonstrated that they 
do not meet towards A, C ; but those straight lines which 
meet neither way, though produced ever so far, are pa- 
rallel •» to one another. AB therefore is parallel to CD. b30. Def. 
Wherefore, if a straight line, 8rc. Q. E. D. 

PROP. XXVIIL THEOR. ^-' 

If a straight line falling upon two other straight 
lines makes the eoctertor angle equal to the in* 
terior and opposite upon the same side of the 
line ; or makes the interior angles upon the same 
side together equal to two right angles ; the 
two straight lines are parallel to one another. 
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BookL Let the straight Kne £F, which falls upon the two 
^*^v-*^ stxttiffht lines AB, CD, make the exterior angle E6B 
« equal to GHD, the p 

interior and* oppo.. 
nte an^le tipon the 
same side ; or let it ^ 
make the interior 
angles on the same 
Me BGH, GHD 
together equal to 
two right angles ; 
AB is parallel to 
CD. 

Because the angle EGB is equal to the angle GHD, 
a 15. 1. and also " to the angle AGH» the angle AGH is equal 
to the angle GHD ; and they are the alternate angles; 
b 27. 1. therefore AB is parallel ^ to CD. Again, because the 
c By Hyp. angles BGH, GHD are equal ^ to two right angles, and 
d 13. 1. AGH, BGH, are also equal ** to two nght angles, the 
angles AGH, BGH are equal to the angles BGH, GHD : 
Take away the common angle BGH : therefore the re- 
maining angle AGH is equal to the remaining angle 
GHD ; and they are alternate angles; therefore AB is 
parallel to CD. Wherefore, if a straight line, &c. Q. E. D. 
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PROP. XXIX. THEOR. 

If a straight line fall upon two parallel straight 
lines, it makes the alternate angles equal to one 
another ; and the exterior angle equal to the in- 
terior and opposite upon the same side; and 
likewise the two interior angles upon the same 
side together equal to two right angles. 

Let the straight line EF fall upon the parallel straight 
Unes AB, CD ; the alternate angles AGH, GHD are 
equal to one another; and the exterior angle EGB is 
equal to the interior and opposite, upon the same side, 
GHD ; and the two intenor angles BGH, GHD upon 
the same side are together equal to two right angles. 
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For if AGH be not equal to GHD, let KG be drawn Bbok i. 
making the angle E6II equal to GHD, and produce 
KGtoL;thenEL £ 

will be parallel to \ ^.— i- 

CD»;butABisalso . \-nr ^^.,— --''""'^ a27.L 

paralfelto€p;there- "^ ^'"^ ^ 

fore two straightlines K - 
are* dn»i^ through 

the same point G, C ■ " " ^\^ 1> 

parallel to CD, and 

yet not coinciding 

with one another, F 

which is impossible **. The angles AGH, GHD there- b 11. Ax- 

fijre are not unequal, that i^ they are equal to one ano^ 

ther. Now, the angle EGB is equal to AGH ^ ; aad c 15^ 1. 

AGH is proved to be equal to GHD ; therefore EGB is 

likewise equal to GHD ; add to each of these the angle 

BGH ; therefore the angles EGB, BGH are equal to the 

anries BGH, GHD -^ but EGB, BGH are equal ^ to two d la U 

ri^t angles; therefore also BGH, GHD are equal to 

two right angles. Wherefore, if a straight line, &c. Q. 

E. D. 

CoR. If two lines KL and CD make, with EF, the two 
angles KGH, GHC together less than two right angles, 
EG and CH will meet on the side of EF on which the 
two angles are that are less than two right angles. 

For, if not, KL and CD are either paraSel, or they 
meet on the other side of EF ; but they are not parallel ; 
for the angles KGH, GHC would then be equal to twa 
right angles. Neither do they meet on the other ade of 
I;F^ for tlie-anffles LGH, GHD would then be twa 
ahgles of a trian^e, and les3 than two right angles ; but 
this is impossible; for the four angles KGH, HGL, 
CHG, GHD are together equal to four right andes ^, of 
which the two, KGH, CHG are by supposition less than 
twp right angles; therefore, the other two, HGL, GHD 
are greal^ than two right angles* Tlierefbre, anoe KL 
and CD are not parallel, and mnce they do not meet to* 
wards L and D, th^ must meet if produced towards K 
aod C. 
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a 23. 1. 



b 27. 1. 



PROP. XXX. THEOR. 

Straight lines which are parallel to the same 
straight line are parallel to one another . 

Let AB, CD, be each of them parallel to £F ; AB is 
also parallel to CD. 

Let the straight line GHK cut AB, EF, CD ; and 
because GHK cuts the 
parallel straight lines AB, 
EF, the angle AGH is 
equal ^ to the angle 
GHF. Again, because 
the straight line GK cuts £ 
the parallel straight lines 
EF, CD, the angle 
GHF is equal * to the cT" 
angle GKD ; and it was 
shewn that the angle 
AGK is equal to the angle GHF ; therefore also AGK 
is equal to GKD ; and they are alternate angles ; there- 
fore AB is parallel ^ to CD. Wherefore straight lines, 
&c. Q. E. D. 

PROP. XXXI. PROB. 

To draw a straight line through a given point 
parallel to a given straight line. 

Let A be the given point, and BC the given straight 
line; it 

p 




IS required to 
a straight line 




draw 

through the point A, 
parallel to the straight 
line BC. 

In BC take any point 
D, and join AD ; And at the point A, in the straight 
line AD, make '^ the and! DAE equal to the angle ADC ; 
and produce the strakj^Uine EA to F. 

Because the strauflKne AD, which meets the two 
straight hnes BC, E^j^akes the alternate angles EAD, 
ADC equal to one another, EF is parallel ^ to BC. There- 
fore the straight line EAF is drawn through the given 
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pwnt A parallel to the given straight line BC. Wliich ^^J^ 
was to be done. y/n 



A 



..y ','#^ 




PROP. XXXII. THEOR. 




If a side of any tria igle be produced^ the exterior 
angle is d^tial to tne two interior and opposite 
angles ; and the three interior angles (f6very 
triangle are equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC be 
produced to D ; the exterior angle ACD is equal to the 
two interior and opposite angles CAB, ABC ; and the 
three interior angles of the triangle, viz. ABC, BCA, 
CAB, are together equal to two right angles. 

Through tne point a 

C draw CE parallel ^^ y^ a 31. 1, 

* to the straight line 
AB; and because 
AB is parallel to CE 

and AC meets them, ^ ^:^ ^ 

the alternate angles -^ \^ U 

* BAC, ACE are equal ^ Again, because AB is pa- '> 29. 1. 
rallel to CE, and BD falls upon them, the exterior angle 
ECD is equal to the interior and opposite angle ABC ; 
but the angle ACE was shewn to be equal to the angle 
BAC ; therefore the whole exterior angle ACD is equaY* 
to the two interior and opposite angles CAB, ABG ; to 
these angles add the angle ACB, and the angles ACD^- 
ACB are equal to the three angles CBA, BAC, AOB ;- 
but the angles ACD, ACB are equal * to two right c 13. 1. 
angles ; thOTefore also the angles CBA, BAC, ACB are 
eijiud to two right angles. Wherefore, if a ade of « 
tnangle, Stc. Q. E. D. . 

Cor. 1. All the interior angles of any rectSiheal figrtre 
^e equal to twice as many right angles as the figure has 
sides, wanting four right angles. 

For any rectilineal figure ABCDE can be divided into 
as many triangles as the figure has sides, by drawing 
straight lines from a point F within the figure to each of its 
angles. And, by the preceding l^oposition, all the angles 
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of-thcee triangles are equal to 
' twice as many right angles aa 
there are triangles, that is, 
there are ^des of the ligur 
and the same anf^es axe equal ^^ 
to the angles of the figure, to- 
other with the angles at the 
pmnt P, which is the common 

vertex, of ' the triangles: that ■ , ^ 

is", together with four right A. B 

angles. Therefore, twice as many right angles aa tht 
figure has rides, are equrf to M the anglea of the figure, 

bother with four right angles, that ie, the Migles of the 

figure are equal to twice as many right angles as the- 

figure has rides, wanting four. 

CoE. 2. AH the exterior angles of any recbhneal figure 

are together equal to fouc right angles. 
Because every in;. 

tenor angle ABC, 

with its adkcent 

exterior ABD, i» 

equal t> to two right 

angles ; therefore 

aU the interior, to- 
gether with all the 

exterior angles of 

the figure, are e-Q' 

qual to twice as 

many right angles 
- thet« are sides 



of the figure ; that is, by the 
are eqcal to all the interior ani 
with ISur right angles ; theivf 
are eqtud to four nght angles. 




^oing cortrflary, they 
k of the figure, tt^ether 
"^'1 the exterior angles 



PROP. XXXIII. THEOR. 

The straight lines which Join the extremities of 
two equal and parallel straight line's, towards 
the same parts, are also themselves equal' aid 
parallel, ' ^ 

I>t AB, CD, be equal and parallel sUai^t lin». 
and ykaeA. biws'ds the same parts by the straight lines 
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aSO. 1. 



AC, BD; AC, BD are ai-A 
80 equal and parallel. 

Join BC, and because AB 
is parallel to CD, and BC 
meets them, the alternate an- 
gles ABC, BCD are equal « : 
and because AB is equal to 
CD, and BC common to the two triangles ABC, DCB, 
the two ^des AB, BC are equal to the two DC, CB ; 
and the angle ABC is equal td the angle BCD ; there- 
fore the base AC is equ^ ^ to thd base BD, and the tri- b 4. 1. 
angle ABC to the triangle BCD, and the other angles to 
the other angles^, each to each, to which the equal 
ades are opposite ; therefore the angle ACB is equal to 
the ai^le CBD; and because the straight line BC 
meets the two straight lines AC, BD, and makes the al- 
ternate angles ACB, CBD equal to one another, AC is 
parallel ^ to BD ; and it was shewn to be equal to it. c 27. i. 
Therefore, straight lines, &c. Q. £. D. 

PKOP.XXXIV. THEOR. 

The opposite sides and angles of a parallelogram 
are egjual to one anxAher^ and the diameter bi- 
sects tty that iSy divides it into tvco equal parts. 

N. B.— -A Parallelogram is a four-sided figure^ of which the 
opposite sides are pitrallel; and the diameter is the straight 
line joining two of its opposite angles. 

Let ACDB be a parallelogram, of which BC is a dia- 
meter ; the opposite sides and angles of the figures are 
equal ^ one another ; and the diameter BC bisects it. 

Because AB is parallel to 
CD, and BC meets them, 
the alternate angles ABC, 
BCD are equal a to one 
another; and because AC 
is parallel to BD and BC 
meets them, the alternate 

angles ACJ, CBD are equal a to one another ; where- 
fore the two triangles ABC, CBD have two angles ABC, 




a 29. 1. 
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Book I. BCA in one, equfd to two angles BCD, CBD in the 
^""^"^r^^ other, each to each, and the siae BC, which b adjacent 
to these equal angles, common to the two triangles ;j^here- 
fore their other sides are equal, each to each, and the 
b 26. 1. third angle of the one to the third angle of the other b^ 
viz, the side AB to the side CD, and AC to BD, and 
the angle BAC equal to the angle BDC. And because 
the angle ABC is equal to the angle BCD, and the 
angle CBD to the angle ACB, the whole angle ABD is 
equal to the whole angle ACD : And the angfe BAC has 
been shewn to be equal to the angle BDC ; therefore the 
opposite sides and angles of a piurallelogram are equal to 
one another : also, its diameter bisects it ; for AB being 
equal to CD, and BC common, the two AB, BC are 
equal to the two DC, CB, each to each ; now tj^e angle 
ABC is equal to the angle BCD ; therefore the triangle 
« 4. 1. ABC is equal ^ to the triangle BCD, and the diameter 
BC divides the parallelogram ACDB into two equal 
parts. Therefore, &c. Q. E. D. 

PROP. XXXV. THEOR. 

Parallelograms upon the same base and between 
the same parallels, are equal to one another. 



i 




See the 2d Let the parallelograms ABCD, EBCF be upon the 
™«^ ^ same base BC, and between the same parallels AF, BC ; 
' " the parallelogram ABCD is equal to the parallelogram 

EBCF. 



gures. 



If the sides AD, DF of 
the parallelograms ABCD, p 
DBCF, opposite to the base 
BC, be terminated in the 
same point D ; it is plain 
that each of the parallclo- 
a 34. 1. grams is double * of the 
triangle BDC; and they are 
therefore equal loone another. 

But, if the sides AD, EF, o|)})ositc to the base BC of 
the parallelograms ABCD, EBCF, he not terminated in 
the same point; then, because ABCD is a parallelo- 




^- ^ 
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gram, AD is equal * to BC ; for the same reason EF is ^^^ '• 
equal to BC ; wherefore Al) is equal ^ to EF ; and DE ^^^^^ 
is common ; therefore the whole, or the remainder, AE 
is equal ** to the whole, or the remainder DF ; now AB c 2. or 3, 
is also equal to DC ; therefore the two £A, AB are ^^' 

A D E FA ED F 




equal to the two FD, DC, each to each ; but the ex- 
terior angle FDC is equal ^ to the interior E AB, where- d 29. i. 
fore the base EB is equal to the base FC, and the 
triangle EAB ^ to the triangle FDC. Take the tri- e 4. i. 
angle FDC from the trapezium ABCF, and from the 
same trapezium take the triangle EAB; the remain- 
ders will then be equal ^, that is, the parallelogram A BCD f 3. Ax, 
is equal to the parallelogram EBCF. Therefore, paral- 
lelograms upon the saqie base, &c. Q. E. D. 

PROP. XXXVI. THEOR. 



Parallclograjiis upon eqiuil bases, and between 
the same parallels, are eqttal to one another. 

Let ABCD, EFGH be parallelograms upon equal 
bases BC, FG, and ^ 

between the same ^ ^ D . *- « i 

parallels AH, B6 ; 
the parallelogram 
A.BCI) is equal to 
EFGH. 

Join BE, CH ; 

and because BC isg C F G 

equal to FG, and 

FG to* EH, BC is equal to EH ; and they are parallels, a 31. 4 

and joined towards the same parts by the Ifetraight lines 

BE, CH : But straight lines which join emtal and paral- 

W str^aght lines towards the same nnrt« i few* f hems^l^ 
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tS5. 1. 



equal and parallel *> ; therefore EB, CH are both e^ual 
and parallel, and EBCH is a parallelogram ; and it is e- 
qual c to ABCD, because it is upon the same baae BC, 
and between the same parallels BC, AH : For the like 
reason, the parallelogram EFGH is equal to the same 
EBCH : Therefore Jso the parallelogram ABCD is equal 
to EFGH. Wkprefore, parallelograms, &c. Q. E. D. 

mdp. XXXVIL THEOB. 

Triangles i^f$n the same base, and between the 
same parallels, are equal to one another. 

Let the triangles ABC, DBC be upon the same base 
BC, and between the—, a n T? 

same parallels, AD, BC: \ ^ " - 

The triangle ABC is 
equal to the triangle 
DBC. 

Produce AD both 
ways to the points E, 
F, and through B draw B 

a 31, 1. » BE parallel to CA ; and through C draw CF parallel 
to BD : Therefore, each of the figures EBCA, DBCF 

b 35. 1. is a parallelogram : and EBCA is equal ^ to DBCF, be- 
cause they are upon the same base BC, and between the 
same parallels BC, EF ; but the triangle ABC is the half 
of the parallelogram EBCA, because the diameter AB bi- 

c 34. 1. sects ^ It ; and the triangle DBC is the half of the paral- 
lelogram DBCF, because the diameter DC bisects it: 
And the halves of equal things are equal ^ ; therefore the 
triangle ABC is equal to the triangle DBC. Where- 
fore triangles, &c. Q. E. D. 




d 7. Ax. 



PROP. XXXVIII. THEOR. 

Triangles upon equal hasesy and between the 
same parallels are equal to one another. 

Let the triangles ABC, DEF be upon equal bases BC, 
EF, and between the same parallels BF, AD : The tri- 
angle ABC is equal to the triangle DEF. 




\ 
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Produce AD bolh ways (to the ppints G, H, and 'Book^ 
through B draw BG paraiiel • to C A, and through F, ^J^TiT' 
'dmw FH paral- -, ^ Tl H * 

lei to ED: Then ^ ^ ^ 

each of the fi- 
gures 6BCA, 
DJEFHis a pa- 
rallelogram; and 

they are equal to ., ,_ 

* one anotlier; B C E F ''^•^• 

:hecause they are upon equal bases BC, E^and ^tween 

the same parallels BF, GH ; i^nd the trbmgle ABC is 

the half* of the parallelogram GBCA, because the « 34. l, 

•diameter ^B bisects it ; and the triangle DEF is the half 

^ of the parallelogram DEFH, because the diameter DF 

Ibisects it: But the halves of equal things are equal ^; d 7. Aj^ /7 

therefore the triangle ABC is equal to the triangle )>£F« '/^T ' 

Whecefibre Jtriaijgles, &c. Q, Jl. D, /-/ ^_ 

PROP. XXXIX. THEOR. 

Mgual triangles upon the same base^ and upon tke 
same side of it, ore between the same parallels. 

Let the equal triangles ABC, DBC be upon the same 
base BC,. and upon the same side of it ; they are between 
the same parallels 

Join AD; AD is paraHel to BC ; for, if it be not, through 
ihe point A draw* AE parallel to BC, ^nd join EC: tfSl.l* 
The triangle ABC is eauaP to the triangle EBC, be- b.3T. 1. 
cause it is upon the same base BC ' 

and between the isame parallels A 
fiC, AE: But the triangle ABC is " 
equal to die triangle BDC; there- 
fore also the triangle 9PC is e- 
qualtathjD triangle.EBC; thegreat- 
er to the less, which is imposable : 
Therefore AE is not parallel to 
Be. In ^e same manner, it may 
be demonstrated that no other line but AD is paralld to 
BC ; AD is therefore parallel to it. Wherefore equal 
triangles upon, &c. Q. E. D. 
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Book I. 

PROP. XL. THEOR. 

Eqttal triangles on the same side qfbases^ which 
are equal and in the same straight line^ are 
between the same parallels. 

Let the equal triangles ABC, DEF be upon equal 
bases BC, EF, in the ^ 

same straight line ~ 

BF, and towards the 
same parts; they are 
between the same pa- 
rallels. 

Join AD ; AD is ^ -^ =. 

parallel to BC : For, ■** C E F 

a SI. 1. if it be not, through A draw * AG parallel to BF, and 
b 38. 1. join GF, The triangle ABC is equal ^ to the triangle 
GEF, because they are upon equal bases BC, EF, and 
between the same parallels BF, AG: But the triangle 
ABC is equal to the triangle DEF ; therefore also uie 
triangle DEF is equal to the triangle GEF, the greater 
to the less, which is impossible : Therefore AG is not pa- 
rallel to BF : And in the same manner it may be demon- 
strated that there is nether parallel to it but AD ; AD 
is therefore parallel fl^kP. Wherefore equal triangles, 
&c. Q. E. D. 

PROP. XLL THEOR. 

If a parallelogram and a triangle he upon the 
same base, and between the same parallels; 
the parallelogram is double of the triangle. 

Let the parallelogram ABCD and the triangle EBC 
be upon the same base BC, and ^ Ti p 

between the same parallels BC,* ^ ^ ■ " - 

AE: the parallelogram ABCD 
is double of the triangle EBC. 
Join AC ; then the triangle 
a 37. 1. ABC is equal * to the triangle 
EBC, because they are upon tne 
same base BC, and betweep the 
same parallels BC, AE. But 
the parallelogram ABCD is 
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double b of the triangle ABC, because the diameter AC Book I. 
divides it into two equal parts ; wherefore ABCD is also ^-^"V"^ 
double of the tri(rlagle EBC. Therefore, if a parallelo- ^ 34. 1. 
gram, &:c. Q. E. D. 

PROP. XLII. PROB. 

To describe a parallelogram that shall be equal 
to a given triangle^ and have one of its angles 
eqvm to a given rectilineal angle. 

Let ABC be the given ti-iangle, and D the civen rec- 
tilineal an^le. It is required to describe a pardlelogram 
that shall oe equal to the given triangle ABC, and have 
one of its angles equal to D. 

Bisect ^ BC in E, join AE, and at the point E in the 
straight line EC make ^ the an^le CEF equal to D ; and 
through A draw ® AG parallJ to BC, and through C 
' draw CG ^ parallel to A F G 

EF : Therefore FECG 

is a parallelogram: And 
because BE is equal to 
EC, ^e triangle ABE 
is Hkewise equal ^ to 
the triangle AEC, since 
they are upon equal 
baaes BE, EC, and be- 
tween the same parallels BC, AG ; therefore the triangle 
ABC is double of the triangle AEC. And the parafle- 
logram FECG is likewise double^ of the triangle AEC, e 41. i. 
because it is upon the same base, and between the same 
parallels : Therefore the parallelogram FECG is equal 
to the triangle ABC, and it has one of its angles CEF 
equal to the given angle D : Wherefore there has been 
descnbed a parallelogram FECG equal to a given trian- 
gle ABC, having one of its angles CEF equal to the 
given angle D. Which was to be done. 
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Jl^Ji mO¥. XLIII. THEOR. 

The complements of the parallelograms ^which 
are about the diameter of any paralletbgram^ 
are eqTial to one another. 

Let ABCD be a parallelogram, of which the diameter 
is AC ; let EH, FG be the parallelograms about AC, 
that is, through which AC a JT T) 

passes, and let BK, KD be r;;- 1 i 

•the other parallelograms, / >. / / 

which make up the whole Ej^ .N/^ It 

figure ABCD, and are 
therefore called the comple- 
ments: The compl^nent BK 
is equal to the complement 

KD. f^ fT jff 

Because ABCD is a pa-'** ^ ^ 

rallelogram, and AC its diameter, the triangle ABC is 
a 34w 1. equal ■ to die triangle ADC : And, because EKH A is 
a parallelogram and AK its diameter, the triangle AEK 
is equal to the triangle AHK.: For die same reason, the 
triangle KGC is equal to the triangle KFC. Then, be- 
cause the triangle AEK is equal to the triangle AHK, 
and the trian^e KGC to the triangle KFC ; the tri- 
angle AEK, together with the triangle KGC, is equal to 
the triangle AHK, together with the triangle KFC : But 
the whole triangle ABC is equal to die whole ADC, 
therefore the remaining complement BK is equal to the 
remaining complement KD. Wherefore, the comjrfe- 
ments, &c. Q.E.D. / P^ , J" 
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PROP. XLIV. PROS. 

To a given straight line to apply a paralleb- 
gram^ which shall he equal to a given triangle^ 
and have one of its angles equal to a given 
rectilineal angle. 

Let AB be the given straight line, and C the ^ven 
triangle, and'D the given rectilineal angle. It is re- 
quired to apply to the straight line AB a parallelogram 
equal to the triangle C, and having an angle equal to D. 
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Make * the parallelogram BEFG equal to the triangle ^^^ '• 





c 29. 1. 



d cor. 29. 
1. 



C, having the angle EB6 equal to the angle D, and the 
side BE m the same straight line with AB : produce FG 
to H, and through A draw ^ AH parallel to BG or EF, b 31. 1. 
and join HB. Then, because the straight line HF falls 
upon the parallels AH, EF, the angles AHF, HFE, are 
together equal ^ to two right angles ; wherefore the 
angles BHF, HFE are less than two right angles : But 
straight lines which witli another straight line make the 
intenor angles, upon the same side, less than two right 
angles, do meet if produced^ : Therefore HB, FE will 
meet, if produced ; let them meet in K, and through K 
draw KL parallel to EA or FH, and produce HA, GB 
to the points L, M : Then HLKF is a parallelogram, 
of whicn the diameter is HK, and AG, ME are the pa* 
rallelograms about HK ; and LB, BF are the comple- 
ments ; therefore LB is equal ^^ to BF : But BF is equal e 43. K 
to the triangle C; wher^ore LB is equal to the tri- 
angle C ; and because the angle GBE is equal ^ to tlie 
angle ABM, and likewise to the angle D; the angle 
ABM is equal to the angle D : Therefore the parallelo- 
gram LB, which is applied to the straight line AB, is 
equal to the triangle C, and has the angle ABM equal 
to the angle D : Which was to be done. 

PROP. XLV. PROB- 

To describe a parallelogram equal to a given 
rectilineal figure^ arm having an fngle equal 
to a given rectilineal angle. 

Let ABCD be the given rectilineal figidre, and E the 
given rectilineal angle. It is required to describe a pa^ 
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c 29. 1* 



d14. 1. 



e30. 1. 



rallelogram equal to ABCD, and having an angle equal 
to E. 

Join 'DB, and describe ^ the parallelogram FH equal 
to the triangle ADB, and having the angle HSF equal 
to the angle £ ; and to the straight line 6H ^ apply the 
pai*allelogram GM equal to the triangle DBC, ha\ing 
the an^le GHM equal to the angle E. And because 
the angle E is equal to each of the angles FKH, GHM, 
the angle FEH is equal to GHM ; add to each of these 
the angle KHG ; therefore the angles FKH, KHG are 
equal to the angles KHG, GHM ; but FKH, KHG arc 
equal ^^ to two right angles; therefore also KHG, GHM 




are equal to two right angles : and because at the print 
H in the straight line GH, the two straight lines KH, 
HM, upon the opposite sides of GH, make the adjacent 
angles equal to two right angles, KH is in the same 
straight Une * with HM. And because the straight line 
HG meets the parallels KM, FG, the alternate angles 
MHG, HGF are equal ^ ; add to each of these the angle 
HGL; therefore the angles. MHG, HGL, are equal to 
the angles HGF, HGL : But the angles MHG, HGL, 
are equal ^ to two right angles ; wherefore also the angles 
HGF, HGL are equal to two right angles, and FG is 
therefore in the same straight line with GL. And be- 
cause KF is parallel to HG, and HG to ML, KF is 
parallel ® to ML ; but KM, FL are parallels ; wherefore 
KFLM is a parallelogram. And because the triangle 
ABD is equal to the parallelogram HF, and the triangle 
DBC to the parallelogram GM, the whole rectilineal 
figure ABCD is equal to the whole parallelogram 
KFLM ; therefore the parallelogram KFLM has been 
described equal to the given rectilineal figure ABCD, 
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having the angle FKM equal to the given angle £. BookL 
Which was to be done. ^ 

Cor. From thid it is manifest how to a eiven ^straight 
line to apply a parallelogram, whieh shall nave an angle 



.equal to a given rectilineal angle, and shall be equal to a 
given rectilineal figure, viz. oy applying'* to the given 



b44. 1. 



straight line a parallelogram equal to die first triangle 
ABD^ and having an angle equal to the given angle. 



^ ■-- 







PROP. XLVI. PROB. 



To describe a square upon a given straight line. 

Let AB be the given straight I'me ; it is required to 
describe a square upon AB. 

From the point A draw * AC at right angles to AB ; a H- K 
and make ** AD equal to AB, and through the point D ^ 3. l. 
draw DE parallel*^ to AB, and through B draw BE pa- ^ 31. i. 
rallel to AD; therefore ADEB is a parallelogram: 
Whence AB is equal ^ to DE, ^ d 34k 1. 

and AD to BE : but B A is egual ^ 
to AD; therefore the four straight 
lines BA, AD, DE, EB are equal j> 
to one another, and the parallelo- 
gram ADEB is equilateral : it is 
likewise rectangular; for the 
straight line AD meeting the pa- 
rallels AB, DE, makes the angles 

BAD,' ADE equal *^ to two rieht c «9. i. 

angles ; but BAD is a right an^e ; ^ 
therefore also ADE iS a right an- 

gle; now the opposite angles of parallelograms are equal' , 
therefore each of the opposite angles ABE, BED is a 
right angle ; wherefore the figure ADEB is rectangular, 
and it has been demonstrateof that it is equilateral ; it is 
therrfore a square, and it is described upon the given 
straight line AB : Which was to be done. 

CoR. Hence every parallelogram that has one right 
angle has all its angles right angles. 
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In any right angled triangle, the square which 
is described upon the side subtending the right 
angle, is equal to the squares described upon 
the sides which contain the right angle. , 

Let ABC be a right angled triangle having the right 
angle BAG ; the square described upon the side BC is 
equal to the squares described upon BA, AC. 

On BC describe* the square BDEC, and oa BA, 
AC the squares GB, HC ; and through A draw ^ AL 
parallel to BD or CE, and join AD, FC ; then, because 
each of the angles BAC, 



c 25. def, BAG is a right angle % 
the two straight lines 
AC, AG upon the op- p 
posite sides of AB, make 
with it at the point A 
the adjacent angles e- 
qual to two right an- 
gles; therefore CA is in 
the same straight line 

dU. 1. d -^ith ^g. for the 

same reason, AB and 
AH are in the same 
straight line. Now be- 
cause the angle DBC is 
equal to the angle FB A, 




e 2« Ax. 



f4..1. 
g 41. 1. 



h6. Ax. 



D L E 

each of them being a right angle, adding to each the 
angle ABC, the whole angle DBA will be equal ® to the 
whole FBC ; and because the two sides AB, BD, are 
equal to the two FB, BC, each to each, and the angle 
DBA equal to the angle FBC, therefore the base AD is 
equal ^ to the base FC, and the triangle ABD to the tri- 
angle FBC. But the parallelogram BL is double « of 
the triangle ABD, because they are upon the same base 
BD, and between the same parallels, BD, AL ; and the 
square GB is double of the triangle BFC, because these 
also are upon the same base FB, and between the same 
parallels FB, GC. Now the doubles of equals are equal^ 
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Uy one another ; therefore the parallelogram BL is equal J^ook I. 
to the square GB : And, in the same manner, by joining "^ 
A£, BK, it is demonstrated that the parallelogram CL 
is equal to the square HC. Therefore the whole square 
BDEC is equal to the two squares GB^ HG ; and the 
square BDEC is described upon the straiglit line BC, 
and the squares GB, HC upon BA, AC : wherefore the 
square upon the side BC is equal to the squares upon the 
ffldes BA, AC. Therefore, in any right angled trian^e, 
&c. Q. E. D. 



PROP. XLVIII. THEOB. 



V 



If t fie square described upon one of the sides of a 
triangle^ he eqtml to the squares described upon 
the other two sides of it ; the angle contained 
by these two sides is a right angle. 

If the square described upon BC, one of the sides cf 
the triangle ABC, be equal to the squares upon the other 
ddes BA^ AC, the angle BAC is a right angle. 

From the point A draw* AD at nght angles to AC, a 11. l, 
and make AD equal to BA, and join DC. Then, be- 
cause DA is equal to AB, the square jv 
of DA is equal to the square of - 
AB : To each of these add the 

3uare of AC; therefore the squares 
DA, AC are equal to the squares 
of BA, AC. But the squai'e of 

DC is equal ^ to the squares of DA, / ^N. \ ^ ^^^ ^^ 

AC, because D AC is a right angle ; > 
and the square of BC, by h3mothe- 3 
sis, is equal to the squares of BA, 
AC ; therefore, the square of DC is equal to the square 
of BC ; and therefore also the side DC is equal to the side 
BC. And because the side DA is equal to AB, and 
AC common to the two triangles DAC, BAC, and the 
base DC likewise equal to the base BC, the angle DAC 
is equal « to the angle BAC : But DAC is a ri^t angle; <r8. U 
therefore also BAC is a right angle. Therefiare, if the 
square, &c. Q. R D. . 
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BOOK II. 

DEFINITIONS. 
I. 

EVERY right angled paraUelogrmn^ or reda/ngki is Book II. 
said to be contained by any two of the stmght lines ' 
are about one of the right angles. 
Thus the right angled parallelogram AC is called 
the rectangle contained by AD and DC, or by AD and 
AB, &c. For die sake of brevity, instead of the reci- 
angle cofUained by AD and DC, we sbaQ simply say 
'^ the rectan^e AD.DC, placing a point between the two 
^^ sides of the rectangle. Also, instead of the square of 
*^ a line, for instance of AD, we shall occasionally write 
«AD«.'* 

" The sign -f placed between tjie names of two magni* 
'^ tildes, fflgnifies that those magnitudes are to be added 
^ together : and the sign — ^placed between themi, signi- 
*^ ties that the latter is to be taken away from the former.^ 
^ The sign = signifies, that the things between which 
*^ it is plac^ are equal to one s|nother. 
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In every parallelograni, any of the parallelograms about 
a diameter, together with 

the two complements is A E D 

called a Gnomon. ^^ Thus 

'< the parallelogram HG, 
together witn the com- 

« plements AF, FC, is 

< the ffnomon of the pa- pi 

* rallelogram AC. This 

^ gnomon may alft, for 

' 3ie sake of brevity, be "B 

« called the gnomon AGE or EHC." 




PROP. I. THEOR. 

If there he two straight lines ^ one of which is di- 
vided into any number of parts ; the rectangle 
contained by the two straight lines is eqtuuto 
the rectangles contained by the vmdivided line, 
and the several parts of the divided line. 

Let A and BC be two sUrmght lines ; and let BC be 

divided into any parts in the pomts D, E ; the rectangle 

A.BC is equal to the seversd rectangles A.BD, A.B% 

A.EC. 
a 11. 1. From the point B draw * -r ; 

BF at right angles to BC, 

b 3. 1. and make BG equal ^ to 

•c 31. 1. A ; and through G draw ® 

GH parallel to BC ; and 

thr6ugh D, E, C, draw*' 

DK, EL, CH parallel to 

BG ; then BH, BK, DL, 

and EH are rectangles, and 

BH=BK+DL+EH. 

But BH = BG.BC = A.BC, because BG=:A : Also 

BK-=BG.BD= A.BD, because BGntA; aadDI^as 
d34.i. DK.1>E = A.DE, because* DK=rBG=:A. :^ In l*e 

manner, EH t= A.EC. Therefbre A.BC = A*BI> + 
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A.DE + A.EC ; that is, the rectangle A.BC is equal to Book IL 
the several rectangles A.BDy A.DE, A.EC. Therefore, 
if there be two straight lines, &c. Q. E. D. 



PROP. II. THEOR. 

If a straight line be divided into any two parts, 
the rectangles contained by the whole ana each 
of the parts f are together eqtud to the square 
of the whole line. ^ 

Let the straight hne AB be divided into any two parts 
in the point C ; the rectangle a n r 

AB.BC, together with the rec ^ ^ 

tangle AB.AC, is equal to the 
square of AB; or AB.AC+AB. 
BC=:A.B«. 

On AB describe* the square 
ADEB,aiid through C drawCF* 
parallel to AD or BE; then AF+ 
CE=AE. ButAF=AD.AC= 
AB.AC, because AD = AB ; 
CE =r BE.BC = AB.BC ; and AE = AB*. Therefore 
AB. AC + AB.BC = AB*. Therefore, if a straight line, 
&c. Q. E. D. 




a 46. 1. 
b 31. 1. 



PROP. III. THEOR, 



:k 



If a straight line be divided into any twoparts^ 
the rectangle contained' by tJie whole and one 
oftlie parts, is equcd to the rectangle contain^ 
ed by the two parts, together with the square 
of the foresaid part. 

Let the straight line AB be divided into two parts in 
the point C ; the rectangle AB.BC is equal to the rec- 
tangle AC.BC, t(^ther with BC«. 

15 2 
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Bbok If. Upon BC describe • the^ 

C * y' Mi>^ square CDEB, and pn>- 

a 46. 1. duoe ED to ¥,and through 

1»31. 1. A draw ^ AF parallel to 

CD or BE; then AE = 

AD+CE. 

But AE = AB.BB = 
AB:BC, because BE = _ 

BC. SoalsoADrzACCD F ~!D 
= ACCB; andCE=BC«; therefore AB.BC=AC.CB, 
+BC*. Therefore, if a straight line, &c. Q. ^. D^ 

PROP. IV. THEOR. 

If a straight line be divided into any txvo partSj 
the square of the xchole line is eqtud to the 
squares of the two parts, together with twice 
the rectangle contained by the parts. 

Let the straight line AB be divided into any two parts 
in C ; the square of AB is equal to the squares of AC, CB, 
*and to twice the rectaogle contained by AC, CB, that is 
AB*=Ae«+CB*+«AC.CB. 
a 46. 1. Upon AB describe » the square ADEB, and jmn BD, 
1^31^1. and through t draw^ CGF purallel to AD or BE, and 
^through G draw HE parallel to AB or DE. And be- 
cause CF is paraUel to AD, and ^ C S 
BD fiUs upon them, the exterior 
cw29. i; angle BGC is equal*' to the in- 

ienocand opposite an^e ADB;j]^ 
but ADB is equal ^ to the. angle 
ABp, because BA is equal to 
AD, being sides of a square; 
wherefore the angle CGB is equal 
to the angle GBC; and therefore -^^ 
the side BC is equal ^ to the side 
CG : but CB is equal^ also to GK, and CG to BE ; 
wherdbre.the figure CGEB us equilateral. It is likewise 
rectangular ; for the angle CBE being a right angle, the 
other angles of the parallelogram CGEB are also light 
gOoE. 4d.L angles ». WherefoM CGEB is a square,^ and it is upon 



d5. 1. 



e6. 1. 
r34. 1. 
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the side CB. Tor ihe same reasoD HE also is^ a square, .^^^^ 
&nd it is upon the ade H6, whidi ia equal to AC ; tbei^ 
fore HF, CE ^are the squares of AC, GB« And becauife 
the complement AG is equal ^ to the complement GE ; h 43*1. 
.and because AG =:AC.CG=AC.CB, therefore also G£ 
= AaCB, and AG+GE = 2AC.CB. Now, HF =^C«, 
Mid CK= CB«; therefore, HF + CE + AG+GE = AC* 
+ CB« + 2 AC.CB. 

But HF + CE + AG + GE = the figure AE, or AB« ; 
therefore AB«c=AC« + CB* + SACCB. Wherefore, if 
a straight fine be divided, &c. Q. E. D. 

CoR. From the demonsttation, it is manifest that the 
parallelograms about the diameter of a square are like- 
wise aquaies. * 



PROP. V. THEOR. 

Jfa straight line be divided into two equal parts, 
^ and also into two unegual parts; the rectangle 

, I contained by the uneqtuil jp(irts, t(^ether with 
.the sg^re of the line between the points of 
section, is equal to the square of half the line. 

Let the straight line AB he jdivided into two equal 
parts m the point C, and into two unequal parts in the 
point D.; the rectangle AD.DB, together with the square 
of CD, is equal to the Bduare of CB, or AD.DB + CD* 
= CB* . : 

I Upon CB describe* the squareCEPB, join B]^, H^ a 4«. L 
through D draw^ DHG pai»allel to CE or BP'; arid bk. L 
through H draw ELM * " 

parallel to CB or EF ; -^ 
and also through A draw , 
AE parallel to CL, or K 
6M : And because CH 
f!yHF,ifDMbeadded 
tob6th,CM=:DF. But 

AL == * CM, therefore ^ ^^ -"^ c 36. t. 

AL= DF, andadding CH to both, AH = gnomon CMG. 
But AH = AD.DH = AD.DB, because DH = DB^ ; a^or.^ «. 
therefore gnomon CMG = AD.DB. To each add LG 
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flook II. =r CDS then gnomon CMG + LG = AD.DB + CD*. 
But CMG+ LG = BC«, therefOTe AD.DB +CD*=BC«. 
Wherefore, if a strught line, &c. Q. £. D. 

<' Cob. From this proposition it is manifest, that the 
" difference of the squares of two unequal lines, AC, CD, 
^* is equal to the rectangle contained by their sum and difi- 
« ference,orthatAC«— CD«=(AC+eD)(AC— CD)" 



a 46. 1. 
b 31. 1. 



c 36. 1. 
d43. 1. 



PROP. VI. THEOR. 

If a straight line he bisected^ and produced to 
any point; the rectangle contained by the 
whole line thus produced, and the part of it 
produced, together with the square of half the 
line bisected, is equal to the square of the 
straight line which is made up of the half and 
the part produced. 

Let the straight line AB be bisected in C, and pro- 
duced to the point D; the rectangle AD.DB, together 
with the square of CB, is equal to the square oi CD. 

Upon CD describe » the square CEFD, join DE, and 
through B draw ^ BHG parallel to CE or DF, and 
through H draw KLM parallel to AD or EF, and also 
through A draw AK parallel to CL or DM. And be- 
cause AC is equal to * p 
CB, tlie rectangle AL ^ ^ 



B D 



I V 



is equal ^ to CH ; but 

CH is equal ^ to HF ; ,j^ pi --^ — i^. 

therefore also AL is ^^ ^^ ^ ^^ ^ 

equal to HF : To each 
of these add CM ; there- 
fore the whole AM is 
equal to the gnomon 
CMG. Now AM = 
AD.DM = AD.DB, because DM = pB. Therefore 
gnomon CMG = AD.DB, and CMG + LG = AD.DB + 
CB2. But CMG + LG = CF z= CD^, therefore AD.DB 
4-CB^=CD2. Therefore, if a straight line, &c. Q.E.D. 
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PROP. VII. THEOR. 



If a straight line be divided into any two parts, 
the sqtcares of the whole line, and of one of the 
parts, are equal to twice the rectangle contain- 
ed by the whole and that part^ together with 
the square of the other part. 

Let the straight line AB be divided into any two parts 
in the point C ; the squares of AB, BC, are equal to 
twice the rectangle AB.BC, together with the square of 
AC, or AB* + BC* = 2AB.BC + AC«. 

Upon AB describe ^ the square ADEB, and construct a 46. l. 
the figure as in the preceding propositions: Because AG 
=±= GE, AG + CK = GE + CK, A r -^ 

that is, AK = CE, and therefore*^ ^ 

AK + CE = 2AK. But AK + 

C£ = gnomon AEF + CK; and^r 

Aerefore, AKF + CK = 2AK -^ 

^AB.BK=r2AB.BC,because BK 

=t»> BC: Since then, AKF + CK 

= 2ARBC, AKF + CK + HF 

= 2AB.BC + HF ; and because -^ 

AKF + HF = AE = AB«, AB« ^ 

+ CK = 2AB.BC + HF, that is, (since CK = CB', and 

HF = AC*), AW = CB* = 2AB.BC + AC*. Where- 

fore, if a straight line, &c. Q. E. D. 




b Cor. 4. 2. 



Otherwise, 



/ « Becanse AB* = AC*+ BC^H- 2AC.BC% adding BC* a 4. 2. 
f * to both, AB* + BC* = AC* + 2BC* + 2AC.BC. But 
r BC* + AC.BC = AB.BC ^ ; and therefore, 2BC* + b S. 2. 
2AC.BC = 2AB.BC; and therefore AB* + BC* = AC* 



f 



*« + 2AB.BC." 



/ 



j^iiftiis? 



T2 
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B«fk II, << Coft. Hence, the sum of the squares of any %^p 
lines is equal to twice the rectangle eontuned ky tli^ 
lines together with the square of the differeooe of the 
" lines.^ 






PROP. VIII. THEOR. 

If a straight line be divided into any two part^^ 
four times the rectangle contained by the whcie 
line^ and one of the parts, together with the 
square of the other part, is equal to the square 
(y the straight line which is made up of the 
whole and the first-mentioned part. 

Let the straight line AB be divided into any two parts 
in the p(nnt C ; four times the rectangle A0.BC, toge- 
ther with the square of AC, is equal to the square of the 
straight line made up of AB ana BC together. 

Produce AB to D, so that BD be equal to CB, and 

upon AD describe the square AEFD; and construct two 

a 34. 1. figures such as in the preceding. Because GE is equal* 

to CB, and CB to BD, and m> lo KN, GK is equal to 

KK. For the same reason, PR is equal to RO; and 

' because CB is equflJ to BD, and GK to EN, the ]?ectp 

imffles CE and BN are equal, as also the rectangles GB 

b la 1. and RN : But CE is equal ^ to RN, because they are 

the complements of the parallelcgram CO; therefore 

also BN is equal to GR ; and the four rectangles BN, 

CE, GR, RN are therefore equal to one another, and so 

CE + BN + GR + RN = 4CE.» Again, because *CB is 

4 Cor. i. 2. equal to BD, and BD equal * a C B D 

to BE, that is, to CG ; and *^ 

CB equal to GE, that * is, to 
GP ; therefore CG is equal toM 
GP ; and because CG is equal 
to GP, and PQ< to RO, theX 
rectangle AG is equal to MP, 
and PL to RF : But MP is 
■cquaP to PL, because they 
are the complenicnts of the 
patallelogram ML ; wherefore E 




._. .'J 



OF GEOMETRY. 73 

AG is equal also to HF : Therefore the four rectangles »<H>k If. 
AG, MP, PL, RF, are equal to one another, and so ^'*'^V-^ 
AG 4- MP + PL + RF=:4A6. And it was demonstra- 
ted, that CK + BN + GR + RN=4CK ; wherefore add- 
ing equals to equals, the whole gnomon A0H = 4AE. 
Now AK = AB.BK = AB.BC, and 4 AK = 4AB,BC ; 
therefore, gnomon AOH = 4 AB.BC ; and adding XH, 
or* AC*, to both, gncHnon AOH + XH = 4 AB.BC + a Cor. 4. t. 
AC«. But AOH+XH=AF = AD«; therefore AD*=: 
4AB.BC + AC^^ Now AD is the line that is made up 
«C AB and BC," added together into one line : Where- 
fore, if a stra^ht line, &c. Q. E. D. 

'^ CoE. 1. Hence, bec9,use AD is the sum, and AC 
" the difference of the lines AB and BC, four times the 
^^ rectangle contained by any two lines together with the 
^' square of their difference, is equal to the square of the 
" sum of the lines.^ 

^^ CoE. 2. From the demonstration it is manifest, that 
**'ance the square of CD is quadruple of the square of 
*^ CB, the square of any line is quadruple of the square 
^ df half that line.^ 

/ Otherwise: 

* 

" Because AD is dmded any how in C*, AD' := • 4. 3. 
« AC* '+ CD»+2CD.AC. But CD = 2CB : and there- 
" fcre CD« = CB« + BD» + 2CB.BD* =t iCB*, and also 
« 8CD. AC = 4CB. AC ; therefore, AD» = AC» + 4 BC« 
« 4- 4BC.AC. Now BC» + BC.AC = AB.BC " ; and b. 3. 2. 
-* therefore AD» = AC» + 4 AB.BC. Q.E.D. 
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.Wv^ PROP. IX. THEOll. 

If a straight line be divided into two eqaiat^ and 
also into two unequal parts ; the sqtiares of the 
two unequal parts are together double of the 
square <^ half the line, ana of the square of the 
line between the points of section. 

. Let the straigfat line AB be divided at the point C in- 
to, two eaual, and at D into two unequal parts : The 
squares of AD, DB are together double of the squares 
of AC, CD. 

a lU 1. From the point C draw * CE at right angles to AB, 

and make it equal to AC or CB, and join EA, EB ; 

b 31. 1. tlirough D draw ^ DF parallel to CE, and through F 
draw FG parallel to AB ; and join AF : Then, because 

c 5. 1. AC is equal to CE, the angle EAC is ec[ual ^ to the an- 
gle AEC ; and because the angle ACE is a right angle, 
me two others AEC, EAC tc^ther make one right 

d 32. 1. angle ^ ; and they are equal to one another ; each of them 
therefore is ball of a right 
angle. For the same rea- 
son each of the angles CEB, 
EBC is half a right angle : 
and therefore the whole 
AEB is a right angle: 
And because the angle GEF ^ 
is half a right angle, and 

« 29. 1. EGF a right angle, for it is equal * to the interior and 
opposite angle ECB, the remaining angle EFG is half a 
right angle ; therefore the angle GEF is equal to the 

f 6. 1. angle EFG, and the side EG equal ^ to the side GF : 
Again, because the angle at B is half a right angle ; 
and FDB a right angle, for it is equal ® to uie interior 
and opposite angle ECB, the remaining angle BFD is 
half a right angle ; therefore the angle at B is equal to 
the angle BFD, and the side DF to Mhe side DB. 
Now, because AC = CE, AC^nCE*, and AC2+CE« = 

g 47. \. 2 AC«. But 8 AE* = AC« + CE* ; therefore AE« = 
2AC2. Again, because EG = GF, EG« = GF«, and 
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EG* + GF* = aGF*. But EF» =f EG^ = GF« ; fheee- •* ii. 
fore, EF« = «GF»=«CD«, because " CD = GF. And it 
vas shown th«t AE« = 2AC« ; therefore AE* + EF* = h 34. l. 
8AC* + 2CD*. Bat « AF» = AE« + EF*, ahd AD* + 
M*s=AE*, or AD *+ DB* a= AF* ; therefiffe* also 
AD* + DB* =: 2AC* + 2CD*. Therefore, if a straight 
line, ,&c. Q. E. D. 

I 

Otherwise : 

« Because AD* = » AC* + CD* + 2AC.CD, and a 4. 2. 
« DB*+2BC.CD = ^ BC*+ CD*= AC* + CD*, by add- b 7. 2. 
" ing equals to equals, AD*+BD*+2BC.CD == 2AC* + 
'* ?CD* -h 2AC.CD ; and therefore taking away the equal 
" rectangles 2BC.CD and 2AC.CD, there remains AD* 
" + DB* = 2AC* + 2CD*.^ 



PROP. X. THEOR. 



s 



') 



If a straight line he bisected ^ and produced to 
any pointy the square of the whole line 
thusprodu^edf ana the square of the part of it 
produced, are together double of the square of 
nxdfthe line bisected, and of th^ square of the 
line made up of the half and the part produ- 
ced. 

. Let the straight line AB be bisected in C, and pro- 
liuced to the point D ; the squares of AD, DB are double 
of the squares of AC, CD. 

From the point C draw^ • CE at right angles to AB, » H- 1- 
and make it equal to AC or CB; join AE, EB ; through 
E draw "» EF parallel to AB, and through D draw DF b 31. l. 
parallel to CE. And because the straight line EF meets 
the parallels EC, FD, the angles CEF, EFD are equal "" c 29. 1. 
to two right angles ; and therefore the angles BEF, EFD 
are less than two right angles : But straight lines, which 
with another straight line make the interior angles, upon 
the same side, less than two right angles, do meet" if d Cor. f 9.1. 
produced far enough : Therefore EB, FD will meet, if 
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produced towards B, D ; let them meet in G, and jdo 
AG : then, because AC is equal to CE, the angle C£A 
is equal * to the angle £ AC ; and the angle ACE is a 
ri^ht an^le ; therefore each of the angles CEA, EAC is 
huf a Tight angle ' : For the same reason, each of the 
angles CEB, eSc is half a right an^le ; therefore AEB 
is a right angle : And because EBC is half a right angle, 
DBG is also ^ half a right angle, for they are vertically 
oppoidte ; but BDG is a right angle, because it is equal^ 
to the alternate angle DCE ; therefn^ the remaipin^ 
angle DGB is half a right angle, and is therefore equu 
to the angle DBG ; wherefore also the i^de DB is /equfl 
'^ to the side DG. Again, because EGF is half a nghl 
angle, and the angle at 
F^a right angle, oeing 
equal ^ to the opposite 
an^le ECD, the re- 
mauling angle FEG is 
half a nght angle, and 
equal to the angle A^ 
EGF ; wherefore £Uso 
the side GF is equal ^ 
to the side FE. And 

because EC = CA, EC« + CA* = 2CA^ Now Afe«=* 
AC« + CE* : therefore, AE« = 2AC«. Again, bec^iii 
EF = FG, EF* = FG% and EF* + FG« = 2EF^, But 
EG* = "^ EF* + FG» ; therefore EG* = 2EF*; and 
since EF = CD, EG* = 2CD*. And it was demopatra- 
ted, that AE*=2AC* ; therefore, AE*+EG*=2AiC*+ 
2CD*. Now, AG* = AE* + EG*, wherefore AG* = 
aAC*+ 2CD*. But AG* ^= AD* + DG*=: AD* + DM?, 
because DG = DB : Therefore, AD* + DB* = 2ACTi 
acm Wherefore, if a straight line, &c. Q.EU i- 
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PROP. XI. PROB. 

To dixnde a given straight line into two parU^ 
so that the rectangle contained by the whole, 
and (me of the parts^ may be equal to the 
square' of the other part. 

Let AB be t£e given straight line ; it lis required to 
Avide it into two parts, so that the rectangle contieuned 
by the whole, and one o£ the parts, shall be equal to the 
square of the odier part.. 

. Upon AB describe* the square ABDC ; bisect^ AC 
in E, and join BE ; produce CA to F, and make « EF b 10, l. 
equal to EB, and upon AF describe ■ the square FGHA ; c 3. 1. 
AB is divided in H, so that the rectangle AH, BH is 
equal to the square of AH. 

Produce GH to E : Because the straight line AG is 
bisected in E, and produced to the point F, the rect- 
angle CF.FA, together with the square of A£, is equal ^ 
t0 the square of £F : But EF is equal t^-EB r therefore 
the rectangle CF.FA, tc^th^* with die^uare of AE, is 
equal to the square of EB. And tlie squftres of BA, 
A£, are equal ® to the square of 
EB, because the angle EAB is F 
A ri^ht angle; therefore the 
rectangle CF.FA, together 
with the square of AE, is equal 
to the squares of BA, AE ^ 
take away the square of AE, A 
l^hich is common to both,, 
therefore the remaining rect- 
angle CF.FA is equal to the 
square of AB. Now the fi- -g 
ffure FE is the rectangle 
CF.FA, for AF is equal to* 
F6; and AD is the square of 
AB ; therefore FE is equal to jn 
AD : take away the common 

part AE, and the remunder FH is equal to the remain- 
der HD. But HD is the rectangle AB.BH^ for AB is 



d6«e. 




e 47. U 



78 ELEMENTS 



Bdok.ii. equal to BD ; and FH is the square of AH ; there- 

^ "^ fore the rectangle AB.BH is equal to the square of 

AH : Wherefore the straight line AB is divided in H, 
so that the rectangle AB.BH is equal to the square of 
AH. Which was td be done. 



PROP. XII. THEOR. 

In obtuse angUd, biungles^ if a perpendicuhr 
be draximjrom any of the acute arigles to the 
opposite side w^odnced^ the square of the side 
siibtending the obtuse angle is greater than 
the squares of the sides <:ontaining the obtuse 
an^ky by twice the rectangle contained by the 
side upon which, when produced, the petpeit- 
dicular falls, arid the straight line interqeptee^ 
between the perpendicular and the oot%tse 
angle. 

# 

Let ABC be an obtuse angled triangle, halving the 
obtuse angle ACB, and from the point 'A kt AD be 
drawn* perpendicular to BC produced: The square of 
AB is greater than the squares of AC, CB; by twice the 
rectangle BC.CD. 

Because the straight line BD is divided into two parts 

b 4.. 2, in the point C, BD* = *» 
BC« +"CD« + 2BC.CD; 
add AD« to both : Then 
BD* + AD« = BC« + CD* 
+ AD« + 2BC.CD : But 

c 47. 1, AB* = BD* + AD* % and 
AC*=: CD* + AD*« ; there- 
fore, AB* = BC* + AC* -f 
2BC.CD ; that is, AB* is ^ 
greater than BC* + AC* by 
J^BC.CD. Therefore, in obtuse angled triangles, ^c 
Q. E. D. 
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PROP, XIII. THEOR. ^^^^ 

In every triangle, the square of tJie side sub^ . - 
tending any of the acute angles, is less than 
the squares of the sides containing that angle, 
by twice the rectangle contained by either of 
these sides, and the straight line intercepted 
between the perpendicular, let fall upon it 
from the opposite angle, and the acute angle. 

Let ABC be any triangle, and the angle at B one of 
its acute angles, and upon BC, one of the sides contain- 
ing it, let fml the perpendicular* AD from the opposite a \%^i, 
angle : The square ot AC, opposite to the angle B, is 
less than the squares of CB, BA by twice the rectangle 
CB.BD. 

First, Let AD 'fall within the triangle ABC ; and be- 
cause the straight line CB is 
divided into two parts in the 

pmnt »V BC» + BD^ =: / \ b7. 2. 

«BC.BD + CD*. Add to each 
AD«; then BC« + BD* if 
AD« = 2BC:BD + CD« + 
AD* But BD* 4- AD* = 
AB«, and CD* -h DA* = 

AC* <» ; therefore BC* + AH* 

=« BC.BD + AC*; that is, " ^^^ 

AC* is less than BC* + AB* by SBC.BD. 

Secondly, Let AD fall without the triangle ABC * : 
Then because, the angle at J> is a tight angle, the angle 
ACB is greatef * th^tn a right aiiglfe, and AB** = • AC* dic.i. 
+ BC* -h 2BC.CD. Add BC* to eaish ; thenAB*-hBC* «^*^-«-' 
= AC* + 2BC* + aBC.CD. But because BD is divWed 
into two parts in C, BC*+ BC.CD = ^ BC.BD, and «BC^ f 3. 2. 
+ 2BC.CD = 2BC.BD : therefore AB^ + BC* = AC* + 
2 BC.BD ; or AC* is less than AB* -|- BC* by SBDiBC. 




c47. 1. 
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* See figure of tihe last Proposition. *^ 
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Lastly, Let the side AC be perpen- 
dicular to BC ; then is BC the straight 
line between the perpendicular and the 
acute angle at B ; and it is manifest 
that« AB« + BC* = AC» + 8BC« = 
AC* + 8BC.BC. Therefore in every 
triangle, &c. Q. £. D. 



PROP. XIV. PBOB. 




\ 



To describe a sqtuxre that shall be equal tayx 

given rectilineal Jigure. 



Let A be the given rectilineal figure ; it is required to 
describe a square that shall be equal to A. 

a 45. 1. Describe * the rectangular parallelogram BCDE equal 
to the rectilineal figure A. If then the ^des of it, BE, 
ED are equal to one another, it is a square, and what 
was requii^ is done ; but if they are not equal, produce 
one of thosi, BE to F, and make EF equal to ED, and 
bisect BF in G : and from the centre G, at the distanoe 
GB, or GF, describe the semicircle BHF, and produce 
D£ to H, and ^oin GH. Therefore, because the stragbt 
line BF is divided into two equal parts in G, and 
into two unequal parts in E, the rectangle BE.EF, 
b 5. 2. together with tne square of EG, is equal ^ to the square 
of GF : but GF is equal to GH ; therefore the rect* 
angle BE.EF, together with the square of EG, is equal to 
the square of GH : But the squares of HE and EG are 

c 47, 1; equal « to the 
aquareof GH: 
Therefore also 
the rectimgle 
BE.EF to^ 
ther with the 
square of EG, 
is equal to the 
squares of HE 
and EG. Take 

r- ' J 
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«way the square of EG, which i$ common to both, and the ^^^ ^^' 
remwiing rectai^le BE. EF is equal to the square of '^ 
£H. But BD is the rectangle contained by BE and EF, 
because EF is equal to ED ; therefore JBD is equal to 
the square of EH ; and BD is also equal to the rectili- 
neal figure Ai therefore the rectilmeal figure A is equal 
to the square of EH : Wheref(»e a square has been made 
equal to the given rectilineal figure A, viz. the square 
descobed upon EH. Which was to be done. 



FKOP. A. THEOR. 

1f%ne side of a triangle he hisectedy the sum of the see jr. 
squares of th& other txto sides is double ^ the 
square y half the side bisected^ and of the 
-tquctre of the line drawn from the point ofU- 
section to the opposite angle of the triangte. 

* > • 

Let ABC be a triangle, of which the ade BC is bisect- 
ed in D, and DA drawn to the opposite angle ; the squares 
fii^jBA and AC are|(^th^ double of the squares of BD 
«^DA. 
jjil)mip .A dra>v AE perpendicular to BC, and because 

is^|fc.%hf«agle, AB^ = ^ ' A^" -a* 

\]m + AE? aod.AC^ 3x ^^ **^' 

SS? HH AE^ ; wherefore AB^ 

^,M^ ^ BE^ + CE^ ^ 

^4Jf'^ But because the line 

Jl^Cs^^^ut equally in D, and 

WPqw^lly in E, BE« -h CE' 

=^ 2BD^ -^ 2DE« ; there- ^ / \ b.«. It 

fore AJf + AC* = 2BD* -hB 

8DE* + 2AE*. 
N0V, DE« + AE? = » AD*, and 2DE« + ^AE* rr 

2AD« ; wherefore A^« + AC« = 2BD* + SAD*. Thw^- 

fore, &c. Q. E. D. 

I 1' 
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PROP. B. THEOR. 



a 15.1. 
b 29. 1. 



cS4. 1. 



The sum o^ the sqtbares of the diameters of any 
parallelogram ts equal to the sum oft he squares 
qftJie siwds of the parallelogram. 

Let ABCD be a parallelomin, of whidi the diameters 
are AC and BD ; the sum (h the squares of AC and BD 
is equal to the sum of the squares of AB, BC, CD, DA 
Let AC and BD intersect one another in E : and be- 
cause the vertical angles AED, CEB are equal % and 
also the alternate angles E AD, ECB ^, the triangles AD£, 
CEB have two angles in the one equal to two angles in 
the other, each to each : but the sides AD and BC, which 
are opposite to e(|ual j^ 

angles in these trian- 
gles, are also equal^; 
therefore the other 
sides which are op- 
posite to the equal 
angles are also e-£ 
qual \ viz. AE to EC, and ED to EB. 

Since, therefore, BD is bisected in E, AB* + AD* = 
• 2BE* + 2AE' ; and for the same reason, CD« + BC* 
= 2BE« + gEC« = 2BE« + 2AE«, because EC = AE. 
l^herefore AB* + AD« + DC + BC» = 4BE« + 4iAl?, 
f«.Cor.8,2. But 4BE« = BD«, and 4AE« = AC", because BD a# | 
AC are both bisected in E ; therefore AB* + AD* + Ctf 
+ BC* = BD* + AC*. Therefore the sum of the squares, 
&c. Q, E. D. 

Cor. From this demonstration, it is manifest that the 
diameters of every parallelogram bisect one another. 
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BOOK III. 



DEFINITIONS. 



THE radms of a circle is the straight line drawn from Book III. 
the centre to the circumference. 

I. 

A straight line is said to 
. touch a circle, when it 

meets the circle, and 

being produced, does 

not cut it. 

II. 

Cixcles are said to touch 
one another, which 
meet, but do not cut 
one another. 

III. 

Straight lines are said to be equally 
distant from the centre of a circle, 
when the perpendiculars drawn 
to them ih)m the centre are equal. 

IV. 

And the straight line on which the 
greater perpendicular falls, is said 
to be farther from the centre. 

v2 





iir 



£L£M£NT&^ 



Bbokni: 





B 
All axch of a circle » any part of the circiiBifereiioK' 

V- 

A segment of a circle iar the figure 
containjed by a straight line, and 
the arch which it cuts off. 

VI. 

An angle in a-segment is the angle 
contfuned by two straigRt lines 
drawn from any point in the cir- 
cumference of the segment, to die 
extremities of the straight line 
which is the base of the segment. 

VII. 

And an' angle is sud to insist or 
. stand iq)on the arch intercepted 

between the straight lines wnich 

contain the angle. 

VIII. 

The sector of .a circle is the figure 

contained' by two striught lines 

drawn from the centre, and the 

arch of the circumference between 
. them. 

IX 

» 

Similar segments of a- 
circle, are those in 
which the angles are 
equal, or which coUr 
tarn equal angles. 





PROP. I. PROB. 



To find the centre of a given circle. 

Let ABC be the given circle ; it is required to find its 
eentre. 
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J>raw iN^dim/it any straight line AB, and Insect* it in Bn6klB» 
D ; from the point D draw * BC at right angles to AB, ^'*r^f?*' 
and prodiioe it to E, andlnstctCE in F: the point F |^ii.i! 
b the centre of the circle ABC. 

FcN", if it be not, let, if •possible, G be the centre, and 
joii^ 6A, GD, GB : Then, because DA is equal to DB, 
and DG c(»nmon to die two triangles ADG, BDG, the 
two ffldes AD, DG aFC equal to die 
tvo BD, DG, each to each ; but 
thelnse GA is also equal to the base 
6B, because they are radii of the 
same circle: therefore the angle 
ADG is equal "^ to the angle 6DB : 
3ut when a straight line standing 
4ipon another straight line makes J^ 
die adjacent angles equal to one 
aaodier, eadi of the angles is a 
right angle ^. Therefore Uie angle 
GDB is a right angle: But FDB is UkewiBe a right 
ao^e; wheretore the angle FDB is «equal to the aolgle 
GJDB, the greater to the less, which is iuqposstble/ Tlieoe- 
fore G is not the centre of the dircle ABC j In the same 
tnanner, it can be shown, that no other point but F is 
the centre ; that is, F is the centre of the circle ABC : 
Which was to be found. 

Coil FromJ this it is manifest, that if in a circle ,a 
straight line Usect another at right angles, the centra of 
Xhe arcle.is in the line which bisects the other. 
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PROP. II. THEOR. 



If any two points be taken in the circumference 
of a ctrctci the ^traif^kt line which Jems them 
will fall withinihe circle. 
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ftwk UI. Let ABC be a circle, and A, B any two points in the 

'^^^^^^^'^ circumference : the straight line 
drawn from A to B will fall 
within the circle. 

Take ai^ point in AB as E ; 
find D the centre of the drde 
ABC ; join AD, DB and DE, 
and let DE meet the circumfe- 
rence in' F. Then because DA 
is equal to DB, the angle DAB 

a 5. 1. is equal ^ to the an^le DBA ; 

and because AE, a side of the triangle DAE, is produ- 

bl6. 1. eed to B, the an^le DEB is greater^ than the angle 
DAE ; but DAE is equal to the angle DBE ; therefcnre 
ike angle DEB is greater than the angle DBE : Now to 

€ 19. 1. the greats angle the greater ade is oppoate ^ ; DB is 
therefore greater than DE : but DB b equal to DF ; 
wherefore DF is greater than DE, and the point E is 
therefore within the circle. The same may be demon- 
strated of any other point between A and B, therefore 
AB is within the circle. Wherefore, if any two points, 
&c. Q.E. D. 



PROP. III. THEOH. 

If a straight line drawn through the centre of 
a circle bisect a straight line in the circte^ 
which does not pass through the centre, it wHl 
cut that line at right angles ; and, %f it cui it 
at right angles, it will bisect it 

Let ABC be a circle, and let CD, a straight line drawn 
through the centre, bisect any straight line AB, which 
does not pass through the centre, in the point F : It also 
cuts it at right angles^ 
a 1- 3. Take * JE the centre of the circle, and join E A, EB. 

Then, because AF is equal to FB, and FE common to 
the two triangles AFE, BFE, there are two sides in the 
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one equal to two side^ in the other ; but th^ base £A is Book HI. 
equal to the base EB; therefore 

the angle AFE is equal ^ to the. C b & 1. 

angle BFE. And lyhen a straight 
line standing upon another maJ^es 
the adjacent angles equal to one 
another, eadi of them is a ripht^ 
^gle : Therefore each of the angles 
AFE, BFE is a right angle ; where- 
fore the straight line CD, drawn 
through the centre, bisecting AB, 
which does not pass through the 
centre, cuts AB at right angles. 

Again, let CD cut AB at right angles ; OD also bi- 
sects AB, that is, AF is eaual to FB. 

The same construction oeing made, because the radii 
EA, EB are equal to one another, the angle EAF is 
equal ^ to the angle EBF ; and the right an^le AFE is d &. i. 
equal to the rignt angle BFE; Therefore, in the two 
triangles EAF, EBF, there are two ang;les in the one 
equal to two angles in the other ; and the side EF, which 
is opposite to one of the equal angles in each, is common 
to both ; therefore the other sides are equal * ; AF there- « *^ !• 
fore is equal to FB. Wherefore, if a straight line, &c. 
Q.E.D. r //- 






PROP. IV. THEOR. 

If in a circle two straight lines cut one another, 
in a point which is not the centre, they cannot 

bisect dtch other. 

» 

Let ABCD be a circle, and AC, BD two straight 
lines in it, which cut one another in a point E, which is 
not the centre : AC, BD do not bisect one another. 

For, if possible, let AE be equal to EC, and BE 
to ED : If one of the lines pass 
through the centre,, it is plain 
that it cannot be bisected by the 
other, which does not pass thro^ 
the centre. But if neither of 
them pass through the centre, 

take * F the centre of the circle, r^-^-^'TfV • / a 1. S. 
and join EF : and because FE, 
a straight line through the ceMb 
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"^ ^^« tie, bisects another AC, which does not pass through the 
^'^^/^'^ centre, it must cut it at right * angles ; wherefore FEA 
^ ^ ^ is a right angle. Again, oecause the straight line FE 
bisects the straight line BD, which does not pass throogh 
the centre, it must cut it at right** angles; wherefore 
FEB is a right angle : and FEA was shown to be a right 
angle ; therefore FEA is equal to the «igle FEB, the 
Tess to the greater, which is impossible : therefore AC, 
BD do not bisect one another. Wherefore, if in a cir- 
cle, &c. Q. E. D. Ax<t 

PROP. V. THEOR. 

If two circles cut one another, they cannot have 

the same centre. 

Let the two circles ABC, CDG cut one another in the 
points B, C ; they have not the same centre. 

For, if it be possible, let E be their centre ; join EC, 
and draw any straight line 
EF6 meeting the circles in 
F and G ; and because £ 
is the centre of the circle 
ABC, CE id equal to EF : 
Again, because E is the cen- / 
tre of the circle Ci5G, CE 
is equal to EG : but, CE 
was shown to be equal to 
EP, therefore EP is equal 
to EG, the less to the 
greater, which is impossible: therefore E is not the 
centre of the circles ABC, CDG. Wherefore, if two 
eircks, &c. Q. E. D. 



PROP. VI. THEOR. 

If two circles touch one another internally, titey 
cannot have the same centre. 

Let the two circles ABC, CDE, touch one another iii- 
4:emally in the point C : they have not the same centre. 
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For, if they have, let it be F ; join FC, and draw^ any Book Ill» 
straight line FEB meeting the p 

circles in £ and B ; and b^use ^ 

F is the centre of the circle ABC 
CF is equal to FB; also, be- 
cause F is the centre of the dr- 
cle CDE, CF is equal to F£ : 
but CF was shewn to be equal 
to FB ; therefore FE is equal to 
FB, the less to the greater, which 
is impossible ; wherefore F is not 
the centre of the circles ABC, CDE. Therefore, if two 
circles, &c. Q. £. D. 

PROP. VII. THEOR. 

If au^ point be taken in the diameter of a circle, 
when is not the centre, of all the straight lines 
which can he drawn from it to the cvrcumfe* 
rence, the greatest is that in which the centre 
is, and the other part of that diameter is the 
least ; and, of any others, that which is nearer 
to the line passing through the centre is always 
greater than one more remote from it : And 
from the sam£ point there can he drawn only 
two straight Unes that are equal to one ano* 
ther, one upon each side of the shortest line. * 

Let ABCD be a circle, and AD its diameter, in which 
let any point F be taken which is not thft centre : let the * 
centre be E ; of all the straight lines FB, FC, FG, &c. 
that can be drawn from F to the circumference, FA is 
the greatest, and FD, the other part of the diameter AD, 
is the least : and of the others,. FB is greater than FC, 
and FC than FG. 

Join BE, CE, GE ; and because two sides of a tri- 
angle are greater * than the third, BE, EF are greater a 20. 1. 
thmi BF ; but AE is equal to EB ; therefore AE and 
EF, that is, AF is greater than BF : again, because BE 
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%* nf^ i9^ ^laal to C£, and FE common tQ tW tnangies BEF, 

"^^^^r^^ CEF, the two sides BE, EF are 
equal to the two CE, EF ; but 
the angle BEF is greater than ^ 
the an^e CEF; therefore the base ^^ 

^ 24. 1. BF is greater^ than the base FC ; 
for the same reason, CF is greater 
than 6F. Again^ because GF, 
FE are greater* than EG, and 
EG is equal to ED ; GF, FE are 
greater than ED : take away the 
common part FE, and the re- 
mainder GF is greater than the remainder FD : there- 
fore FA is the greatest, and FD the least of all the 
strmght lines from F to the drcumferenc€ ; and>£F is 
greater than CF, and CF than GF. 

Also there can be drawn only two equal straight lines, 
from the point F to the circumference, one upon each 
ade of the shortest line FD: at the point E in the 

c. 23. 1. straight line EF, make^ the angle FEH equal to the 
angle GEF, and join FH: Then because GE is equal 
to EH, and EF common to the two triangles GEF, 
HEF ; the two sides GE, EF are equal to the two HE, 
EF ; and the angle GEF is equal to the angle HEF ; 
d 4. 1. therefore the base FG is 6qual * to the base FH : but 
besides FH, no straight line can be drawn from F to the 
circumference equal to FG ; for, if there can, let it be 
FK ; and because FK is equal to FG, and FG to FH, 
FK is equal to FH ; that is, a Me nearer to that which 
passes through the centre, is equal to one more remote, 
which is impossible. Therefore, if any point be taken, 
&c. Q. E, D. 
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Book UK. 

PROP. VIII. THEOR. 



If any point be taken without a circle^ and 

straigm lines be drawn from it to the circum- 

ference^ whereof one passes through the centre; 

of those which fall upon the concave ctrcumfe^ 

, rence^ the greatest is that which parses through 
the centre ; and of the rest^ that which is near- 
er to that throng the centre is always great* 
er than the more remote : But of those which 
fall upon the convea: circumference^ the least 
is that between the point without the circle^ 
and the diameter ; and of the rest, tKat which 
is nearer to the least is always less than the 
mjore remote: And only two equal straight 
lines can be drawn from the point into the 
circumferencct one upon each side of the lea^t 

Let ABC be a circle, and D any point without it, from 
which let the straight lines DA, DE, DF, DC be drawn 
to the circumference, whereof DA passes through the 
centre. Of those which fall upon the concave part oi 
the circumference AEFC, the. greatest is J^ which 
passes through the centre ; and the line nearer to AD is 
always greater than the more remote, viz. DE than DF, 
and DF than DC : but of those which fall upon the 
convex .circumference HLKG, the least is DG, between 
the point D and the diameter AG ; and the nearer to it 
is always less than the more remote, viz. DK than DL, 
and DL than DH. 

Take* M the centre of the circle ABC, and join ME, a i. 3- 
MF, MC, MK, ML, MH : And because ^AB* is equal 
to ME, if MD be added to each, AD is equal to EM 
and MD ; but EM and MD are greater ** than ED ; b to. u 
therefore also AD is greater than ED. Again, because 
ME is equal to MF, and MD common to the triangles 
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iBhdk m. EMD, FMD ; EM, MD are equal to FM, MD ; but 

^^^^V"**^ the angle EMD is greater 
than the angle FMD; there- 
c ti. 1. fore the base ED is greater ® 
than the base FD. In like 
manner it may "he shewn that 
FD is greater than CD. 
Therefore DA is the great- 
est; and D£ greater ihan 
DF, and DF than DC. 

And because ME, KD are 
greater^ than MD, and MX 
IS equal to MG, the remain- C| 
a 5. Az^ der KD is greater^ than the 
remainder GD, that is GD 
is less than KD : And be- 
cause MK, DK are drawn 
to the point K within the 
triangle MLD from M, D, thb extremities of its Ade 
€ tM . MD ; MK, KD are less* than ML, LD, whereof MK 
is equal to ML ; therefore the reminder DK is less 
than the remainder DL: In like manner, k may be 
shewn that DL is less than DH : Therefore DG is the 
least, and DK less than DL, and DL than DH.. 

Also there can be drawn only two equal straight lines 
from the point D to the drcumference, one upon each 
side of the least : at the point M, in the straight line 
MD, make the angle DMB equal to the angle DMK, 
and join DB ; and because in the triangles KMD, BMD, 
the nde KM is equal to the side BM, and MD common 
to both, and also the angle KMD equal to the angle 
BMD, the base DK is equal ' to the base DB. But, 
besides DB, no straight line can be drawn from D to the 
circumference, equal to DK : for, if there can, let ifbe 
DN : then, because DN is equal to DK, and DK equal 
to DB, DB is equal to DN ; that is, the line nearer to 
DG, the least, equal to the more remote, which has been 
shewn to be impossible. If, therefore, any point, &c 
Q. ED. 
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PROP. IX. THEOR, 

If a point be taken within a circle^ from which 
titer e fall more than two eqttal straight lines 
upon the circumference, that point is the centrip 
(^the circle. 

Let the point D be taken mthin the eirele ABC, from 
which there faU on the cipeumferenee more than two 
equal straight lines, viz. DA, DB, DC, the pcnnt D is 
the centre of the drcle. 

' For, if not, let E be the oenlre, join DE, and produce 
it to the circumference in F, 6 ; 
then FG is a diameter of the 
circle ABC : And because in 
EG, the diameter of the circle 
ABC, thei« is takenr the point] 
P which is not the centre, DG 
is the greatest line from it to the 
drcun^erence, and DC greater 

• than DB, and DB than DA; ^^^-— k^ a 7* s. 

but they are hkewtse equal, 

which is impossible : Therefore E is not the centre of the 
eircle ABC : In like mamier, it may be demcmstrated, 
tibit no othar point but D is. die c^tre. Wherefore, if 
4 point be taken, &c. Q. £. D. 




PROP. X. THEOR. 

One tircle cannot cut another in more than two 

points. 

If it be possible, let the circumference FAB cut the 
circumference DEF in more than two points, viz. in B, 
6, F ; take the centre K ol the circle ABC, and join 
KB, KG, KF : and because within the circle DEF 
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Book IH. there is taken the point K, from which more than two 
'^^■^'V*^ equal str^ught hnes, viz. KB, j^ 

KG, KF, fall on the circum* ^ 

a 9. 3. ference DEF, the point K is * 
the centre of the circle DEF.; 
but K is also the centre of the|p| 
circle ABC ; therefore the same 
point is the centre of two circles 
that cut one anotlier, which is 
b 5. 3. imposfflble ^. Therefore one cir- 
cumference of a drde cannot . ^ 
cut another in tnoie thasi two points Q. E. IX 




a 20. 1. 



PROP. XI. THEOR. 

If two circles touch each other internally^ the 
straight line which joins their centres oeing 
produced^ will pass through the poimt of conr 
tact. 

Let the two circles ABC, ADE, touch each other ia- 
ternally in the point A, and let F be the centre of the 
circle ABC, ana G the centre of - 

the circle AD£ ; the straight, line 
which joins the centres F, G, be- 
ing produced, passes through the 
point A. 

For, if not, let it fall otherwise, 
if possible, as FGDH, and join 
AF, AG : And because AG, GF 
are greater * than FA, that is, than 
FH, for FA is equal to FH, be- 
ing radii of the same circle ; take ^ 

away the common part FG, and the remainder AG is 
greater than the remainder GH. But AG is equal to 
GD, therefore GD is greater than GH ; and it is also 
less, which is impossible. Therefore the straight line 
which joins the points F and G cannot fall otherwise 
than on the point A ; that is, it must pass through A. 
Therefore, if two circles, &:c. Q. E. D. /7)j 
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PROP. XII. THEOR. 



If two circles touch each other eocternaUyj the 
straight line which joins their centres will 
pass through the point of contact. 

Let the two circles ABC, ADE touch each other ex- 
ternally in the point A ; and let F be the centre of the 
cirde ABC, and G the centre of ADE : The straight 
line which joins the points F, 6 must pass through the 
point of contact A. 

For, if not, let it pass otherwise, if possible, as FCDG, 
and join FA, AG : and because F is the centre of the 
circle ABC, AF 
is equal to FC : 
Also because G 
is the centre of 
the circle ADE, 
AG is equal to 
GD. Therefore 
PA, AG are 
equal to FC, 
DG ; wherefore the whole FG is greater than FA, AG ; 
but It is also less", which is impossible: Therefore the a 20. i. 
stTMght line which joins the points F, G, cannot pass 
otherwise than through the pomt of contact A ; that is. 
It passes through A. Therefore, if two circles, &c. 
Q. E. D. 




PROP. XIIL THEOR. 

One circle cannot tmieh another in more points 
than one, whether it touch it on the inside or 
outside. 

For, if it be possible, let the cirde EBP touch the 
circle ABC in more points than one, and first on the in- 
side, in the points B, D ; join BD, and draw" GH, bisect- a la 11. 1. 
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lit. ingBI>at right angles: Tlieref<N:e,becau8e the points B,D 
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are in the circumference of each of the ctrdesy the straigfit 
h2'^ line BD falls within each ** of them ; and therefore their 
c Cor. 1. 3. centres are ^ in the straight line GH which bisects BD 

at right aisles : Therefore GH passes througj^ the point 
d 11. 3. of contact^; but it does not pass through it, because the 

points B, D are without the straight line GH, which is 

absurd: Therefore one drcle cannot touch another in 

the inside in more points than one. 

Nor can two circles touch one another on the outside 

in more than one point : For, if it be possible, let the 

circle ACE touch tne circle ABC in the points A, C, and 

join AC : Therefore, because the 

two points A, C are in the cir- 
cumference of the circle ACE, 

the straight line AC which joins 

them falls within the circle ACE : 

And the circle ACE is without 

the circle ABC ; and therefore the 

straight line AC is also without 

ABC ; but, because the points A, 

C are in the circumference of the 

drde ABC, the straight line AC 

is within^ the same arde, which 

is absurd : Therefore a drcle can- 
not touch another on the outdde in more than one point ; 

and it has been shewn, that a circle cannot touch another 

on the inside in more than one point. Therefore, one 

circle, &c. Q. E. D. 
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PROP. XiV. THEOR. 

^ straight Unes in a circle areequatty cUs- 

tant from the centre; and those which are 
equaUy distant from the centre^ are equal to 
one a^Miffier, 

Let the straight lines AB, . Ci>> in the circle ABDC, 
be equal to one another ; they are equally distant from 
theceptr^. 

Take E the centre of the circle ABDC, and from it 
diav l^Vy EG, perpendiculars to AB, CD ; join AE 
M EC. Then, b<»:auee the (^rmght line £F pasang 
tiuough thecentne, cuCsthe^rtugbt 
line AB, which does not pfuas 
through the centie at right angles, 

it also bisects •it; Wherefore AFAjL,,,.^^ ^ ^^-JiC «8-S. 

ts equal to F3> and AB double 

of AF. For die same reason, CD 

is double of CG: But AB is 

equal to CD; therefbrd AF is 

equ^ to CG : And because AI^ 

is equal to EC, tlie square of A£ 

is equal to the square of EC : Now the squtt^ of AI*,' 

F£ are equal ^ to die square of A£, because the anffie b 47. i. 

AFE is a ri^ht angte; and, for the like reason, the 

squares of EG, GC are equal to the sqUare of EC : 

Tnercfore the squares of AF, FE are equal to the 

squares of CG; GE, of which the square of AF is equal 

to the sqyare of CG, because AF is equal 't6 CG ; there^i^ 

fere the r^^hlb^ square of FE is eqtfal to the remain^ 

ing square of £G, a^id the $trid^t hiie £F is therefore, 

equi& to EG:' But straight lines in a circle are said to, be ' 

^ually distaiit fifom the centre, when the perpendiculars , , , 

draWto ihetn from the centre are equal®: Therefore e & befi 3. 

AB^ CD i|ie equally distant fh)m the centre. 

, Next, if the straight lines AB, CD be equaily distant 

from the dentare, that is, if FE be equal to EG, ABis 

equal to CD. For, the same construcdon being made, ' 

iVmay, ak before, b^ diemohstrated, that AB is <K>uble of 

G 
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Book ni. AF, and CD double of CG, and that the squares of EF 
^•'^'"^^ FA are equal to the squares of EG, GG ; of which the 
square of FE is equal to the square of EG, because FE 
is equal to EG ; therefore the remaining square of AF. U 
equal to the remaining square of C6 ; and the stin^ihi 
line AF, is therefore equal to CG : But AB is double of 
AF, and CD double of CG ; wherefoite AB is equal to 
CD- Therefore equal straight lines, &c. Q. E. D. 

PROP. XV. THEOR. 

The diameter %s the greatest straight line in a 
circle; and^ (faM others, that which is near- 
er to the centre is always greater ifmn one 
more remote; and the greater is nearer to the 
centre than the less. 

Let ABCD be a circle, of which 
the diameter i& AD, and the cen- 
tre E; and let BC be nearer too 
the centre than FG ; AD is greater 
than any straight line BC which is 
not a diameter, and BC greater 
than FG. 

From the centre draw EH, EK 
perpendiculars to BC, FG, and 
ioin EB, EC, EF ; and because AE 
is equal to EB, and ED to EC, AD is equal to EB, 
• 20. 1. EC: But EB, EC are greater » tlian BC ; wherefore, 
also AD is greater than BC. 

And because BC is nearer to the centre than FG, 
k4.Def. 3, EH is less^ than EE : but as was demonstrated in the 
preceding, BC is double of BH, and FjG, double c£ FK,, 
and the squares of EH, HB arq equal to the squares of. 
EK, KP, of which the square of EH is less ^^ot the 
square of EK,. because EH is less than EK; therefore 
the square of BH is greater than the square of FK,.and" 
the straight line BH greater than FK ; and therefore BG 
is greater than FG. 

Next, let BC be greater than FG ; BC is nearer to 
the centre than FG ; that is, the same construction being 
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made, £H is less than £K : Hecalise BC is greater than Book ifF. 
^6, BH likewise id greater than KF ; but the squares 
i>f BH, H£ are equal to the sauares of FK, KB, of 
whidi the square o^BH is greater than the square of FK, 
because BH is greater than FK ; therefore the square 
of EH is less than the. square of EK, and the straight 
line EH less than £K: Wherefore the diameter^ 



fC. 
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The shnight tine drawn at right angles to the 
diameter of a drck^from the extremity of it; 
Jails without the circle ; and no straight line 
can be drakhri between that straight hne and 
the fiireurnference, Jrom the extremity of the 
diitfiieter, so as not to cut the circle. 

Let ABC be a drcle, the cehtre of which is D, and 
^ifTiuuieier AB;? and l^t. AE be drawn from A perpen- 
&dUxir to AB, A£ diall fail without the circle. 

In AE take any pomt F, join DF, and let DF meet 
kb^ circle iff d Because PAF ^ 

Is a ri^t angles it Is greater 
thm tile iUnMe AFD"" ; hot the 
gvM^ anj^e of any triangle is 
Subtended by the greater side ^ 
tiierefbre DF is fipreater than 
DA ; pcJ^DA is equal to DC, ^| 
therefei^ DF is greater than 
DC, and the point F h there- 
fore wltboiit the circle. And F 
fe any point ^ateverxn ^he lin^ 
AE, therefore AE falH Without the circle. 

Agun, between the straight line AE and the circum 
forenoe, no straight lin6 can be drawn from the point A 
^mch does not cert the circle. Let AG be drawn iit 
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Book iir. die angle DAE ; from D draw 
'**'""V-^^ DH at riglit aisles to AG ; 

and because the angle DHA is 

a right angtey sixio the angle 

DAH lete than a right an^e, 

ibe ^e DH of the - triangle 

DAH, ift less than the side B| 

DA *. The point tt, there: 

fore, is within the tiitile^ and 

tberefoi'e the straight line AG 

cuts the circle. * 

CoR. From this it is manifest, that the straight line 

which is drawn fM^ right angles .to the' diameter of a circle 

from the extremity of it, touches the circle ; and that 

ic touches it only in one point ; because, if it did meet 
e % 3. tjie circle in two, it would fell within it •. Also it is evi- 
dent- tliat there can be but ones^glit line which touches 

the drete in the ftime poittt. * 

* 

PROP. XVII. PROP. 

To draw a straight line .from a given pointy 
either idithout or in the circtmference, which 
shall touch a given circled 

First, Let A be a ^tven point without the ^ven circle 

BCD; it is reauired to oraw.a straight line froia A 

which shall toui^ the circle, 
a 1. 3, Find ' the centre E of the circle, and join AE ; unci 

from die centre E, at the distance EA, describe thei^atJe 
b 11. X. AFG ; from the point D draw ^ DF at right angles to 

EA ; join EBF, and draw AB. 

BCD. 

Because E is the centre of 

the circles BCD, AFG, EA 

is equal to EF, and ED to 

EB; therefore the two ndesG^ 

AE, EB are equal to the two 

FE, ED, and they contain 

the angle at E common to the 

two triangles AEB, FED; 

therefore the base DF is equal 
; ito the base AB, and the trian- 

:gle FED to the triangle AEB, 



AB touches the circle 
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and the other angles to the other aniglesf.: >TbereA)r& Beokiiii 
the angle EBA is equal to the oifgle BDF ; but EDF as ^TT^^^ 
a r^t angle, wherefore EBA is a ri^ht luigle) add.EB 
is £awn from the centre : bul^^a straight lioedrai^n frcfH 
the extremity of a diameter* at right angles to it^ louche 
thp drcle^: Therefore AB toiiches the circle; and is d Cor. 16. s. 
drawn from the given point A. Which- was U>.be dona:- 
But if the ^ven pdint be in the circumference of the 
drcle, as the pcHnt D, draw DE |p the centre E, and 
DF at right angles to DE ; DF touches th#€iide^« . 

PROP- XVIII. THEOR. ^ 

• 

If a straight line touch a circle^ the straight litji^ 
dravmfrom the centre to thcpoint qfc(miact is 
perpenaicidar to the line Unuking the circle. 

Let the straight line DE touch the circle ABC in the 

g)mt C ; take the centre F, and draw the strught line 
C : FC is perpendicular la DE. 
For, if it be not, from the point F dfW9r. FB6 |>erpen. 
dicular to DE ; and because FGC is a ri^t, angle, 6CF 
must be^ an acute angle ; and ^ b 17^ l^ 

to the sreater angle the greater 

• ade Is opposite: Therefore /^ -N,^ cl9. i. 

FC is greater than F6 ; but 
FC is equal to FB ; therefore 
FB is greater than FG^ the 
less than the greater, which is 
impossiUe; wnerefbre FG is 
not perpendicular to DE : In 
the same manner it may be 
^ewn, that no other line but-*^ 

FC can be perpendicular to DE ; FC is therefore per- 
pendicular to DE. Therefore, if a straight line, &c. 
Q. E. D. 
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PROP. XIX. TH]ROE. 

If a gtrtujtht Une touch a circk, a'n/ifrcm % 
-pwiit if contact a straight ^ne b^ iraim at 
right angles to the touching line, tie centre oJ[ 
the circle is in tliat Une. 

Let the stfcaight Hue DE touch the drcfe ABjC, in C, 
«nd from C let CA be drawn at right angles to DE ;. the 

centre of the circle is in CA- j • • 

For, if not, let P be the centre, ir poesiUe, and ym 
CF :^ Because^DE touches th^ 
drcle ABC,, and FC is drawn 
from the centre to the point 
of contact, FC is perp^dicu- 
lar » to DE ; therefore FCE 
is a right angle : Bpt ACE is 
also a right an^le; therefore g 
the angle FCE is equal to the 
angle ACE, the les» to the 

greater, which is impossible: 

Wherefore P is not the cen-.j> 

tre oi the circle ABC : In tlie 

same manner it may be shewn, that no other ppu^l whi^ 

is not in C A, is the c^i^tre ; that is, t^e centra i^ m CA 

Therefore, if a stra^ht line, &c. Q. £. IX 




PHQRXX. THEOR. 

The angle at the centre of a circle i> do^l^qf^ 
angle at the circumference^ mnm the sameoase^ 
that is^ upon the^same paart (^the circumference. 

Let ABC be a circle, and BDC an angle at the centre^ 
and El AC an angle at the circumference, which have Ae 
same circumference BC for their base ;, the angle BDC 
is double of the angle B AC. 

First, let D,' the centre of tlie circle, be within the 
angle BAC, and join AD, and produce it to E l Because 



OF GEOMBTBY. 



lOS 




PAk/e<|i»ItD DBy the angle DAB ifi eq^al* to die Bookin. 
angle DBA ; therefore the angles ^ a^XjT*^ 

DAB, DBA tc^ther are double 
of the aii§^ DAB; but the an- 

fie BDE is equal * to the angles / / 1 \ \ b 38. 1. 

>AB, DBA ; thenefoie idso the 
angle BDE is double of the eule 

DAB : For the some reason, the \ /X / \ \ / N. 
angle EDC is double of the angle --^ , 
PAC : Therefore the whole an- **^ / >^C 

gle BDC is double of the whok 
angle BAC. 

Again, let D, the centre of the circle, be without the 
angle BAG, and loin AD and 
produce it^to E. ^ It may be de- 
monstrated, as in the first case, 

that the an^Ie EDC is double / \^ 

of the angle DAC, and that 
EDB 8 part of the first, is docN 
ble of DAB, a part of the other; • 
therefore the remaining angle ^ 
BDC is double of the remaining -^c yC 

angle BAC. Therefore the 
angle at the centre,. &c. Q. E. D. 




PROP. XXI. THJEOK. 

The angles in the same segment of* a circle are 

^ eqtud to otie another. 

Let ABCD be a circle, and BAD, BED angles in the 
same segment BAED: The an- 
gles B AD^ BED are equal to one 
another. 

Take F the centre of the circle 
ABCD: And^ first, let the seg- 
ment BAED be greater than a se- 
micircle, and join BF, FD : And 
because the angle BFD is at the 
centre^ and the angle BAD 'at the 
circumferenecj both having the 
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^tak^il. BiBie pirt of the dnninifinraipe, viz. BCD, fiv 

therefore the angle BFD is double • of the an^ BAD: 
for the same reason, the angle BFD is double of the 
. iM;le B£D : Therefore the angle BAD is equal to the 
in^BED* 

' But, if the segment BAED be not greater than a se- 
micircle^ let BAD, BED be aiSk 
gles in it ; these also are equal to 
one another. Draw AF to the 
centre, and produce it to C, and 

Sin CE : Therefore the segment 
ADC is greater than a semicir- 
eb i ' m^A the angles in it, *BAC, 
BEC are equal, by the first case: 
For the same reason, because 
CBED i^ greater than a. semicir- 
cle, the angles CAD, CED are 
equal : therefore the whcde angle BAD is equal to the 
whole angle BED. Wherefore the angles in the same 
segment, &c» Q. E. D. . X"^ 

PROP. XXIL THEOB. 

The opposite angles of any quadrilateral figure 
described m q circle, are together equal to two 
right angles. 

Let ABCD be a quadrilateral ^lU'e in the circle 
.; AfiCD; any two of Itk oppd^te angles are together 
equal to two right angles. 
a 21. 3. Join AC, BD. The angle CAB is ^qqal' to the 

angle CDB, because they are in 
the same segment BADC, and 
the angle ACB is equal to the 
angle ADB, because they are in 
the same segment ADCB; 
therefore the whole angle ADC 
is equal to the angles CAB, J^ 
^CB : To each of these equals 
add the angle ABC ; and the 
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angles ABC, APC, m^ equal to the pnglej ABC, CAB, J^J": 
BOA But ABC,' CAB, BCA are equal to two right ^^^ 
angles ^; therefore also the angles ABC, ADC are equal bSS. 1. 
to two riight angles: In the same manner, the angles 
BAD, DCB may be shewn tp be ^ufj to two right 
wgles. Therefore the opposite angles, &c. Q. E. D. 



PROP. XXIIL THEOR. 




If it be possible^ let the two dmilar se^ents of circles, 
vizI'ACB, ADB, be upon the same side of the same 
straight line AB, not coinciding with one another : then, 
becatlse die circles ACB, ADB, cut one another in the 
two pcnnts A, B, they cannot cut 

one another in any other point * : . ^^^*— ^^'-^ ■ *^* '• 

one of the segments must there- 
fore fall within the other : let ACB 
fall within ADB, draw the straight 
line BCD, and join C A, DA : and 
because the segment ACB is simi- -'*- 
lar to the segment ADB, and similar segments of circles 
contain^ equal angles, the angle ACB is equal to tbeb9. clef.3. 
angle ADB, the exterior to the interior, which is impos- 
abie ^ Therefore, there cannot be two similar segments c 19. 1. 
of circles upon the same lade of the ^ame line, which do 
not coincide. Q. E. D. / " y, 

/ / u. 
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PROP. XXIV. THEOR. 




segments of circks upon equal ttrcdghi 
lines are equal to one another. 

Let AEB9 CFD be nmilar segments of circles upon 
the equal strsught lines AB, CD ; the segment AEU i& 
equal to the segment CFD. 

For, if the segment A£B he applied to the segment 
CFD, so as ^ 

the point A ^..^-^^ 

be on C, and 
the str^ght 
line AB up- h- 
pa CD, the^ 
point B will eoineide with the point D^ because AB ir 
equal to CD : Therefore the straight line AB ecnnc^diiig 
a ?3. 3. with CD, the segment AEB must * coincide with lh& 
segment CFD, and thereToffe is equal to it. Wherefoce, 
similar segme^tSy &c. Q^ E. Dl 

PROP. XXV. PROS. 

A segment of a circle being given y to deserve tf^ 
circle of which it is the segments 

, . Let ABC be the ^ven segment of a circle ; it i£^ re^ 
quired to describe the circle of which it is a segment. 

a la h Biaect * AC in D, and from the point D Srww ^ DS 

^ ^^' *' at right angles to AC, and joia AB : Firsts kt the 
angles ABD, BAD be equal to one another ; then the 

c 6. K straight line BD is equal® to DA, and therefore to DC ; 
and because the three straight lines DA, DB„ DC are all 

4 J>- 3.. equal;, D is the centre of the circle * ; from the centre D, 
at the distance of any of the three DA, DB> DC, describe 
a circle ; this shall pass through the other points ; where- 
fore the circle f^ which ABC is a segment is described : 
and because the centre D is in AC, the segment ABC i'i 
a semicircle. Next let the angles ABD, BAD be ufi- 

€ 23. 1. equal ; at the point A, in the straight line AB, make!^ 
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the angle BAE equal to the angle ABD, and produce 
BD, tf peoess^^ to P^ wwi jgia i^C; aiid because the 







m%h AB]^ is equal to tlie an^e BAE^ the strargh^ fine 
B£ is equal ^ to EA : and b^uee Ap. is equal to DC, f S, 1. 
iw) DE cpmmon ta the trimgles AI>E. ODE, the two 
sides AD, DE are equal to the two CD» DE, each to 
«^;h ; and the angle ADE is equal to the angle CDE, 
for each of them is a right angle i tnerclbrc the nase AE 
i& equal ^ to the base EC : but j\K w^ s)>ewn tp be equal g ^> l* 
to £B, wherefore also BE is eqiiat >6 EC : and the three 
straight lines AE, EB, EC are tlj^^pefore equal to one 
anotSer ; wherefore * E is the centre of the circle. Prom t *• ^ 
the centi:e E, at the dbtance of any of the three AE, EB, 
EC describe a dorc^, this shall pass through the oth^ 
points; and thus the circle oi which ABC is a segment ia 
^espri^ : al^, it is fv^ei;it, t^hpfi if thie ande ABD be 
gr^r than the angle 9 AD, t^ <^^»lxe £ mUfi wjthoul 
th|& scgipent A!6,C, wjbu/ch ibie^ore is. les» tbaa a seni- 
mle : but if tb^ aiigW^J^D h^ }^s t^9ABAD, 4)^ eeiw 
tre £ falls wkbin tlu^ s^gmefjt ABC, which i& therefone 
^cater tljKan a, S(;!xnicircle : 'VV^hiereipre, a segaieiit of a 
cijrclie Ip^ng cpyen, the <^cle i^ described of which it is a / " 
scgmenj,. WhicU vaa tp b^ dope. * >' ^ 



I 

i 



108 ELEMENTS 

Book in. 

PROP. XXVI. THEOR. 

In equal circles, equal angles stand upon equal 
arches, whether they he at the centres or dt- 
cun^erences. 

Let ABC, DBF be equal axcles, ufid the equal angles 
BGC, EHf at their patres, and BAG, EDF at their 
circumferences : the arcp BKC is eqval to the arch ELF. 
; J(Hn BC, EF ; and because tkt cuxles ABC, IKBFiffe 
equal, the straight lines drawn from their centres are 
c^ual : therefore t^ %wqjAd^ BG» GC, am equal to the 



r. ' 





two EH, HF ; and the angle at 6 is equal to the angle 

a 4. 1. at H ; therefore the base BC is equal * to the base EF : 

and because the angle at A is equal to the angle at D, 

b9.M; 3. the s^ment BAC is similar^ to the segment EDF ; and 

they ai^e upon eaual striught lines BC, EF ; but simitar 

cH.3> segments of circles upon equal straight lines are ^ual^ 

to one another ; therefore me segment BAC is equal to 

the s^ment EDF : but the whole circle ABC is equal to 

the whole DEP; therefore the remaining segment BKC 

is equal to the remaining segment ELF, and the arch 

BKC to the arch ELF.* Wherefore in equal circles, &c. 

Q. E. D. 
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PROP. XXfil; THfiOR. 



.B«>M!* 



In equal drUes, the angles which stand upon 
equal arches are equoTlo me another^ whether' 
they he at the centres or circumference^. 

Let the anglto B6C, EHP fl(t tHe centres, mid BAc, 
EDF at the circumferences of the equal circles ABC; 
DSF stand upon the equal archcfs 6C, £F : the atagle 
Bee is equal to the angle EHF,' and the angle BAC to 
theandeEDP. 

If & ai^e B6€ be equal to the angle EHf^, It is 
numifesi* that the angle BAG is also equal to £t>F. ft SO. & 
But, if not, one of them is the greater : let BGC be the 
greater, and at the point 6, in the straight line fi6» 
make the angtd*' B6K equal to the angle EHF. And i ts. I. 
because equal angles stand upon equal ai^Ches % when c S6. S. 
they are at the centre, the arch BK is equal to the arch 
£F : but EF is equal to BC ; therefore also BE i)p equal 
to BC, the less to the greater, Which is impossible. 
Therefore the angle BGC is not unequal to the angle 





^HF ; that is, it is equal to it : and the angle at A is 
half of the angle BGC, and the angle at D half of the 
angle EHF: therefore the angle at A is equal to the 
angle at D. Wherefore, in equal circles, &c. Q. E. D. 



lib CL^ltliifTd 

PttOP. XXirtn. THEOR. 

In eqiud eirdeSt egucd straight lines cut iff equal 
arches f tf^e greater eqtud to the grmteff and 
the less to tile less* 

Let ABC, DEF be eq«Mil cbt^ <kid BG, £F equal 
fitradght lines in them, which cut off the two gmtftar 
arches BAC^ £DF^ and the two lefti B6G, EHF : the 

freater BAC U equal ta the greater EDF^ mid the less 
IGC to the less £HF. 
1. 3^ Take* K, I^ the eeotm of die cifdes^ tni'ym BK, 

KC^ Et,jLF: and beenase the oiretes we eqwA, the 
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straight lines from their centres are equal ; thetefote BK, 
EC are equal to EL, LF ; but the base BC is also equal 
b 9. 1. to the base EF ; thet*efote the angle BKC is ecjual ^ to 
c 86. a the angle ELF : and equal angles stand upon equal ' 
arches^ when they are at the centres ; therefore the arch 
BGC is equal to the arch EHF. But the whole circle 
ABC is equal to the whole EDF : the remaining part, 
therrfore, of the circumference, viz. BAG, is equm to the 
remaining part EDF. Therefore, in; equal circles, Sre. 
Q. E. D. 
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PROP. XXIX. THEOR. 

In equal circles eqtcal arches are subtended by 

equal straigM lines. 

Let ABC, D£F be equal dndhes^ and let the ardies 
BGC, EHF also be e<|ual; and join BC» £F: the 
straight line BC is eqpial to the straight Une EF. 

Take"^ E^ L tlie centi^ cS the circle^ and join BK, a i. 3. 
KC, EL, LF : and beeause the arch BGC \& equal to 
ibe flvch EHF» the an^e BKC is equal ^ to the aaf^ h%v% 
ELF : also because the circles ABC, DEP ar« eqt^, 
thor radii sxe equal: therefore BK, KC are equm to 





EL, LP ; and they contain equal angles : therefore the 
base BC is equal ^ to the base EF. Therefore, in equal c 4, *. 
circles, &c. Q. E. B. 

VViO?\ XXX. PROB. 

To bisect a given arch^ tJiat is^ to dwide U intof 

two equal parts* 

Let ADB be the given arch ; it is required to bisect 
it 

Scin AB, and bisect * it in C ; from the point C draw' a lo: 1. 
CD at right angles t€> AB, and join AD, DB : the arch 
ADB is^ bisected in the point D. 
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'Bo^kph Becadse AC is equal to CB, and tl) conunon to the 

^■'^^*^ triangles ACI?, BCD, the two 
sides AC, CD are equal to the 
twoBC^CD; but the angle ACD 
is Also eqiid to the single BCD, be- 
cause each of them is a right 
* angle; therefore the base AD is 

b i. 1. ^ual ** to the base BD: But equal straight lines cut off 

c 28, S. 6q«ial ®' arches, the greater ^Ual td the greater, and thi 
less to the less ; and AD, DB are each of them less than 
dCor. i. 8.a semicircle, because DC. passes thmugh the centre **, 
Wherefore the arch AD is equal to the a^rch DB : atid 
therefore the given arch ADB is bisected in D. WhfeN 
was to be done. 

f ROP, XXXI. THEOR, 

In a circle^ the angle in a semicircle is a right 
angle ; hut the angle in a segment greater 
than a semicircle is less than a right angle ; 
and the angle in a segment less than a semi' 
circle is greater thnn a right angle. 

Let ABCD be a circle, of which the diameter is BC, 
and centre^ E; draw CA dividing tjjhe drcle.into di^ 
segments ABC, ADC, and join BA, AD, DC ; the 
angle in the semicircle B AC is a' right angle ; and the 
Angle in the segment ABC; wMch i'6 greater than a semi- 
circle, is less man a right angle ; and the angle ih the 
segment ADC, which is less uian a semicircle, is greatei' 
than a right angle. 

Join AE, and produce B A to F ; and because BE is 
equal to EA, the angle EAB ' yj^ 

• 5«K is equal^ to £BA; also, be- 
cause AE is equal to EC, the 
angle EAC is equal to EC A ;^ 
wherefore the whole angle B AC 
is equal to the twpangles ABC, 

ACB. But FAC, the ejiterior jg;^ i^ 3}^ 

angle of the triangle ABC, is 

b S2. h also equal ^ to the two angles 
ABC, ACB; therefore the 
angle BA€ is equal to the angle 
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FAC, and eac^ of them is therefolre a right ° angle : ^jyn. 
wherefore the angle BAG in a semidrcle is a right angle. ^"J^ig^. 

And because the two aisles ABC, BAC of the tri- 
angle ABC are together less ^ than two right angks^^and d 17. 1. 
BAC is a right angle, ABC must be less than a right 
angle ; and therefore the angle in a segment ABC, greats 
er than a senricircle, is less than a right angle. ■ 

Also because A3CD is a quadrilateral figure in a 
circle, any two of its opposite angles are equal ^ to two e 1^2. 3. 
r^t angles ; therefore tae angles ABC, ADC are equal 
to two right an^es ; and ABC is less than a right angle; 
wherefore the other ADC is greater than a right ai^e. 
Tha»fore^ in a circle, &cc. Q. £. D. 

Cob. From this it is manifest,' that if one ai^le of a 
triangle be equal to the other two, it is a right angle, be^ 
cause the angle adjacent to it is equal to the same two ; 
and when the adjacent angles are equal, they are right 
angles. 



PROP. XXXII. THEOR. 

If a straight line touch a circle j andfrcym the point 
of contact a straight line he drawn cutting the 
circle^ the angles made by this line with the line 
"which touches the circle^ are equal to the angles 
in the alternate segments of the circle. 

Let the straight line EF touch the circle ABCD in B, 
and from the jxnnt B let the straight line BD be drawn 
cutting the circle: The angles which BD makes with 
the touching line EF are equal to the angles in the 
alternate segments of the circle : that is, the angle FBD 
is equal to the angle which is in the segment DAB, and 
the angle DBE to the angle in the segment BCD. 

From the point B draw * BA at nght angles to EF, ^ u. l. 
and take any point C in the arch BD, and join AD, 
DC, CB ; and because the straight line EF touches the 
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£14' SLEMCNTS 

^ir- circle ABCD in ih» pomt B, and BA m draMmat^H^ 
^^ angles to it^ from the poiRfe of 

contact B» the cenUre of the 
h l». & ckde is ^ to BAi tfasrefore the 

an^ ADB^ in a seB&]circle» is 
e3i. 3L' a right ^ isngley and coase* 

quentl y the other two an^s 
*^ ^^ BAD/ ABI^'are equjA * to a 

ri|^tai^le : but ABF is like^ 

wise a right angl<e; therefore 

the oQgle ABF is; eq^at to the Jr 
aof^ BAD^ ABDt take from-^ 

these equals the comaon angle ABD ; and there w3i t^ 

main the angle DBF equal to the angle BAD, wfaidl is 

in the alternate segment of the circle^ . And ik(2iak& 

ABCD is a quadriliateral figure in a circle, the Opposite 

eff. s: angles BAD, BCD are equ^Q • to two right angiea «;• thechi 

rX3. 1» fore the angles DBF, DBE, being likewise equal ' to two 

right angles, are equal to the angles BAD, BCD ; and 

DBF has been proved equal to BAD r th«efore tKe»^ 

maining angle DBE is equal to the angle BCI> in the 

alternate segment of the circle, * i - 

Wherefore, i£ a strmght line, &c. Q. E. D^ , ^y * 

3' ' 




PROF: XXXIir. PROB. 

W^pon a ^iven straight Ihie to describe a segment 
of a ctrcley containing un angle equal to agi^ 
ven rectilineal drtgle. ^" 

Let AB be the given straight line, and the angte at C! 
the given rectilihem angle; it is required to describe iip» 
on the given straight line AB a segment of a circle, cxnor 
taining aa angle equal to the angle C. 
•40, K First, let the angle at C be a right angle ; bisect ■ AB 

in F, and from the centre F, at the distance FB, describe 
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the semicirole AHB ; the rj=: — ^ ^ w BMkrH£ 

angle AHB being in a se- 
micircle is ^ equal to the 
right angle at C. 

But, if the angle C be 
not a right angle, at the 

point A, in the straight line AB, niake ® the angle BAD c 23. L 
equal to the angle C, 
and from the point A 

dra:wr* AE at right . X X dil. i. 

angles to AD ; bisect.^ 
AB in- F5 and from F 
draw * FG at right 
aojdefi to AB^ and join rr 
GS: Then because AF 
is equal to FB, and 
FG common to the tri- 
angles AFG, BFG, the 
two sides AF, FG are 
equal to the two BF, FG ; but tlie angle AFG is al^ 
so equal to the angle BFG ; therefbre tne base AG is 
equal ® to the base GB : and the drcla deicribed fmm e 4. 1* 
the centre G, at the distance GA, will pads through' the 
point B ; let this be the circle AHB : And b^catise from* 
the point A, the extiiemity of the diameter AE, AD is 
drawn at right angles to AE, therefore AD ^ touches the f Cor. 16. s. 
circle : and because AB, drawn from the point of con- 
tact A, cuts the circle, 
the angle DAB ts equal 
to the angle in the alter- 
nate segment AHB « ; 
but the angle DAB is 
equal to the angle C, 
therefore also the angle 
C is equal to the angle 
in tihe segment AHB: 
Wherefore, upon the gi^ 

ven straight line AB a segment, AHB, of a circle is 
described which contains an angle equal to the given 
angle at C. Which was to be done. 

H 2 
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PROP. XXXIV. PROB. 



To cut off' a segment from a given circle which 
shall contain an angle equal to a given recti- 
lineal angle. 

Let ABC be the given circle, and D the given rectilL- 
neal angle ; it is required to cut off a s^ment from the 
circle ABC which shall contain an ai^le equal to the 
angle D. 
a 17. 3. Draw ^ the straight line EF touching the circle ABC 

in the point B, and at 
the point B. in the J\^ 

straight Une BF make 

** the angle FBC equal ^ 

to the angle D ; there- I \ y^lC 

£6re because thestraight 
line EF touches the 
drcle ABC, and BC is 
drawn from the point X) 
of contact By the angle 

FBC is equals to the angle in the alternate segment 
BAC : but the an^le FBC is equal to the angle D ; 
therefore the angle m the segment BAC is equal to the 
angle D : wherefore the segment BAC is cut off from 
the given circle ABC containing an angle equal to the 
given angle D. Which was to be done 
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PROP. XXXV. THEOR. 

If two straight lines within a circle cut one an^ 
other ^ the rectangle contained hy the segments 
of one of them is equal to the rectangle contain,- 
* ed hy ike segments of the other. 

Let the two straight lines AC, BD, within the circle 
ABCD, cut one another in the point E : the rectangle 
contained by A£, EC is equal to tne . 
rectangle contained by BE, ED. -^^ 

If AC, BD pass each of them 
through the centre, so that E is the 
centre, it is evident, that^AE, EC, Bl 
BE, ED, bein^ all equal, the rect- 
angle AE.EC is equal to the rect- 
angle BE.ED. 

But let one of them BD pass through the centre, and 
ctit the other AC, which does not pass through the centre, 
at right angles in the point E : thai, if BD oe bisected in 
P, F is the centre of the circle ABCD ; join AF : and 
because BD, which passes through the centre, cuts the 
straight line AC, which does not 
pass through the centre at right 
angles in E, AE, EC are equal * 
to one another : and because the 
straight line BD is cut into two 
equiu parts, in the point F, and 
into two unequal, in the point E, 
BE.ED ^ + EF* = FB« = AF*. 
But AF* = AE* + *^EF*, there- 
fore BE.ED + EF* = AE* + 
EF*, and taking EF* from each, BE.ED =: AE* = 
AE.EC. 




a 3. 3. 
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Jtook nv Next, Let BD, which passes through the centre, cut 
^^•"^^^^"^ the other AC, which does not pass 

through the centre, in E, but not 

at right angles ; th€fn, as before, 

if BD be bSected in F, F is the 

centre cf the circle. Job AF,. 
d 1?. !• and jfrom F dmW* FG perpendi- 

c\ilar to AC; therefore AG is 

equal « to GC ; wherefore AE.EC 

+ ^ EG* = AG», and adding GF* 

to both, AE.EC + EG* + GF« 

= AG« + GF«. NowEG* + GF*=EF*, andAG* + 

6F« = AF« ; therefore AE.EC + EF* = AF« hr FB« 

But FB* = BE ED + ^'EF*, therefore AE.EC + EP= 

BRED + EF«, and taking EF* from both, AE.EC = 

BE.ED. . 

Lastly, Let ndther of the straight lines AC,BD pass 

througn the centre : take the 

centre F, and through E, the 

int^:'section of the straight lines 

AC, DB, draw the diameter 

GEFH : and because, as has 

been shown, AE.ECnGE.EH, 

and BE.ED = GE.EH; there- .. 

fore AE.ECt=BE.ED. Where- A> 

fore, if two straight lines, &c. 

dQ. E. D. 




PROP. XXXVI. THEOB. 



If from, any point without a circle two straight 
^ lines he drawn, one of which ctds the circle, and 
the other touches it,; tlie reetangle contained 
by the whole line which cuts the circle, andtlie 
part of it without the circle, is equal to the 
square of the line which touches it 

Let D be any point without the circle ABC, and DCA, 
DB two straight lines drawn from it, of which DCA cuts 
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ihe carder and DB toudies krtt^.irectflngle AWDC irlBoDic.m. 
espial to the ^uare of DR 

Eiiher DCA passe^. through <the 
cealre^cHrift does aot^ first, Ijetit 
|)a8s tfarou|^,theceKitie £, and join 
£B; Iherefim the ijnq^.;£BD 
is Jiii^t* angle: and Jbecoase the 
:Acaigh| fine AC k bbectedin £, 
and produced to the ^pdat D^B; 
ADJX!+JSC?=*ED«- / «ut EC== 
EB^* dieicfcre AIXDC + EB' = 
^BP. Now ED*=i^ EB«+BD» be- 
€ame EBD is a ri^t a^gle; there- 
fine AD.DC+E#= EB^ +, Biy, 
jmd taldiig "EBF &am each, AD.DC 
= Bm 

Bi^if DCA da Itot.ppssi throuffh thexenlredT the 
ciicle ABC^ take^ the centre E^^nd jj 

draw £F perpendicular ^ to AC, and 
join EB, vEC, ED : and because the 
.^jtrai^t\Biie^9 wfaidipassesthroii^ 
^VfC^Jjkrojt €9t9 ^Mraight line AC, 
w^uili ibjpes. .iiol; ;pass . throiigh the 
centre^ itit riel^t an^^ it likewise bi- 
sept^^ it; therefore AF is ^loal to 
FC; and because the straight line 
AC is bisected in F, and produced 
to D^ AIU3C+FC'=FD* ; add 
.FE» t0. i^oth^Jthm AD.I>C+Fe*+ 
^m^Wi^+'BlE?. But^EC^=FC^ 
.4J?B^, W EJ»3=FD?+FE*^ because DFE is a right 
,aqj^4 ;thpi;rfore AD;DG4-E€^±=ED*- Now, because 
EBB is a right angle, ED^rrEB^+BD^-EC^^-BD^ 
;«i4jttierefore. AD.I)C+EC»zdEC«+$D« aad AD;DC= 
^B®?.') Wherefore, l£ from any point, &c. Q.£,J). 
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CoK. If from any point with- 
out a circle, there oe drawn two 
straight lines cutting it, as AB, 
AC, the rectangles contained by 
the whole lines and the parts of 
them without the circle, are equal ^ 
to one another, viz. BA.AE=CA. 
AF ; for each of these rectat^les 
is equal to the square of the straight 
line AD, which touches the circle. 




PROP. XXXVII. THEOR. 



a 17. a 



bl8» 



Iffrovi a point without a circle there he drawn 
two straight lines, one of which cuts tlie circle, 
and the other meets it ; if the rectangle con- 
tained by the whole line, which cuts the circle, 
and the part of it without the circle, be equal 
to the square of the line which meets it, the 
line which m^ets also tou<:hes the circle. 

Let any point D be taken without the circle ABC, and 
from it let two straight lines DCA and DB be drawn, of 
which DCA cuts the circle, and DB meets it ; if the rect- 
angle AD.DC, be equal to the square of DB, DB touches 
the circle. 

Draw a the straight line DE touching the circle ABC ; 
find the centre F, and join FE, FB, FD ; then FED is 
ft. la right b angle ; and because DE touches the circle ABC, 
£^ :and DCA cuts it, the rectangle AD.DC is equal *^ to the 
' square of DE ; but the rectangle AD.DC is, by hypothe- 
sis, equal to the square of DB ; therefore the square of 
DE is equal to the square of DB, and the straight line 
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DE equal to the straight line DB : but F£ is equal to ^^^ m* 

FB, wherefore DE, EF are equal *^ 

to DB, BF ; and the base FD is 

common to the two triangles DEF, 

DBF ; therefore the an^e DEF is 

equal *^ to the angle DBF ; and 

DEF is a right angle, therefore 

also DBF is a right angle : but FB, 

if produced, is a diameter, and the 

straight line which is drawn at 

right angles to a diameter, trom 

the extremity of it, touches * the 

circle : therefore DB touches the 

circle ABC. Wherefore, if from A — " — ^ 

a point, &c. Q. E. D. i ^ ^ C-- 




el4^S. 



* « 



/ 



• .. 



JELEMENTS 



OF 



GEOMETRY 



BOOK IV. 



DEFINITIONS. 



s. 



I> 



A 




RECTILINEAL figure IS Said to be inscribed in an- Book IV. 
odier rectilineal figure, when all the angles of the in- 
scribed figure are upcxi the sides of the 
figure in which it is insaibed, each 
upon each. 

11. 

In like manner, a figure is said to be de- 
scribed about another figure when all 
the ffldes of the circumscribed figure pass through the 
angular points of the figure about which it is described, 
each through each. 

IIL 

A rectilineal figure is ^d to be in- 
scribed in a circle, t^hen all the 
angles of the inscribed figure are 
upon the circumference of the 
circle. 
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A rectilineal figure is said to be described about a circle, 
when each side of the circumscrib- 
ed figure touches the circumference 
of the circle. 

V. 

In like manner, a circle is said to be 
inscribed in a rectilineal figure, 
when the circumference of the 
circle touches each side of the fi- 




gure. 



VI. 



A circle is said to be described about 
a rectilineal figure, when the cir- 
cumference of the circle passes 
through ail the angular points of 
the figtire about which it is de- 
scribed. 

VII. 

A straight line is ^d to be placed in a circle, when the 
extremities of it are in the circumference of the circle. 




PROP. I. PROB. 



r . 



In a given circle to place a straight line, eqnd 
to a given straight line, not greater than ike 
diameter of the circle. 

* Let ABC be the given circle, and D the given straight 

line, not greater than the diameter of the circle. ^ 

Draw BC. the diameter 

of the circle ABC; then, 

if BC be ecjual to D, the 

thing required is done; 

for m the circle ABC a 

straight line BC is placed 

equdtoD: But, if BC be 
« 3. 1. not equal * to D, it must be 

greater ; cut off* from it CE 

equal to D, and from the -U— — 

centre C, at the distance CE, describe the circle AEF, 
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and join C A : Theitefore, because C is the centre of the Book IV. 
circle AEF, CA is equal to CE ; but Dls equal to CE ; 
therefore D is equal to CA: Wherefore, in the circle 
ABC^ a-istraight Hne is placed, equal to the given straight 
line D, which is not greater than the diameter of the 
circle. Which was to be done. 



I^ROP. II. PROB. 

In a given circle to inscribe a triangle equian^ 
gular to a given triangle. 

Let ABC be the given circle, and DEF the given tri- 
aYigle ; it is required to inscribe in the circle ABC a tri- 
angle equiangular to the triangle DEF. 

Draw * the straight line GAH touching the circle in a 17. 3. 
the point A, and at the point A, in the straight line AH, 
make** the angle HAC equal to the angle DEF ; and at b » 1. 
the point A, in 
the straight line 
AG, make the 
angle GAB e- 
qual to the angle 
DFE, and join 
BC. Therefore, 
because HAG 
touches the cir-E 
cleABCandAC 
is drawn from 

thepomtof contact, the angle HAC is equal*' to the c 32.^5. 
angle ABC in the alternate segment of the circle : But 
HAC is equal to the angle DEF; therefore also the 
angle ABC is equal to DEF ; for the same reason the 
an^le ACB is equal to the angle DFE ; therefore the re- . . 
maming angle BAG is equal** to the remaining angle d :i2. 1. 
EDF : Wherefore the triangle ABC is equiangular to 
the triangle DEF, and it is inscribed in the circle ABC. 
Which was to be done. 





^^^y^-^ PROF. in. PftOB- 

About a given circle to describe a triangle equi- 
angular to a given triangle. 

Let ABC be the given circle, and DEF the area tri- 
angle; it is required to describe a triangle about the 
circle ABC equiangular to the triangle t)EF. 

Produce EF both ways to the points G, H, and find 
the centre S of the circle ABC, f«iid from it draw any 
straight line KB ; at the point K in the straight line KB, 

■ ^ '• make * the angle BE A eqnal to the an^e DEG, and the 
an^Ie BKC equal to the angle DFH ; and through, tjie 
points A, B, C, draw the strai^t lines LAM, MQN^ 

bli. s. NCL touching^ the circle ABC; Therefore, beca\^. 
LM, MN, NL touch the circle ABC in the points. A, 
B, C, to which from the centre are drawn KA, KB, KCt* 

c 1S» 3r the angles at the points A, B, C, are rights ^ngle^. Ai)4^ 
because the four angles of the quadrilateral figure AMB]^. 
are equal to four right angles, for it can be divided into. 
two triangles ; and because two of them, KAM , KBM 
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B ^ 

are right angles, the other two AEB, AMB are eqnalstO' 
two right angles : But the angles DEG, DEF are like*v 
dial, ^jge equal <^ to two right angles; therefore the angl^; 
AKB, AMB are equal to the angles DEG, DEF, rf 
which AKB is equal to DEG ; wherefore iibe remainiog^ 
angle AMB is equal to the remaining angle DEF. }ii< 
like manner^ the angle LNM may be demonstrated to be 
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equal to DFE ; and tlieref<»re the remaini ng angle MLN ■?* ^"^r 
k equal "^ to the reB^mip|^ an|;le TSiDJ^, : Wherefore the ^"^^C^ 
triangle I#MN is equiangtilar to the triangle DEF : And 
it is described about the circle ABC. Which wa& ta be 
done. 



VnOP. IV. PROR 

> ■ . » . • , 

/ i Jhdn^cribe a circle in a given triangle^, 

^'iLet the ^v^n triangle be ASC ; it is required to in*- 
si^)e a dktSe in ABC: 

%i^t* the angle» ABC, BCA» by the straoght Iiii«»»9i ]. 
BO^ CD meetuig one another in the p(»nt D, from 
irliictt'dhMr»^ DE, DF, DO ^ *12-X- 

pe^])biilfi6likri$^ W AB, BO, ^ 

CAi l%i»ti beeause' the an^ 
EtttH^eqtmttDthe ai^Ie FBD^ 
tbif ^gt& ABe bdng^ bisected 
I7' ftD ;' aiid beeottse the right 
angle BED is equal to die r^t 
angle BFD, the two triangles 
£BD, FBD have tifam^i^ 

tbeoneequaltotwoai^lesoif the ^ 

other; and the side BD, whidifi .. P C 

is oppaeitr ta erne of the equal aisles in eacb^ Jt cammoD 

tobothi'lherefcve their other sides are equal®; whereat: 96. 1. 

fore DE is equal to DF. For the aeme reason, IMx is< 

equal to DP ; therefore the three straight Imes DE, DP,, 

D6 are equal tb one another, and the drole describee^ 

from the ^centre D, at t% distance of any of ihem^ 

iriH fsm 'iB^tOfXf^ the eKtremitier of the olfaer two, and> 

wiyiHoook the straight lines AJ^ BC^ CA^ because the 

ai^to^^af 'ttie ptittls^E^ F, G am: x^t angles^^^md the^ 

sm^^fihe iidyoh istdmiml)^ thBteoettBmity of adiii^' 

met^r -ai; righl angfes-to it, toudbes^ tihe cirdte t Tbei^ 

fone the:8traigbt' Ones AB^ BC, CA, do each of them 'd^<»« 1^9^ 

tcj^ch the circle, and tiie drcle EFGt m inscribed in the 

triangle ABC. Which was to be done^ ;. 
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To describe a circle about a given triangle. 



Let the mven Utangle be ABG ; it is required to de- 
scribe a circle about ABC. 
a 10. 1. Bisect* AB. AC in the points D, £y ap^ frOSf these 
b u. 1. points draw Df, EF at right angles* to ^B, AC ; DF, 




c4. 1. 




E^pfoduced will nieet dne andlUter^ '«ry If tlteV UhM#* 
f^C theyiape^ paralld, whtteforitiAB^AOy^flfedllW 
at right angles to them, arfe TpaldWj bhk4i'4»itoteilffp 
Lel,thfem n^t ki 9; and jaiil OPA ^» A<H tf «lite"^jMiffl* 
be ndtin^C/joirf BF, «R:ithto, liHitoit^kOtirf^ft* 
to BB.^wj^.'D^, comm<m^ uidm^riglk 
the base AP is equal* to thtfibas*>F»;-' Ii^litil»to»*kf 
itHHiyhe.sheMriijiHdt CF:iM«(wato FA< <to*tH4*#3iP 
B#is equal,tO)Fe; and FA, FB, f C^ are »ljuR^tdfcW* 
d9o|: W ( wherefore the ciitle detorlbddl frbm ^ c6<ii)^ 
?f0«llAd iialMce of otie of th^m/^U 'p«B ihfeligfi'tIM' 
eKt|i)lptieg.iPif the ethee^twor^ttid b^idefloiibed^abniC'tH^ 
t4wgleAB%^MfehwlUftldliedd!iA ^' • . 'arMU |» 

Cott. When the centre of the circle falls within ^tffcr 
triangle, eadi of its angles is less than a right angle, eaxh 
of them being in a;«fgvient gre^Mer than a semicircle ; 
but, when the centre is in one of the ades of the tri- 
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to the right an^ ; and if it be an obtiue at^ledltriaiigie^ Book m 
the centre iUls withouC the triangle, bejond the tide eifh^ ~ ' 
pOBite to the obtuse angle. 



PROP. VI. PROB. 

To inscribe a sqicare in a given circle. , 

Let ABCD be the given^ circle ; it is required to in- 
3aabe a rauare in ABCD. 

I>raw me diameters AC, BD at right angles to one^ 
another, and join AB, BC, CD^ DA ; because BE is 
equal to £D, E bdng the centre, 
aod because EA is at right angles 
to BD, and coounon to the tri- 
aagles ABE, ADE ; the base BA 

ia eqftial * to the base AD ; and, /y^ ^ W • a i. l. 
tat the same reason, BC, CD are I3[ 
each cf them equal to BA or AD ; 
therefore the auadalataral figure 
ABCD is cquuateraL It is also 
rectangular ; for the stsaight hoe 
BD, beii^a diameter of the cir- 
cle ABCD, BAD is a sonicircle ; wherefore the angle 
BAD is a right^ angle; for the same reason, each of me bSl.S. 
angles ABC, BCD, CXiA is a. right ang^ ; theref(»« the 
quadrilateral figure ABCD is rectan^lar, and it has been 
diewn to be eqiulateral ; therefore it is a square; and it 
is inscribed in the d|xle ABCD. Wludi was to be 
done. 

PROP. VII. PROB. 

I 

To describe a sqmre about a given circle. 




• f,^ 



\ Xet 4-BCD be the given circle ; k is required to de*. 



scribe a square about it. 

t^yi^Vko diameters AC, BD of tl|| circle ABCD,' 
^^t an^es to one another, and 4i[^%h the points 
B, C, D draw « FG, GH, HK, KF touching the a 17. 3, 



cit 




1SV BLKHBSXS .. 

KMiv:, circle ;, add bKBiiwFGtoiKlieii ttra cirtte AltpP^W 
^''^'•'r^^ £j\ is dra«n from the centreB tD<-tlte polbt^of^.ffiWwft 
b la. s. A, ths aogtes at A are right ** aii|piea; for th^ iswn».n»-. 

son, the angles at the p^ts B, C, D are rig^t aagks; 

and because the angle .^B is a right angle, as likewiee; 
c«9. i. is EBG, 6H is paralH ' to AC ;^ 

for the sane reason, AC U paral- 

]ti to FK, and in like manner GF, 

HK may each of them be demon- 
strated to be piH-alleL to BED ; „ 

thereforiitba figures GK, GG,*^ 

AK, FB,BK are parallelograms; 
AS*. I. aad GF it dier^ore ecj^ ^- Uy 

cause AC is equal to BD, and d-S ^ 
BO to each <^ the two 6H, FK ; and BD to ach^«f t^i 
twoGFi/HK; €m, FK are aachi of them >ec|ual ,til<Oi^ 
or HK ;, therefore the .qiiadriiatehil Hgure F6H£,<Hi< 
' ' equiUteral. It is also rectangiJifr ;: Air GBEA beW v 
paralleki^umj and AEBt'a't^ht angle, AGB* is'^is 
wise a nght angle : In the aatec idaiiner, itnKi^beslwflniy 
that the angles at H, K, F aife ligftt onMes ; ' tfaercibi« 
the quadrilMer^ iigure FGHK ii rectn^)Wii^pahdit4t>aft 
demonstrated to be equilateral:; thM-^brer it is: a square t- 
and it is described about- tbe circW ABCD. WUeh tos- 
to be done. ' >-. i <■. . . 



PROF. VIII. PROB. ,,'U ' 

. MSI 
To tnncfiibe a- circle in a given square:'- -'^^^ 

I.et ABCD be-the given square; it isrequired'to-iiHl 

scribe a <dr-''> ;- a"*^" . jf.« 

»UX'K Bisect* 
b-81. 1. and throuj 

dirough t 

each ^ th 

GD is a- 
»34.1. equal*; ai 

AE.isthe 

equal' to A 



/ 



OF CTEOMETRV. 



ISl 



equal/Vii -FG t» 6^5; in the *ain* manner, 4t may be ^ ^ 

demoiistraledy that OH, (}E^» <^ A 

each of them «Qtfi^ td P6 51^ G£ ^ 

thaftfti«e'iSM fbto* btrnght KfM 

6£^ li^fV OH, GS:/iu^ emiar<t6 "* 

ooe another f and the/Glr«»e d^^b 

scribed from the eentre Gr, dt the 

distance of one of them, will pass 

throtigh the extremities of the 

o(her three ; and will also touch 

the straight lines AB, feC, GJD, B 

DA5 be^se the angles at the points E, F, H^ K tit^ 

ngfat ^ angles, and because the straight line which is d 1 9. 1 . 

drawn fr6m the eXttemity of a diameter, at right angles 

to it, toudies the circle*; therefore each of the straight e 16. 3. 

lines AB, BC, CD, DA touches the circle, which is 

theFefore- inscribed in the square ABCD. Whidi \v^ 

to be done/ 




». ; 
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PROP. IX. PROB. 



a 8. 1. 



Tb describe u circle about' a given square. 

Let ABCD b^'the given s<}uare ; it i^ required to de^ 
scribe a dnile abou( it. 

Join AC, BD cutting one another in E ; and because 
DA is equal to AB, and AC common to tl^e triangles 
DAC, B AC, the two sides DA, AC are equal to the two 
BA, AC, and the base DC is ^ual , \ 

to the base BC ; wherefore the an* js^ 
rie DAC is equal * to the angle 
Bile, "and the angle DAB is bisect- 
ed.lw ^e straight line AC. In the 
sape in)A|f9er, it ipay be demonifitm- 
tea;^!jhat. the anffl4 ABC, BCD, 
CD^are several^ bisected by the 
stiaMii: lu&es J^Q, AC ; therefore ,1 
beeiusa mb a^gje PAB is equal to tn% angle ABC, ^fx^ , 

^m^W^'^^^^f^^ I^AB, MMi;EBA <¥ J?alf > 
ofABC^l'lfa^ equal. to 4>P^ngf5 EB^;:. 

«nd 'the acte "EAT to the «ide EB. In the same manner,' b 6. 

i2 
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IS9 ELEMENTS 

B99k ly^ it may be demoiistirated, tluiti the s^^^^^ U^^ ^^9 SP 
' ^ are each of them equiJ to E A, or EB ; tberefi)re i&i 

four straight lines EA, EB, EC, ED are equal ta cH' ' 
another ; and the circle described from the centre £^ j 
the distance of one of them, must pass through the &. 
trenities of the other three, ^ind be dedcribed aboi^ ihi^ 
square ABCD. Which was to be done, > ^ ^ " 



PROP. X. PROB. 



» • 4 



To describe an isosceks triangle, having eaeH d* 
the angles at the base double of the thtrdangie. 



>ij 



»» ;.^j 



a 11. 9. Take any straight line AB, and divide * it in the pbitrlt 
C, so that the rectangle AB, BC may be eaual to. Xte 
square of AC ; and nom the oratre A, at the di»t«n<!e 

bi. 4. AB, describe the Glide BDE, in iriiifA place ^ the stci^d^ 
line BD equal to AC, which is not greater than the^it- 
meter of the circle BDE ; join DA, DC, and about the 

c 5. 4. triangle ADC describe * the drde ACD ; the triaiigle 
ABD is such as is required, that is, each cf the an^es 
ABD, ADB is double of the aagle BAJX 

Because the rectangle AB.BC is equal to.theisqvare 
of AC,a]ktACe(mfdtoBD,^ ^^ ^---^-iU^E' ^'^ 
the rectangle AB.BC is equal 
td^ the ^uare of BD; and, 
because,' ^ffom- tlfc point fl 
without thfe cirele ACD two 
straight lines BC A, BD are 
drawn to the circumference, 
one of which cuts, and the 
other meets the circle, land 
thd rectangle AB.BC con- 
tained by the whole of the 
cutting -hue, and the part 

of it without the ^rcle, is J^^ ^ rM -it -* 

equal to the square of BD ^ich meets ill; -tiiie^ aiMfftPgltt 

dST.S. line BD touches* the circle ACD, And hscau^.BD 
touches the circle, and DC ia drawn fnom ;tjhe,{iofat 





OF GEOMETRY. 18^ 

olT tQ^iact D, the angle BDC is equal * to the angle ^^ook tV. 
"'^ * '^ in , the alternate segment of the circle ; to each ^TS^sT^ 
lesei add th^ angle CDA, then the whole angle 
Pv^ is equal to the two aiigles CD A., DAC ; but me 
^ferior angle BCD is equal ^ to the angles CDA, f 32. l. 
DAC ; therefore also BDA is equal to BCD ; but BDA 
is equals to CBD, because the ^de AD is equal to the g ^" 1* 
side AB ; therefore CBD, or DBA is equal to BCD ; 
and consequently the three angles BDA, DBA, BCD, 
are equail to one anotbear. And because the angle DBC 
is equal to the angle BCD, the side BD is equ^ ^ to the h 6. 1. 
side DC ; but BD was made equal to C A ; therefore also 
1DA\is.6q>Ufll to CD, and the ang^ CD A equals to the 
«flg^.IXAC;i tberefore t)u» angles CD A, DAC together, 
are double of the angle DAC : but BCD is equal to the 
angles CDA, DAC ' ; therefore also BCD is double of 
^A(X. But. BCD is equal to each of the angles BDA, 
DBA, Md thefeibre each of /the anj^ka BDA, DBA is 
^kmMd'of tli6 angle DAB; wherefone an isosceles in- 
Vbgte ABD is dosGkibed, having each of the angles at the 
h&'AbtkHe of the thbd angle. Which was to be done. 

I'^^jOor. 1. The angle BAD is the iifth part of tw%> 
<^ ]r^hlfiu%lefli:. For aioce ea^^ of the angles ABI>,fiq^ 
** ADB is equd-to'twioe the angle BAJ), ib^T/ai^l^ge- 
'M'«^ equal to four tinoiai BAD^ ^ad, tb^re^re'-i^lrthe 
tlire^»|uigles ABD, ADB, JBAD^ Md^en itqgether, ape 
equal to five times the angle BAD. But the throe 
angles ABD, ADB, BAD are equal to two right angles, 
^therefore five time$ the angle BAD is equal, to two 
^* right angles ; or BAD is the fifth part of two right 
A* angles. 






-V 



h^ CoB. S. Because BAD is the fifth part of two, or 

^ the tenth part of four right angles, all die an^es about 

*S the centre A are together equal to ten times the angle 

^'BAD,' and may therefore be divided into ten parts 

** eac)i equal to BAD. And as these ten equal angles at 

*^ theV^ntre must stand on ten equal arches, therefore 

^"^tiMr- an^h BD is-one>tenth of the circumfereiice ; and 

^^^theiStrai^Ut line BD, that is AC, is thensfort, equal to 

**^"die'fUde'f«f an 'equilateml decagon • inscribed ^.m- the 

« rircle BDE.^' 
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PROP. XL PROB. 



t \ 



'' h , 



&ripe an equilateral hnd eqtmngtdar 
penfcLgon in a git en circle. \ 



H^ / 



aiai. 



1)2.4. 



c 9. 1. 



d26. 3. 



e 29. 3i 



> ... 

liet ABGDE h^ the given drde, it i» required to io- 
,scribe an eqiiilatei^ali and equiangulac peatagon in the 
circle ABCDE. / 

Describe * an isosceles: triangle F6H, having each of 
the angles at 6,<H, dcmUe of the an^e at F ; and m 
the circle ABCDB inscribe^ .the triangle ACD equi- 
angular to the triangle f GH, *> that the angle CAD be 
equal to the angle at F, and 4;ach of the angles ACD, 
CDA equal to the ^n- 
gle at G or H; where- 
rore ea^h of the afiglefi 
ACD, CDA iiB double 
ofthetogleCAD. Bi- 
sect*^ the angles ACD, 
CDA by the straight 
lines CE, DB; and 
joinAB,BC,DE,EA. 
ABCDE i» the ^ta- g 
gon required. . . . , 

Because the angles ACD, CDA are each of them 
double of CAD, and are bisected by the straight lines 
CE, DB, the fiye an^es DAC, ACE^ ECD, CDB, 
BDA arretqual to one another; bqt jequal angles ^iitand 
upon equat^. arches^; tbereforei die five, arches AB, BC, 
CD, DE, EA. are equal to <Hie ; another : . and equal 
arches are subtended by equal ® straight lines; therexove 
the five straight lines AB, BC, CD, DE, EA^are ^qual 
to 6ne anot£T. Whereforq the penta^n AJSjCDE is 
equilateral. It is aJso equiangular ; because the arc|i AB 
is equal to the arch DE ; , if to each be added BCD^ 




the v«ole ABCD ia «qu9l to H^ whole £DCB: a^ ^hF^JOf* 
the an^ JJaDY«ttads, on. the Mth ABjCp, Md th^ S*-y^^ 
aiifl^^^ BAEjod <ther.ajrcb EDCBi thorelBwe. the; <ttig^ 
JSAKis equal ^. to! the. angi^ A£D:.for the sume ren- f27ls. 
WQy)emhfl:A9i^»§\^ABCf JBQD, CD£ is equal to 
Asraa^^ B4£i,;or ABHti. rl^berqfove the peoti^^ 
AB€a3£ & joqwiluimhtrt; jsnd it;I«w been sb^wp tha^ ijt 
is. equBaikeiilLji Wl^aief^ «Hncie,.ap'^ui. 

jyimd ioA jMHiiangular^^ W Wa uueribed. 

WiiH^ waS;lo oe done. 



Otherwise. 



; .;f^. DiiiQdeAeradiiiitof the. ei^ OfQle, so tb^t. the 

^f VmBt]^g^:contdihe^ by. <he iyw)le joiid one of the ^mrts 

'^•.loay.le equal to^the Agmm ctf the, other *./ Apply in ^ lh%^ 

^ tbe cfarde^oti each fiuk of a given point,, a }ioe oqiial 

^ to the^ii^t^ of theae fiarts; 4hen^ eaehtof the ^wcQbe^ jj^* 

^^1^. w iSil 'ixr orie-teoth of. the circ)inifi9i:fnce^ 'and ^ 

l«r>diere£U^.ihe aii^hiHiade'4!ip.of loth will .l|9 i6b«^6fth 

** 'of tbe^ arciimference ;. and S the straight line subtencU 

*f itig. thi^ arcK bq dmwn, it will be the i^de.pf ap e^iu^ 

^* lateral pentagon inscribed in»theicircle.** 
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PROP. XIX. PEOB. 



'* fiiTo describe anequUaterai and e^uictngtdar 
^^^ pentagon about a ^iven €9^cle. 






-'^ Htff ABCIKB be the gtvea drde, it is required to dai. 
scMie ah eqtiilateral and eqniangularpentagon about the 
' 'circle ABCDR 

' ' Let the'angles of a pentagon, inscribed in the circle, by 
the last proposition, be in tne points. A, B, C, D, £, so 
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dMM^thepoiflWAyB, C,(D, BkirawiGH, ftKrSlH 
IMl MGqttakdimif>the'c\scW ; . taki^the cteli^Fi M 
joiii FB) FIB,FFC^S*L, FD. AAdl bMiuse the'stfygbt 
lii(lxKnj(lDildlt8i(tKe> emie ABCD&m the pMsf C^^i 
iMiAfVC isUfawn ilMi theiotiitre V; FG H p^pmdAH 

c l& 3. lar(t*to 'BL 9 tberdbw Mob of tlife ai^%>at C is i' |i^ 
aiigie !>flirlh6.Baae' r^tffedb, tiiet angles at tbe poiato 
DMetrigtalawidst aild becaiitttFCKisa riAt ai^ 

d 47. 1. die rauTO of VK i» equal ^ to th» gqiutfes of ^C,'{uHl 
Fovttie same 'velMon, tfte aqtiafie ^ FE ik equal to ^ 
sspAMA of *BII» BK't therefore the fiquaitei of FC/'GE!: 
areraunl toMi4 ^ttare&of TB, BK, of whieh> the sc^w 
of^FO ift equal »!(( the ^Oate of 'FB; tfaei«mai&liig sqtutft 
of €K Uw&ktbrt equal to the renf idning Bquare«f BSi' 
lAd th^fteaight hhe CK equal to BK : and becaUi^'f B 
ia>equaL io^FC, Ud FK eomnouto the triaagles BFSy 
CFK, the two BF^ FK are equal to the two eP^> F|[ V 
and the base BK is equal to the base KC ; therefore the 
angle BFK is equal *^ to the angle KFC, and the angle 
BEF to FKC ; wherefore the angle BFC is double of 
the angle KFC4 and BKC double of FKC : for the same 
reason, the angle»CHPiis dpiMe of!<tIii angle CFL, and 
OLD double at CLF : and because the ardi BC is equal 
to the arch CD, the angle BFC is equal ^ to the angle 
^D ^^al^lv9lfCl U licmbie of the AngfeKFfi^ aadvCE* 
double of CFL^^,thi»[?^p^ 
the angle KFC is equal to 
the ande CFL : noW the 

and therefore iii the twoM 
t^gl^^F.]^, FLP> tkere 
ail^^o^^a^les.Qf >one equal 

ciaqh;tp letacht aml..ith^ side 
FCj whuih is .adjiaoent to 
thf:)^ual ancles ia each, 
g 2^ \, .^ is,{(K«wop|tp t^h ;it^refQr(s tbe.Othtr sides. are eqiaalif 
^.t];^)^^]^ 9Hiepi^.^ ithe^tbwd ai^ 
tj^fefore^he.strai^t Jine KC is equal to CL^ a»^>th9 
i|^le)ipj^C toitheiaa^e FLC :>^d bBaaase KQise^ual 
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OF aEOMBT&Y. 

k^ Ch^KL b double <if«KC} iiir«theliaaBei 
tnty be ^vtii that HK is dottbk of BKe mid 
Bi i». cqittil U^ KC, as was demonatmied^ andiKL^itf 
douU4^ of KC» and HE double of' BK4 HK'b dk^tiBl tof 
KL: IB like Immner^ it may he thovnthat €rH) €rM^- 
ML' a&et each of them ttpai to HS ^ntpJLDx Ih to wtfaay 
the. p^tagon GHKLM li equSaterai. il k almeqm. 
at^ular; fori sinoe the angle FKC iaoMiaL loathe migb 
f£g> and the angW HKL douhfe of the taoK^e fKO, 
and KLM doublie ^ FLC, as was befcre deinoiifllrateiGl^ 
the anftle HKL is equal to KLM : and in like'SMOiatiV 
it m^ l>e shown, that each of tbe angles KHO^ HGM^ 
6M|1 is. equal to tho angle iHKL or KLM : therefore 
thaW^ngl^GHK,HKL,KLM^LllG, MOH, bek 
ii)g, equal to one anotber, the pentagon &HKLM i&equik 
ao^Ilkrs and it is eqivlateral» as^was demonstcattdi and' 
it {IS .described about the mfk ABOD£» Whidk was 
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PROP. Kill. PfiOB. 



■• ♦ 



■I. 



I > ♦' 



' ■ t 



1S7 



^t^l 



^ interibeof cirokin a given eqm^teral nnd 

^gvkmgnhr p&km^ 'V^ 

Let ABCDE be tDa'siven e^ttii^SteiM Md ^fJOlafigtlW 
taiti^n ; it is required to iiiscribiB^a At^ lA fhe- >p&^ ' 

ti^Oiy ABCDS. y ''■ • • • 

Bilseet'' the angles BCD, CDS by tbe ^H^igbt liMes a ». h 
CJ^^.'^F, and from. the pmnt F^ in which ibeyDfi^,' 
draw 4he straight lines Ffi, FA, FF : f faerefdre, i^ce 
BC is ^ equal to CD, and CF common to the triahgles 
BCF, DCF, the two sides BC, CF are equal to the two 
DC, CF; and the angle BCF is equd to Ae angle DCF; 
thbMbre the base BF is equal^ to the base FD, aftd the b 9. L * 
other angka to the other angles^ to whidi the tquA sides 
ant dppo»te; therefore the angle CBF is equal to the 
dag)e>CDP: and because th^ angle CD£ is dbiibledT 
DF^ and CDE equal to CBA^ and CDF to CBF ; 



MUSMBWrs 




»fM. CBA i««l«> dmible of the 
'^•'^^'**^ aag^ CBF ; therefisre the 
angle ABF is e^fidk^tb the 
angle CBE; wherefore the 
^viidg^ 'ABO ift UMcted bjr^ 
thentraigfat.lmB'BFt: In^ 
the same aoanner, it inay 
bpt^teidiiMMt^d) liiat the 
atigleB I'AAOBf ASD, am 
li£ctM' bjr tile fitnagbt . 
linai AFi^ EFj £rooi^ die 
clt.1. point F dr»w« FG, FH' ' fC^ 

FK) FL,:FM jperpradicnilars td the Mri^bt lineft AB» 

BC,'CD, DE, EA : and because the^ai^ fiCF is €(fad 

to'KCF, and the light angfe FHG 'tqwai to «he nght 

iiHg^ FKC, inthe tmngled FHCy FKG twoimglea^f 

ihip one are equld U> ivm aaglesof the odl^r^ and-^tbe 

aide FC, which is opposite to one of the equal an^le^ in 

each, is common to ooth ; theprforo, the otoer sidfes are 

d f e. 1. equal^, each to each ; that is, the perpendicular FH is 

e^Ual to the perpendicular FK; In the same mooiier it 

may be demonstrated, that FL, FM^ FG axe each of 

. tkebi equal to FH'br F<: iheref&tt <the five stfaight 

•litteiTG) FH^ FX^ FL, FM ar^ equal to ene another; 

)vhere£Qaci^ the dicle described from the oeaire F, at the 

'Aittaioemi^atm.of theae fiye^. wjUpaaslhrou^.thie extn^ 

>iindesof .the other fopr^ and tiKM^ the st^ai^ lines AB, 

(BB^ €Bt DB^ EA; because that the angles at the points 

fil^, H, K, Jj, M are light anf^es, and that a stna^t line 

•^wii*lj»a» * the-ejitreiliitj^ #f. lke*i£gmkUa(bt:^widt at 

eCor.i6.a<iigb1£ nogjles Id it toiMihea^. the ourde; theisfore -eiidi ef 

the straight lines AB, BC, CD, D£, £A toocbeathe 

drde ; wherefore the drde is inscribed vi the pentagcm 

ABCDE, Which w^s to be done. 
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OFiGrEOIMQCrrRY. 

PBQP. XIV. PBO». ;. , ^ . ,,;;j 

,^0 describe a arcle about a giiven eqmia^mi 
and equiangvlar peAtagdn^^ ^^r' ..t 



■♦ •» 



jK^et ABCDE be Uu^ ^veii/ieqiitlfttenil amliedimnfiii- 
lar fientdgpii ; it 10 neqdired lo ^ssmokm a dhde aooul iti 

Bi^'' the angles BCD, GBE by die straig^ )i]its«9. 1. 
CVfjpSii and from the |Jcniit' Fytin whk^ they 
draw die straight lines FB, FA,' 
J^JC to the points B» A, E. It 
*4iity Ise deiiMni0tiated5 in the 

flame manoer as in the preoed- y^r . . -v\^ 

tiy pii^gMtipn,^hat the aoglefi BJK^ w ^^^"^^ 




iSBArBAf^ A:H[) are Ufleot- 

<^ 1^ the straighj^flines FB, 

'WA, v£ : and^b^ase that the 

wl^h BC&.is eaU|d.ta thei \\/ » - \J/. -J 

f ai^ :COi:;)M]d. tH«tt FCD is. > ; 0^ 

lAi^luilfefithe angle ^CE^Md . ^ rTTl 
CtPF the half of €D£ ;..tiie liigldFODisaqiialte Ei>C.; 
Wbm&re therade CF is eqoal.^ Id tfar:aida FDt la^tte b e. 1. 
iiaaner itjaony be detooostrnteid^ that FB, FA, F£i)aie 
eadi of them equal/ to: FCotf ED:: thcpoeftne the five ' 
itthi^ lines FA, vFB, FC, ED, FE aTe.bqual to we 
anoAer ; and dw circle described' Gtotk the vaentce IV At 
^ distaticjd of on^ of tii^, ^1 pass thiough Ahe'eKliie- 

Jinkies df 4he odierr fimr,'«nd w dosoohed about (die 

'^uUa^^mladdeqaiikagiikr penta^ABCDK • Which ^ 
4MBS Ixy^be dona « *. • 



PROP. XV. PROB. 



To inscribe an equilateral and equiangular* hexa- 
gon in a gix>en circle. 

Let ABCDEF be the g^ven circle; it is reqiuired to 
inscribe an equilateral and equiangul^ hexagon in it 
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4^lf * . ,, FM iMiA ovitre a o( A9 drcOs A3Cp££'» and di?aw 

^""^"'^'^^ the diameter AGD ; and from D as a centre, at tbl^i^is* 

twee ^Of^9 dMc#ie the wf4e B6€H, J(Mii.$6»c€!G, 

md i^Midiice Aem to the pointy B, F ; aiid ipiniAtBy^t 

CD, DE, EF, FA: the hexagpn ABCDSl^ b^quiU- 

l^ral liQdj^uauigular. ; . .i *.* ./ 

Because G is the centre <tf the circle ABCJ^EF^G^ 
^ e^^.to^GI>:. B$d because O is'tb^iceBire^if the dj^h 
l&QCHj JfR i$ equal to DG) wherf£irc &£ ,i^ ^mJ 
tfi ££), and the triangle £QD i» equiiaterali ajod^ therf^ 
jEn^e iu three angles £GDi GDB^ DBG ixv^ual, toicme 
a Cor. 5. 1. another.* ; ipid the three aq^gTe^ of* a iriauKl^ fM^l.-^Ufil ^ 
b 32. U ^ ly^Q right angles ; therefore the angle EGP ift tbe^tfiind 
part of two right angles : In the same manner it may 
be demonstrate that the angle 
DGC is also the ^^y}d,^par( c^ 
tmro right angles: aha because 
the straight Une GC makes with 

e 13. 1* CGB equal *" to.tiiro'nghtati^: u 
the remaining angle CGB is the 
ihirfl, part of two ught , angles ; 
tWdbi;^ ths^ijides Eg^^ mC, 
CGB, are equal to one another : 

Sd ralso the 4Dgll^ T^rticat to-x 
em, BGA, AGF, FGE^;, _ v vvr., 

therefore tlpe six angles EGD, V . ., yx 

, ^ DGC,CGB;BGA^AGF,FGE 
are edual.to cnls another^ But 

e2«.s. egptf angles at the centre j^tand upon equal* ai 
thftrefoi^ the sixNarches AB, BC, CD» DE^.Ef^^ FA 
e(|ual to one another: and equal ^dies ar^.subtenc 

f S9. 3. by e^ual ' straight iines ; therefore the ^ix, straifi^ V^ 
aie^ equal to one another, and< the, hexagon A))OpE] 
equik^teral. It is also equiangular; for, sific^ tlie^ i 
AF is eqtialio ED, to eacn of these ^^4 Ae arch AJBC^ j 
:|;be^^fpre the wliole arch FABCD shaU b^ eqi^ t9 uf 
Tjf|i6|^^ PCBA ; and the ajirie B;EJ), stands ^MPVP Hf 
archj >ABCD, and die angle AFE^pon ,^^^ 
^l^^^efor^ the angle AFE is equal to EED : ,m the^ s^pip 
ipaiiner^ft rjaay l^ (lemonstrated, that the other apgl^.oi 
ihe nexagon ABCD^F are each of them equal to the 
angle AFE or FED; therefore the hexagon is equi- 
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angular; it is also equilateral, as was shown: and it is in- BooklV^ 
scribed in ttie giveh- cirdfe AfiCDEP/' Whieh '#k» to'^y^ 
be-detl^. -> ' -' ' • ■ • **• .-^^ *'"•«*>• ^' ■ ^"^ 

XJom^Vwttk ttm it7 is maaifeftt,' tiiM; tlie Aik^ (^ 1h^ 



b^iiigi^tt in tou*l'to t}ie«trai^htiineftaiir^e«eirtf^ thM 

ii^'4(jptf]«rii£tiB<rfA««^te!^ ^' - '*^- < - « '^ »*^^ 

And if throuffh the points A, B, e/I>,%iiF,«l<fei^«^ 

db^U'fiiMi^ht* iines'^dnehilig the^t^ lA ^ii^Etl^ral 



]ltid^ e^pn«n|etiMr tiaabigM shaK ht <Aeseiifa^ abMI *if, 
Whi^h may le demdimtrated from what has been said of 
di^'¥ieiMi^on$'a^'like^s^ar>l^ m^ be tftdcribedM 
a givenf tiijalhilerAl sbd eqtdai^lar hexagon, and \At^ 
cdnitcribea about it, by a method hkt to that used fbr 
Ihe J)ent^gdn. J ' 

- : i.i 
PBOP, XVI. PROS. >->^' 
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7^0 inscribe an tquilatex^ a/nd eqtmngfiiar quint- 

decagon in a gwen ci^ele.'^ t. ,.<ito'i ^ i; 



f'.i r)''» 



iLet ABCD be the giv6n eihile; it Ji^ recjutred to'?^l 
soibe an equilateral and eqi^iti^gtidr' quinded^goh in th^ 
circle AfiCb. ' ' '' "' ' " '^ *^ 



(l?™^ABe, being tJie tHirtrElx/ "'^ "''' ^'AT 



^■SiHwle, totttdris five ; J 
^irth AB, which is *- 



IV»!inJ'^ 



;'ttU* '»r Ae whole,-' "^ ^.-J Z ' ^!^ "?? 

'nu%e'; "tJierefor? BC' '' •■' '^ ^'u ' " ' T -' ■^' "l'* 
tli4iV'<fi!rei^'de'cotitaMs two 6f the s^m^^n^tsTrdi^^ c so. 3. 
Bfc.WlGi%tf^% BE, EC are, eai* of flQU.ttBl'CT- 
t^iWJWh df the Vhdle <arcupjfereii& ABCD-\t& 



iBHf'ifffi^'Stfi&fchtHmb'BE; EC be: dft»Wft, 'tinrf "%t^m 
fiiierahiil'tb ffiem t« pla<Jea -* irf ihP'¥m di. 
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infcribed in it . Which was to Be done. ' 

And in the same manner as was done in the pentagon^. 
if fhriHi^ ifae^fKMQla of dinwn' made hj imenbin^ the 
quiiid)M^pw^fllraigbl lines badnami touehii^ Ihe.cude^ 
an equUatend and equiangular qmndedbson 'may be de- 
scidbied<abltu{t:it: 'Abd, MM'^rae, as iit me pentaflon^.a 
Glide may be.in^Gribod iiir a gitett equilatend ana equi- 
angular quindeoagoo, and circumscribed aboui it 
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BOOK V. 



Ipr t|ie demonstrations of th» book there are certain Book V. 
9ign8 or cliarcKiers YfYiv^ it has been found ooDve«' 
nient to employ. 

*^ I. The letters A, B, C, &c. are used to denote niag«> 
'^ nitndes of any kind. The -letters «n, n, p^ q^ are used 
*' to denote numbers only. 

^^ S. The sign + (plas), written between two letters, 
^ that denote magnitudes or numbers, ssngnifies the sum 
^ of those magnitudes or ni^nbers. Thus, A + B b the 
^ sum of the two magnitudes denoted by the letters A 
^ and B ; m ^ nv& the sum of the numbers denoted by 
^ m and n. 

^ 8. The agn — (minus), written between two letters,. 
^ ngnifies the excess of the magnitude denoted by the 
^ first of these letters, which is supposed the greatest, 
'^dkove thkt which is denoted by the otherr Thus, 
^ A — - B signifies the excess of the magnitude A above* 
"themagnitadeB. 

*^ 4. When a number^ or ai letter denoting a number,. 
^ is written dose to another letter denoting a magnitude 
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^ of any kiiid, it signifiefl that the magnitude is multi- 
^ plied by the number. Thus, 8 A si^nfies three times 
f^ A ; ma^ m times B, or a multiple of B by m. When 
** the number is intended to multiply two or more mag- 
** nitudes that fcJlow, it is written thus, m (A + B), 
^< which signifies the sum of A and B taken m times ; 
^ m (A— B) is m times the excess of A above B. 

*^ Also, when two letters that denote numbers are 
^< written close to one another, they denote the product 
^' of those numbers, when multiplied into ope another. 
<^ Thus, mn is the product of m into n ; and mn A is A 
^^ multiplied by the product of m into n. 

^* 5. The sign = signifies the equality of the magni* 
*^ tudes denotra by the letters that stand on the oppo- 
*^ Ate sides of it ; A =r B signifies that A is equal to B: 
<^A + B = C — D ugnifi^s that the sum of .^uid B is 
^^ equal to the excess oi C above D. 

<^ 6. The sign ;?' is. used to signify that the maffiit» 
^< tudes between which it is placed are unequal, and u4 
*^ the ma^itude to which the opening of the lines b 
*^ turned is greater than the other. Thus A :?^ B si^- 
^^ fies that A is greater than B ; and A .^:. B 9gpifies 
•* that A is less than B * 



DEFINITIONS. 

I. 

A less nu^itude is said to be a part of a greater mag- 
nitude, when the less measures the greater, thai is, 
when the less is contained a certain number of times, 
exactly in the greater. 

II. 

A greater, magnitude is said to be a multiple of a less, 
' whfn the greater is measured by the less, that is, when 

the greater contains the less a certain number of times 

exactly. 

III. 

Ratio is aniutual relation of two magnitudes, of the same 
. kind, to .one another, in respect of quantity. • 



OF «Krtl*«TltY. 



.f,i 



m 



llbgivtudiK fHregfM t0 bb aisthe Mnui>kiad,.driKB 4he 
tk^ffmi^'Di^p'Ka «o>aa toIe;toe«diLhc gi4atsii;^(Uid' 
<8 i4^<>nlr Mich,)ila!^iln(iM diab arvsiiil MibawW-M^ 

f('i'^''i .^ '.. -^ ■'■■ ■' ■■i>i-'J «' 

.. .rKi... I .>.:V..^.... .- .,...;■.. . :•■ ■ 

ifiihet^ ht*:ftMF tt^pitudc«,-md if 9^ e^imdHiUes 8m N. 
.whwtWfMWP bBi'talmiMdf"dle ifiwt atfO-'tUva/^srid^Slly 

i^ accorduw as'the'iiia)ti{ile^ of th^ fiMt i^'gr«kU>r than 
the multipS of the second, equal to it, or less, the 
jIMdliphirftfitba tMtiris Oto gf^aWr ihii^ tP^ inubiple 
«fjdie.&niiith,)ccplaliw it, mW;' then ni« Hi^ of 'me. 
Qi^nibideiis«aid'to4Hii*««othe second the ^e'W- 
-ttHUt.lhethiBihwte'yie'foDrth/' ' ''•'■' 



Hratf Mderf :ai« 'Hud' ^ 

\tikiktUi aiimtvaWtb 

'ithtffcuiih; anrf'the* 

HtiitshiUie-tSlh'K^to 

«W'«l^6irilumb«-.''"'- - ju - i . / ■■■■■- 

" When four maenitudes, A, B,U,'^ at^jproportlon- 
" als, it i» usu^ to say that A is to B as C to D, and 
" to write them fbucpAl j Btt.tTt D, or thus, A : B 



■m rt^fifth ddfinition, the mUfeple ofthe'firat a grm^ 
•thaVtRat bF-*he sccorid, hat die mulmile of %-thiE^ 
is not greater than the multiple' of" tRe fourth-V then 
the first is said to have to- the second a greater ratio 
than the third magnitude has to the fourth ; and, .on - 
^cantrary, >(he tRird is said to haVe'ii die'^urlli'ii ' 
iUifc»alio.*hAntheflr8thastot'h'eseconA ■ ', .,, 

VIII. ''.'■''^'''' 

When there is any number or inagnitudes greater than 
^ of; «f))i(d4ithO'fntt-< bw Oi dve'M«6M'lh«'8fat%<V^^l 
Uo that the ^aciind,has t».tli«'tJiird? bftd'the'M^SCtt* 



F 



Ift6r EI^EHEKXa 

V. the third the same ratio which the third has to the 
fourth, and so on, the mi^^nitudes are said to be oon* 
limial DropiNPtionals. 



rx. 

When three magratudes are continual proportionaTs^ the 
second is said to be a mean proportional between the 
other two. 

X. 

N»- When there- is any number of mi^itudes of ' the aune 
kind, the first is said to have to the last the ratio eom- 
poimded of the ratio which the ^st has to the seccmd^ 
and of the ratio which the second has to the tlurd, and 
of the ratio which the third has to the fourth, and so 
on unto the last magnitude. 

For example, if A, B, C, D be four magnitudes of the 
same kmd, the first A is said to have to the last D, 
the ratio compounded of the ratio of A to B, and of 
the ratio of B to C, and of the ratio of C to D ; or, 
die ratio of A to D is said to be compounded of the 
ratios of A to B, B to C, and C to D. 

And if A : B : : E : F ; and B: C : : G : H : and C : D:r 
K : L, then, since by this definition, A has tx> D the 
ratio. compouDded of the ratios of A to Bj B to C, C 
to D ; A may also be said to have to D the ratio 0001- 
pounded of the ratios which-^iik the same with the 
ratios of £ to F, G to H, and E to L. 

Ih like manner, the same things being supposed, if M 
has to N' the same ratio which A has to D, then, for 
shortness^ sake, M is said to have to N a ratio cooi- 
pounded of the same ratios, which compound the ratio 
of A to D ; that is^ a ratio compounded of the ratios 
of E to F, G to H,. and K to L. 

XI. 

ff three magnitudea are continual proportionals, the ra- 
tio of the first to the third is said to be duplk^ate of 
the ratio of the first to the second. 

" Thus, if A be to B as B to C, the ratio of A to C is 
*^ mA to be duplicate of the ratio of A to B« Hence, 
^^ mce by the last defimtion, the ratio of A to C is 
^ eoQ^KHinded of the ratios of A to B^ and BtoC,» 
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<^ ratio, which is compounded of two equal ratios, is 
^^ duplicate of either of ttiese ratios.*^^ 



U 
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If four magnitudes are continual proportbnals, the ratio 
of the first to the fourth is said to be triplicate of the 
rado of the first to the second, or of the ratio of the 
seoHid to the third, &C; 
^^ So alsQ, if there are five contiiiual proportionals ; the 
^ ratio of the iir&t to the fifth i» chilled quadruplicate 
^ pf the ratio of tb^ first to the secwd ; and so on, 
^^ according to the number of ratios* H^»oe, a ratio 
compounded of three equal ratios is triplicate of any 
one of those ratios; a ratio compounded of four 
equal ratios quadrupliciit^'" &c. 

XIIL 

Id pvopoctkneiabr the anteoed^t terms are called homo- 
logous to one another^ as also the consequents to one 
anotfer. 

Geometers make use of the following lechi^cal words t<^ 
sigoify certain ways of digging either the order or 
magaitud^ of propc^rtionals, so as that they continue 
still to be proportionals. 

XIV. 

Permutando, or altemando, by permutation, or alter- '^ 
nately ; this word is used when there are four propor- 
tionals, audit is inferred, that the .first has the same 
ratio to the third which the second has to the fourth ; 
or that the first is to the third as the second to the 
fourth : See Prop. 16. of this Book. 

XV. 

Invertendo, by inversion : When there ai'e four propor- 
tkinals» and it is inferred, that the second is to the first, 
as the fourth to the third. Prop. A. Book 5. 

k2 
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BookV. 

XVI. 

Componendo, by compositioii : When there are four 
proportionals, and it is inferred, that the first, together 
with the second, is to the second^ as the third, together 
with the fourth, is to the fourth. 18th Prop. Book 5. 

XVIL 

Dividendo, by division : When there are four propor- 
tionals, and it is inferred, that the excess of tne first 
above the second, is to the second, as the excess of the 
third above the fourth, is to the fourth. 17th Prop. 
Book 5. 

XVIII. 

Convertendo, by oonver«MMi : When there are four pro- 
portionals, and it is inferred, that the first is to its ex- 
cess above the second, as the third to its excess above 
the fourth. Prop. D. Book 6. 

XIX. 

Ex sequali (sc. distantia), or ex aequo, from equality of 
distance; when there is any number of magnitudes 
more than two, and as many others, so that they are 
proportionals when taken two and two of each rank, 
and it is inferred, that the first is to the last of the 
first, rank of magnitudes, as the first is to the last of the 
others: Of this there are the two following kinds, 
which arise from the diflerent order in which me mag- 
nitudes are taken two and two. 

XX. 

Ex sequali, from equality ; this term is used simply by 
itself, when the first magnitude is to the second oi the 
first rank, as the first to the second of the other rank ; 
and as the second is to the third of the first rank, so is 
the second to the third of the other ; and so on m or- 
der, and the inference is as mentioned in the preceding 
definition ; whence this is called ordinate proportion. 
It is demonstrated in the 22d Prop. Book 5. 
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B4K>kV. 

XXI. 

|!x aequali, in pnqportione perturbata, seu inordinata; 
tram ec^uality, in perturbate, or disorderly proportion ; 
this term is used when the first magnitucle is to the 
seoond of the first rank, as the last but one is to the last 
of the second rank ; and as the seoond is to the third of 
the first rank, so is the last but two to the last but one 
of the second rank ; and as the third is to the fourth of 
the first rank, so is the third from the last, to the last 
but two, of the second rank ; and so on in a cross, or 
inverse^ order; and the inference is as in the 19th 
definition. It is demonstrated in the S3d Prop, of 
BookV. 



AXIOMS. 



EQUiMULlriPLEs of the same, or of equal magnitudes, are 
equal to one another. 

». • # ' 

II. 

Those magnitudes of which the same, or equal magni- 
tudes, are equimultiples, are equal to one another. 

III. 

A multiple of a greater magnitude is greater than the 
same multiple of a less. 

IV. 

'That magnitude of which a multiple is greater than the 
' Kime multiple 6f another, is greater than that other 
magnitude. 
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BcOkV. 

"^^r-^ PROP. I. THEOR- 

If any number of magnitudes be equimultiples d 
as many otherst each of each^ w/iat muUi$^ 
soeoCr any one of the jirst is qf its part^ ike 
^ame multiple is the sum ^aU the first 4^ ike 
sum of all the rest 

Let miy tiutnb^r of magtihudes A, B, bnd C be «qtn- 
imiltiples of b» many othera, D, £, F, e^Kh rst esdh; 
A -f B Hh C id the sftme multiple of D 4^ £ + F, that A 

iM A contain D^ B contain £, and C eontlafi F, each 

the same number of times, as, for instance, thfiee &coe&. 

Then, because A contains I) three times, A = D -f D + D. 

For the same reason, Br=£+£+E; 

And also, . C = F + F + F- 

A Ax. 2. 1. Therefoi^, adding «ai»lftiois^als % A -4- B + C is equal 

to D + £ + F, taken tnree times. In the same manner, 

if A, B, and C w^e each any other equimultiple of tif 

E, and F, it would be^ewn that A + B -f C was the 

same multiple of D + E + F. Therefore, &c. Q, E. tt 

Co)i. H«iMi§,if <»ebeaityii€Biib^^ rkD + mE-^^f^ 

9n (D + £ + F). For ?7iD, hiEj and mF €Ct& tnultipte of 

D, £, and F by m, therefore their sum is also a multiple 

4rfD + E + Fbym. 

, .PKORIL THEOS, 

Jfto a m/ultiple of a iiw^nitude by amy number^ 
a multiple of the same magnitude by any mm- 
ber he added ^ the sum win be the samemuitij^ 
of that magnitude that the sum of the hJoo iViM- 
hers is of unity. 

Let A^i9i€, and B :££ ft C ; A ^ B<:2:(f2^ +n) G* . 

For^ fiinoe A =2: mC, A = C + C +C + &c. C bring 
repeated m times. For the same reason, B = C + C + &c. 
C being repeated n times. Therefore, adding equals to 
equals, A + B is equal to C taken wi + ti times ; that is, 
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A4*B»t:<fA-f n)C. ThcrdbveArfBcontutiB.Casoft BookT. 
as ^re^OB toiitfi in «i + h. Q. £. D. Wpn/nihi^ 

C^tL^ L In ^ came vmj^ if there bi% my uvmbtr of 

ihefwn, that A-4> B + C ^im ^n+p)lL 

CofB. JB. Henoealso) einoe A + B + C 2= (#i-f ta +^) 
£, «nd teaoe A dc fft£, B £c n£, and C s=:|>E, «n£ ^ 

PEOP. III. THEOB- 

« 
i 

Ifihe^st ^ three magnitudes contain the second 
as ^ as there are "units in a certain number^ 
jOBnaifthe second contain the third also, as often 
&s there areunUs in a certain number^ thefirtt 
"wiU contain the third as oft as there are uniis 
in the product of these two mmbers. 

Xet A = mB, and B = nC; then A = mnC^ 
Since B == nC, mB = nC + nC + &c. repeated m times. 
But nC +ftC &c. rq>eated.m times is equal to^C % multi-»^^^'t;«r;l. 
plied by f^ + n +.Jrc. n beis>^ added to itself 971 times^ but ^^-^^ 
n added to itsdf m times, is -n multiplied by m, or mn. 
Therefore nC + nC + &c. repeated m times = mnC\ 
whence also mB rs mnC^ and by hypothecs A zzimS^ 
^lierefoce A = mnC Therefore, &c. Q. E. D. 

PEOP. IV. THEOB. 

Iffhejiritoffaur magnkitdes has the same ratio 
to tne second which the third Jia^ to the fourth^ 
and jfany equimultiples whateoer be taken of 
the first and third, and any whatever of the 
second and fourth; the Ttmltiple ofthefr^i shall 
have the same ratio to the multiple of the second, 
that the multiple of the third Jms to the multiple 
ff the fourth. 

Let A : B : : C : D, and let w and n be ajay two num- 
•bers ; 7»A : wB : : rhC : wD. 
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Book V. Takfe of mA and mC eauimultiples by any number py 
~ ' and of nB and nD equimuJtiples by any number q. Then 
the equimultiples of mA ana mC by p, are equimultroles 
also of A and C, for they contain A and C as oft as there 

aS, 5. are units in j7m% and are equal to pmA and/wiC. For 
the same reason, the multiples of nB and nD by q^ are 
^nB, ^D. Since, therefore^ A : B : : C : D, and of A 
and C there are taken any equimultiples, viz. pm A and 
pmCf and of B and D, any equimultiples qnB, qnD, if 
pmA be greater than gnB, jpmC must be greater than 

bdet & 5. qnD ^ ; if equal, equal ; and n less, less. But pmA, jm»C 
are also equunultiples of mA and mC, and onB, ^D are 
equimultiples of nB and nD, therefore \ mA : nB ::mC: 
nD. Therefore, &c. Q. E. D. 

Cor. In the same maimer, it may be demonstrated, 

that if A : B : : C : D, and of A and C equimultiples be 

taken by any number m, viz. mA and mC, mA : B : : 

mC : D. This may also be considered as included in the 

^proposition, and as beiing the case when n = 1. 



PROP. V. THEOR. 



If one magnitvde he the same multiple qfanoikery 
which a magnitude taken from the first is of a 
magnitude taken from the other; the remuirider 
is the same multiple of the remainder y that the 
whole is of the whole. 



Let mA and mB be any equimultiples of the two mag- 
nitudes A and B, of which A is greater than B ; mA— 
mB is the same multiple of A — B that mA is of A, that 
is, mA— mB = m(A — B). 

Let D be the excess of A above B, then A— B =r D, 
al. 5. and, adding B to both, A = D + B.- Therefore* mA 
= mD + mB ; take mB from both, and mA — mB = mD ; 
but D = A — B, therefore mA — mB = m(A — B). There- 
fore, &c. Q. E. D. 
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Book V; 

PROP. VI. THEOR. 

Ifjrom a multiple of a magnitude by any number 
a multiple of the same magnititdeoy a less num- 
ber be taken away^ the remmnd-er will be the 
same multiple of that magnitude that the dif- 
ference of the numbers is of unity. 

Let mA and nA be multiples of the magnitude A, by 
the numbers m and n, and let m be greater than n; 
mA — wA contains A as oft as w-^n contains unity, or 
fnA — nA = {m — n)A, 

Let m — w=flf ; then m=n+q. Therefore • mAzznA-h a 8. a 
jA ; take wA from both, and mA — nAi=qA. Therefore 
irA— nA contains A as oil as there are units in q^ that 
is, in w— w, or mA — wA::(m— w)A. Therefore, fee.-* 
tj. E. D. 

Cor. When the difference of the two numbers is equal 
to unity, or m^^^z=.lj then mA— wA=A. 



PROP. A. THEOR. 

If four ma^itudes be proportionals^ they are 
proporttontds also when taken inversely. 

If A : B : : C : D, then also B : A : : D : C. 

Let mA and mC be any equimultiples of A and C ; 
nB and nD any equimultiples of B and D. Then, be- 
cause A : B : : C : D, if mA be less than wB, mC will be 
less than nD% that is, if wB be greater than mA, nDad«^*^ ^ 
iinll be greater than mC. For the same reason, if nB= 
mA, nI>=mC, and if wB-^s^mA, nD-^mC. But wB, wD 
are any equimultiples of B and D, and mA, mC any equi- 
multiples of A and C, therefore % B : A : : D : C 
Therefore, &c. Q. E. D. 



a3*& 
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PEOP. R THEOR. 

If the first be the same mHlUpteofthe^econd^ tir 
the same part of it, that the third is cfth 
fourth; the first is to the second as the third k 
thefburtL 

First, if nt A, mB be equimultiples of the magnitude! 
A and B.; otA : A : : mB : B. 

Take of mK and mB equimultiples bj any number n\ 
and of A £Uid B equiimiltiples by any numoer |i; these 
will be nmA% ^A, nwB % ^B. Now, if nmA be greater 
than J7A, nm is also greater thani? ; and if nm be greater 
than p, nmB is ^eater than pS;, therefore^ when 4if»A 
is greater than f^A^ rmH is greater than ^B. In the 
same manner, it tzmA=pA, »mB=^B, ana if nmA^ 
pAj nmB^^pB* Now, nmA, nmB ^are any equinuihi- 
ples of mA and mB; and pA, pB are any equimultiples 

b da& & 5. of A and B, therefore mA : A : : mB : B ^. 

Next, let C be the same part of A that D is of B; 
then A is the same multiple of C that B is of D, and 
therefore, as has been demonstrated, A : C : : B.: D, and 

CA5. inversely*^ C: A: :D:B, Therefore, Q. E. D. 



PBOt. a THEOB. 

Jif the first be to the second as the tMrdto the 
fi)urtk; and ^ the first be a mndtvpk or apart 
of the second, the third is the same imdtiple or 
the same part of the fourth. 

Let A : B : : C : A and first let A lie a multiple 
of B, C is the saifie muh^ of D ; th«t is, if AsmB, 
C=mD. 

Take of A and C equimultiples by any number as 8, 
yiz. 2A and 2C ; and of B and D, take equimultiples by 
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llie number Sm, vhs. 9mB« StmD*; theiiy bectese A:^ iwitY^ 
«iB, 2A=2mB ; and ance A : B : : C : D, and since ^TT"^^ 
SA2=AmB» therefore 9Ci=»mD\ and CssiitD, ttmi is,^ttts.6. 
C oonukm D i9i tisHe^ otr as often as A iMitftm B. 

JNeaU, Let A be A put of B, C is tte viitte part of D. 
For, once A:B:iG:D> invetaely^ B: A:.: D: CcA- ^ 
But A beiog a part of B, B is a multiple cf A, Aild 
therefin-e, as is shewn abote, D is the same mult^e of 
C, and thenefore C is the same part of D diat A is of B. 
Therefore, &c Q. £. D. 



PROP. VII. THEOR. 

Equal magnitudes have the same ratio to the 
same magnittude ; and the same lias the sa$ae 
ratio to equal magnitudes. 

Let A and B be equal magnitudes and C any other ; 

Let mA, mB be any e^^multifiett of A and B ; and 
fiC any multiple of C. 

Because A=B, 97tA=mB*; wherefore, if mA besAx.l. iL 
greater than nCi mB is greater than nC ; and if ntAs: 
wC, fnB=nC ; or, if wA-sr^wC, niB^^nC, But mA and 
mB asre any equimult%)les of A and B, and nC is any 
multiple of C, therefore^ A : C : : B : C. ' b def. & ^l 

Again, if A=B, C:A::€f B; for, as 1k» been 
provrf, A : C : : B : C, and inversely % C : A : : C : B. a A. 5. 
Therefore, &C. Q.KD- 



PttOP. VIIL THEOIL 

Oftmequal m^agmtzides^ the greater has a great- 
er ratio to the seme than the less has; and the 
smme^iuxgnitude hms a greater rtdio to the iess 
them it Mi>s to the greater. 

Let A + B be a magnitude greater than A, and C 
a third magnitude.; A -I- B has to C a greater ratio than 
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Book V. A has to C ; and C has a greater ratio to A thati it has 

^^— "v^^ to A + B. 

Let m be such a number that mA and mB are eadi of 
them greater than C ; and let nC be the least multiple of 

B 1. 5. C that exceeds mA+mB ; then nC — C, that is, (^i*— 1)C* 
will be less than mA + fiiB, or 9iiA+mB,' that is, 
in(A + B) is greater than (n — l^C. But because nC is 
greater than mA + 971B, and C less than mB, nC*^C is 
ffreater than mA, or mA is less than nC— C, that is, than 
(n— 1)C. Therefore the multiple of A+B by m exceeds 
the multiple of C by n— 1, but the multiple of A by m 
does not exceed tjhe multiple of C by n — 1 ; therdbre 

b def. 7. 5. A+B has a greater ratio to C than A has to C^ 

Again, beoiuse the multiple of C by 71— *1, exceeds 
the multiple of A by m, but does not exceed the imiL 
tiple of A + B by m, C has a greater ratio to A than it 
has to A + B^ Therefore, &c. Q. E. D. 



PROP. IX. THEOR 



Magnitudes which hccve the sarhe ratio to (he 
same rnagnitude are equal to one another ; and 
those to which the same magnitude has the same 
ratio are eqvul to one another. 

IfA:C::B:C; A=B. 

For, if not, let A be greater than B ; then, because A 
is ^eater than B, two numbers, m and n, may be found, 
as m the last proposition, such that tnA shall exceed nC, 
while niB does not exceed nC. But because A : C : : B : C; 

a def. 5, & if wiA exceed nC, mB must also exceed nC* ; and it is 
also shewn that mB does not exceed nC, which is impos- 
sible. Therefore A is not greater than B ; and in the 
same way it is demonstrated that B is not greater than 
A ; therefore A is equal to B. 

b A. 5. Next, let C : A : : C : B ; A=B. For by inversion *, 

A : C : : B : C ; and therefore by the first case, A=B. 
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BdokV. 

PROP. X. THEOR. 

/ 

That magnUvde^ which has a greater ratio than 
another has to the same magnitude^ is the 
greatest of the two : And that magnitude, to 
which the same has a greater ratio than it ha^ 
to another magnitude^ is the least of the two. 

If the ratio of A to C be greaterthan that of B to C ; 
A is greater than B. 

Because A : C::^B : C, two numbers m and n may be 
found, such that mA::;p^Cy and mB^^nC \ Therefore a def. 7. 5. 
also mA:pnnB9 and A::?^B**. b Ax ^.s. 

Again, let C : B:?K;J : A ; B-<::: A. For two num-^ 
here, m and n may be found, such that mC:p'niB, and 
mC^^nA\ Therefore, since nB is less, and nA greater 
than the same magnitude mC, nB^^nAf and B.^A« 
Therefore, &p, Q. E. D. 



PROP. XI. THEOR. 

Ratios that are eqiuil to the same ratio are equal 

to one another. 

If A : B : : C : D; and alio C : D :: E : F ; then 
A : B : : E : R 

Take mA, mC, wE, any equimultiples of A, C, and 
E ; and nB, nD, nF any equimultiples of B, D, and F. 
Because A : B : : C : D, if wiA:::?»7iB, wC:^^D ■ ; but a dcf. 5. 5. 
if mC:p^nDy mE:p^7iF % because C : D : : E : F ; there- 
fore if mA:^!'^Bf mEc^nF. In the same manner, if 
toAzztoB, wE=wF ; and if wiA-^wB, wE-^wF. Now, 
mA, mE are any equimultiples whatever of A and E ; 
and nB, iiF any whatever of B and F ; tlierefore 
A:B:;E:F*. Therefore, &c. Q. E. D. 




ELEMENTS 



PROP. XII. THEOR. 

If any number of magnitudes be proportionals, 
as one of the antecedents is to tts consequent, 
so are aU the antecedents^ taken together, to 
all the CQHseqtients. 

If A : B : : C ; D, and C : D : : E : F ; then also, 
A : B : : A+C+E : B+D+F. 

Take mA, mC, mE any ec^uxmultiples of A, C, and E ; 
and nBf riDj nF, any equimultiples of B, D, aiidF. 

a def. 5.5. Then, because A : B : : C : I>> if wiAp'^B, mCz^^'i^^\ 
and when mCp^nD, mEryn^JP, because C : D : : E : F. 
Therefore, if mAp^wB, mA+mC+mEz::'ntB+nD+nV, 
In the same manner, if mA=wB, mA+mC+mE^mB+ 
wD+fiP ; and if mA-*^wB, wA+mC+mE-s^wB+«D+ 

b Cor. 1, 5. n¥. Now, f»A+wC+wE=:m(A+C+E)^ so that mA 
and mA+mC+mE are any equimultiples of A, and of 
A+C+E. And for the same reason «B, and nB+ 
nD+wF are any equimultiples of B, and of B+D+F ; 
therefore ■ A : B : : A+C+E : B+D+F. Therefore, 
&c. Q.E.D. ^.^^^ 



PROP. XIII. THEOR. 

If the first have to ihe second the same ratio 
which the third has to the fourth, but the third 
to the four thy a greater ratio than the J^ih 

^ has to the siosth ; the first has also to thi 
second a greater ratio than the fifth has to 
the sixth. 

If A : B : : C : D ; but C : It^rE : F ; then also^ 
A : B::5»^E : F. 

Because C : Dz^E : F, there are two numbers m and 

a def. 7. 5. n, such that mC:^'^!), but mK^nP \ Now, if mC::^ 

«D, 7»A:p^wB, because A : B : : C : D. Therefore mA:p^ 

nB, and wE-s-rnF, wherefore, A : B:;::^E : F \ There- 

fi>re, &c. Q. E. D. 



OF OEOMETHY. 1A9 

PROP, XIV. THEOR. 

If tfie first haw to the second the same ratio 

which the third has to the Jbttrthy and if the 

first he greater than the thirds the second 

shall be greater than the fourth ; if equaU 

equal ; and ifless^ less. 

If A : B : : C : D ; then if A::?-C, B:;^D ; if A=:C, 
B=iD ; and if A-ccC, B-^D. 

First, let K^^C ; then A : Bn^C : B% but A : B : : * ®- *• 
C : D, therefore C : D::^C : BS and therefore B:::^D*. ^^^^ 

In the same manner, it is proved, that if A=C, B=D ; « ^^ ^ 
and if A-^C, B-^D. Therefore, &c. Q. E. D. 



PROP. XV. THEOR. 

Magnitudes have the same ratio to one another 
nphich their equimultiples have. 

If A and B be two magnitudes, and m any number ; 
A : B : : m A : wB. 

Because A:B: : A:B»; A: B: : A+A : B + B^ ^'^'^ 
or A : B : : SA : SB. And in the same manner, sdnce 
A : B: : 2A : 8B, A :B: : A+2A : : B-^«B^ or A : B : : b it. 5. 
3A : 8B ; and so on, for all the equimultiples of A and B. 
Therefore, &c. Q. E. D. 



PROP. XVI. THEOR. 



Iffinir magnitudes of the same kind be proper-^ 
tionals, they will also be proportionals when 
taken alternately. 

If A : B : : C : D, then alternately, A : C : : B : D. , 



160 ELEMENTS 

Book V* Take mA, mB any equimultiples of A, and B, and nC, 
^^"2^ nD any equimultiples of C and D. Then* A : B:: 

b 11 5. ^'^ ' ^® » '^^^ A : B : : C : D, therefore* C : D : : mA; 

mB. But C : D : : nC : nD ■ ; therefore iw A ; mB : : nC ; 

C14.5. nD**; wherefore if mA^?^C, mBz^^iD^; if t?iA=nC, 

d dcf. 6i 6. fiiB=fiD, or if 9nA^«::::nC, mB^^nD ; therefore ^, A : € : : 

B : D, Therefore, &c. Q. E. D. 

PROP. XVII, THEOR. 

If magnitudes^ taken Jointly, be proportionals, 
they will also be proportionals when taken se^^ 
parately ; that is, if the first, together with the 
second, have to the second the same ratio which 
the third, together with the fourth, has to the 
fimrth, the first will have to the second the 
same ratio which the third has to the fimrth 

If A+B : B : : C+D : D, then by division A : B : : 
C:D. 

Take mA and nB anv multiples of A and B, by the 

numbers m and n ; anif first let mA:::5^nB : to each of 

them add mB, then wA+?wB::::^mB+nB. But f»A+ 

a Cor, 1.5. mB=:m(A+B) % and 9nB+nB=:(m-hn)B \ therefore 

b«.Cor.«,5. ni(A+B)^:^(w+n)B. 

And because A + B : B : : C+D : D, if w(A+B)x^ 
{w+n)B,w(C+D):;5-(m+n)D, or mC+mD::^mD+nD, 
that is, taking mD from both, mC::P'^D. Therefore, when 
mA is greater than nB, mC is greater than nD. In like 
manner it is demonstrated, that if ntA^nB, mC=nD, 
and if mA^^^nB, that mC^^nD ; therefore A : B : : C : 
c def. 5, 5. D ^ Therefore, &c, Q. E. D. 



\ 
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PROP. XVIII. THEOA. ^-"^-*^ 

ah, they will aho^^ 

Jointly f thai is, if the first he to the second as 
the third to the fourth^ the first q^d^ second^ to- 
gether will he to the second, as the third and 
fourth U^ether to theftmih. / 

. . •' 

If A : B : : C : D, then, by compo^don,' A+B : B : : , 

C+D:D. 

Take fn(A+B), and nB any multiples. whatever of . ,, , 
A+B and B : ana first, let m be great^ Aan n. Then, 
because A + B is also greater than !B, m(A+B):::^nB. 
For the same reason, 97i(C + D)^'^D. In this case, 
therefore, that is, when mz^n, m(A+B) is greater than 
nB, and i7i(C + D) is greater than n D. Anain the same 
manner it may be prpved, iha,l wbea;«|sm, m(A -f B) is 
greater than nB, and m(C+I)) greater than nD. 

Next, let nuiiCny or ni^^m, then 9n(A4-B) may be 

C^ than nB, or may be equal ti> it, or may ba less; 
.Wt w(A.+ B) be . gre^ than f|B; ttien idso, 
mA^ffiQ^py^Ti^ talie mB, which is less than nB, ftom * 
both, aiui mA::?^B— «nB, or* i»A::5»^(iif— m^B *. 'But if a e.' 5. 
m A:x»'(n— «i) B, mC:::^(/^— m)D, because A : B : : C : D. 
Now, (n— m) D=n D — mD% dierefore, mC::?'^!)— mD, 
and adding mD to both, 9fiC+nKD::77»D,' that is^ bl«& 
w(C+D)p^.D. Ifthcrefore,m(A+B)i:^B,ni(C+D) 

In the same manner it may be proved, that if m(A + B) 
=nB,jn(C+J))=nD;andVm(A+B)-^nB,i»rC+D) . 
^nD; therdbreV A + B : B: : C + D:I>. Thef?- c def. 5. 5. 
fore, &c, Q. E* D. 



T62 CCEMEKTS* 

WoUVZ 

""^-^-^^ PEOP. XIX. THEOH. 

If a whole magnitvde be to a whole, as a mag^ 
nitude taken from the first, is to a rna^nitme 
taken from the other ; the remainder will be 
to'the remainder as the whole to the whole. 

If A : B : : C : D, and if C be less than A, 
A— C : B— D : : A : B. 
aPie-^; Because AiBmClD, alternately*, A:C::B:I>; 
b 17. 5: arid- thereforfe by avimon»» A— C : C : : B— D : D. 
.Wherefore, again, alternately, A — C :B-!— D : : C: D; 
c. 11. 6. but A : B : : C : D, therefore*' A— C": B— D : : A : B. 
Therefore, &c, Q. E. D. 
Cor. A-^C : B— D : : C : D. 



PROP. D. THEOR. 



If four magnitudes he proportionals, the^fOfC 
also praportumals hy conversion, that is, the 
first is to its eoccess above the second, as the 
third to its eo^cess above the fourth. 



If A : B : : C : D, by conversioni 
A : A— B : : C : C— D. 
VI. 5. For, since A : B : : C : D, by division', A — B : B : : 
u A,5. C— D : D, and inversely ^ B : A— B : : I) :^C— D; 
• l«, 5. therefore, by composition % A : A-^B : : C : C— R 
Therefore, &c. Q. E. D. 

CoR. In the same way, it may be proved that A : A + B 
:rC:G + D. V^j^ 
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PROP. XX. THEOR. 



« 
« 




If there he three magnitydes^ and other three^ 

which, taken two and two, hceoe the samera- 

iM>i,%f thejirst he greater than the third, the 

faurm is ^ecAer them the sixth : if egtud, 

equal ; and ^ less, less. . 

If diexe tie three magnitudes, A, B, and C, and other 
three D3 E, and F ; andif A:B:: 
D : E ; and also B : C :: E : F, 
then if A::?-C, D::?^F ; if A=:C, 
D=F ; and if A-^C, D-^F. 

First, let A::5^C ; then A : B::?-C : B ». ButA:B:: a8.& 
D : E, therefore also D : E::;^C : B \ Now B ; C : : b 13. 5. 
E : F, and inversely % C : B : : F : E ; and it has been c a. 5. 
shewn that D : E:^C : B, therefore D : E:::5-F : E ^ 
and consequently D:^^P **. d la & 

Next, let A=C ; then A : B : : C : B% but A : B : : e 7. 5. 
D : E ; therefoi^e, C : B : : D : E, but C : B : : F : E, 
iherefore D:E::PrE^ and ThJ?K Lasthr, let fil.5. 
A^i^C. Then C:?^A, and because, as was afa^eady mewn, g9.&r 
C : B : : F : E, an^ B : A : : E : D ; therefore, by the 
first case, if C:p^A, F:p^D, that is, if A-^C, D^¥. 
Theirefopej &c. Q. E. D. 



PROP. XXI. THEOR. 

If there be three magnitudes, and other threes 
which have the same ratio taken two and two, 
but in a cross order ; if the first magnitude 
he greater than the third, the fourth is great- 
er than the sixth: if equal, equal; and if 

• less, less. 

If there be three . magnitudes, A, B, C, and other 
three, D, E, and F, such that A : B : : E : F, and B : C 
: :D : E; if A;;=-C, D:^F ; if A=C, D=F, arid if 
A^C, D--::F. 

l2 



r 





IBi ELEMENT1& 

BfookV. First, let A^C. Then 

A:B:::-C:B%butA:B::E:F, 

therefore E : Ft^C : B^ Now, 

B : C : : D : E, and inversely, 

C : B : : E : D ; therefore E : F::p'E : D ^ wherefore^ 
c 10. 3. D::p-P ^ 

aT.5. Next,letA=C. Then* A : B: : C : B; but A:B:: 

ell.6. E: F, therefore,. G: B : : E : F*; but B:C::D:Ey 

and inversely, C : B : : E : D, therefore % E : F : : E: Dr 
f 9. &^ and, consequently, D=:F '. 

Lastly, let A-ci:C. Then Cp^A, and, as waa already 

proved, G : B : : E : D; and B : A : : F: £, thciefore,. 

by the first case, since Cp^A, F::^D, that is, D-^^F*- 

Thei'efore, &c. Q. E. D. 



PROP. XXn. THEOB. 

If there be any number of magnitudes, and a^ 
many othersy which, taken two and two in or^ 
der, have the, same ratio ; tJieJirst will have 
to the last of the first magnitudes, the same 
ratio which the first of the others has to the 
last*. 

First, let there be three mafnitudea,- A, B, C, and 
other three, D> Ey F, which, taken two and two, in or- 
der, have the same ratio, viz. A : B : : D :- E, and B : C 
::E:F; then A: G : : D : P. 

Take of A and D any equimultijdes whatever, fnhr 
mjy ; and of B and E any whatever, nB, 7iE ; and of C 
and F any whatever, gC, gF. Be- 



A, B, C, 

D, E, F, 

mA, nB, ^C, 

mPy wE, gF> 



cause A : B : : D : E, wA : «B : : 

a 4i 5. mD : nE * ; and for the same rea- 
son, wB : gC : : wE : qP. There- 

b20. 5. fore^, according as mA is greater 
than qC, equal to it, or less, mQ 
is greater than oF, equal to it, or less ; but mA, «iD are 
any equimultiples of A and-D ; and gC, qF are any equi- 

e def. 5* 5. multiples of C and F ; therefore*, A : C : : D : F. 



* N. B. This pro^xisition is usually cited by the words <'*' ex sopiidi,' 
or *' ex Aequo." 
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Again^ Jet there be four mafftiiUide^, and other four Book v. 
rwbk£y takoii two and two in order, have the same ratio, 
^i^ A:B::£:Ff B:j:C::F:G; C : D: : fr; H, then 
A:D::E:H. 

For since A, B, C, are three 



A, B, C, A 

E, F, j&; JH, 



magnitudes^ and £, F, G other 

>threevWhiGh,:tfliken two and two, 

ih&veu'dte ^ tonerittiD, by thejfore* 

rams duie^ Ar C: : Ej G. And becwise also C : D : ; Gj 

H, % that same ease. A: D: : E: H; Jn the sanie luan- 

nlris.tlie^dDiNi8tratioB extended to any number oi' mag- 

jiitudes.^ *7%erefore, &c Q. E> t>. 



7' 
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PROP. XXiri. THEOR 

If there he any^ 7iumber of magnittideSy and as 
many others, whichy taken two and ttvo^ in a 

. cross order, have the same ratio; the first will 
have to the last of the first magnitudes, the 
same ratio which the first of the others has to 
the laslK 

\ 

l^ifst, let tbeie be three magnitudes, A^ ^B, C, and 
Qtfaertte-ee, D, E^ and F, which, taken two wd two, in a 
cross order, have the same ratio, viz. A : B :.: E : F, and 
B: C :^ D : E, then A : C : : D : F. 

Take of A, B, and D, any equimultipies wiA, mB, 
mD ; and of C, E, F, any equimultiples nC; nE\ nF. 
* Because A t B : : E t F, and because also A : B : : 
mA:mB»;and E:F: : wE:ttP; therefore, ?»A: mB:: a is:*. 

n^\ i%E \ Again, because B : C : : : h 1*. *. 

DrE, mB:7iC::mD:fiE*'; and it A, B, C, c4. s. 

has beeit just shewn thatf»A::wB:: D. E* F. d2l, 5. 

wEiwP; therrfore, if mAy^nC, 

mD -p^nF^iit m A = wC , mD = wF ; 

and if mA-^nC, mD^i^nY. Now^ mK 

and rriD are any equimultiples of A and D, and nC, wF, 

any equimultipfes of C and F ; therefore, A : C : : D : F ®. e dcf. 5. 5. 



A, 


B, 


c, 


D, 


E, 


T, 


wA, 


mB, 


nC, 


mD, 


wE, /iF, 



(( 



* N« B. This proposition is usually cited by the words ^< ex aequali in 
proportione perturbatil :*' or, '* ex. aequo inversely." 
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Book V. Next, let diere be four magnitudes. A, B, C, and D, 

' and other four, E^ F, 6, and H, wkidi, taken two and 

two, in a cross order, have the same 



A, B, C, D, 
E, F, 6, H, 



ratio, viz. A:B::G:H; B:C:: 
F : G, and C : D : : E : F, then 
A : D : : E : H. For, since A, B, C 
are three magnitudes, and F, G, H other three, whichi 
taken two and two, in a cross order, have the same ra- 
tio, by the fi rst case, A : C : : F : H, But C : D : : E : F, 
therefore, agiun, by the first case, A : D : : E : H. . In 
the same manner, ma^ the demonstration be extended to 
^ny number of magmtudes. Thecefore, &a ' Q. E. D. 



PROP. XXIV. THEOR. 

If the first has to the second the same ratio wMch 
the third has to thejburth; and tJie fifth to the 
second^ the same ratio which the sixth has to 
the fourth ; the first and fifth, together y shcdl 
have to the second, the same ratio which the 
third and siicth together, have to thejburth. 

Let A.: B : : C : D, and also E : B : : F : D, then 
A + E:B::C + F:D. 

Because £ : B : : F : D, by inversion, B :.E : : D: F. 
A 22. 4. But by hypothesis, A : B : : C : D, therefore, ex sequali*, 
ib la 5. A : E : : C : F, and, by compoation ^ A + E : E : : C + 
F : F. And again^ by hypothesis, E : B : ; JF : D, there- 
fore, ex aequahS A -f E : B : : C + F ; D. Therrfore, 
Ac. Q. E- D. 
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PROP. E. THEOR. 

Iffaur magnihides he proportionals^ the sum of 
the first two is to their difference as the sum qf 
the other two to their difference. 

LetA:B::C:D; thenifAz^^B, 

A+B : A— B : : C+D: C— D ; or if A-^B, 

A+B : B— A : : C+D ; D— C. 
Tor, if Azp^^j then because A : B :.: C.i D, by division^ • IT. '5. 

A— -B : B : : C— -D : D, and by inversion^, b a. 5. 

B : A— B : : D.I C— D. But, by composition % c i& 3. 
•A+B : B : : C+D : D, therefore, ex »quali \ ui tl.A 

A+B : A— B : : C+D : C—D. 
In the same manner, if B::::^A, it is proved* that 

A+B : B— A : : C+D : D~C. Therefore, &a 
<i.RD< 

PROP. F. THEOR. 

S^Uios which are compounded qfequal^ratioSfO/Ke 

equal to one another. 

Let the ratios of A to B, and of B to €[, -which com- 
pound the ratio of A to C, be eapal, each to each, to the 
ratios of D to E, and E to Sl^ .which compound the ratio 
<rfDtoF; A:Ci:D:r. 

For, first, if the ratio of Alo B 
he equal to that of D to E, and the 
ratio of B to C equal to that of E 
to F, ex 8equali% A:: C:: : D : F. I ; a 22. 5. 

And next, if the ratio of A to B be equal to that of E 
to F, and the ratioof B to C equal to that of D to E, ex 
«quali inversely ^ A : C : : D : F. In the same manner b 23. 5. 
may the proposition be demonstrated, whatever be the 
number of ratios. Therefore, &c. Q. E. D« . 




i 



ELEMENTS 



OV 



GEOMETRY 



• . * 



BOOK VI. 



DEFlNltlOIfS. 




I. 

' * * • 

QIMILAB rectilmeal iguree are thoae wbich har^ Book VL 
^ thrir several angles ^-»»v^«^ 

€qual, each to each^ 
and the sides about 
the equal angles pro- 
portionals. 

11. 

Two sides of one figure are said to be reciprocaUy pro* 
portional to two sictes of another, when one of the sides 
of the first is to one of the ades of the second, as the 
remaining AAe of the second is to the remaining side 
of the first. 

III. 

A straight line is said to be cut in extreme and mean ra* 
tio^ when the whole is to the greater s^ment, as th« 
greater segment is to the less. 

IV. 

The altitude of any figure is the 
• striught line drawn from its vertex 
perpendicular to its base. 




ELEMENTS 



PROP. I. THEOR. 



Triangles and parallelograms, of the same a 
tilde, are one to smother a» their hoses. 



Let the tnansles ABC, ACD, and the paraUdi^nuiu 
EC, CF have the same altitude, vii. the perpemficular 
drawn from the point A to BD : Then, as the base BC 
is to the base CD, so it the triangle ABC to the triangle 
ACD, and the parallelogram EC to the paraUel(^;ram CF. 

Produce BD both ways to the pointe H, L, and take 
any number of straight Imes BG, GH, each equal to the 
base BC ; and DK, EL, any number of them, each equal 
to the base CD ; and jran AG. AH, AK, AL. Tho, 
because CB, BG, GH are all equal, the trianglea AHG, 
AGB, ABC are all equal': Therefore, whatever mulli- 
jde the base HC is of the base BC, the same multi{^ m 
the trianele AHC of the triangle ABC. For the same 
reastKi, whatever multiple the base LC is of the base CD, 
the same multiple 
is the triangle \i- 

ALC of the tri. 
angle ADC. But 
if the base HC 
be equal to the 
base CL, the tri- 
angle AHC is al- . 
so equal to the H G B 
trian^e ALC ■, 

and if the base HC be greater than the base CL, likewise 
the triangle AHC is greater than the triangle ALC : a'"' 
if less, less. Therefore, since there are four magnitudes, 
viz. the two bases BC, CD, and the two triangles ABC. 
ACD ; and of the base BC and the triangle ABC, tbe^rat 
mid third, any equimulti^es whatever nave been taken, 
viz. the base HC, and the triangle AHC ; and of the base 
CD and triangle ACD, the second and fourth have been 
taken any equimultiples whatever, viz. the base CL aild 
triangle ALC ; and since it has bwn shown, that jf the 
base HC be greater than the base CL, the triangle AHC 
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is greftter than the. triangle ALC ; and if equal, equal ; Book VI. 
and if less, less: Therefore**, as the base BC is to the ^^^^^7^ 
base CD, so is the triangle ABC to the triangle ACD. 

And because the pamlelc^ain C£ is double of the 
triangle ABC % and the parJlelogFam CF double of the ^ ^^' 1* 
triangle ACD, and because magnitudes have the same 
ratio which their equimultiples have^; as the triangle dl5. . 
ABC is to the triangle ACD, so is the parallel<»ram EC 
to the parallelogram CF. And because it has been 
shown, that, as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD ; and as the triangle 
ABC to the triangle ACD, so is the parallelogram EC 
to the parallelogram CF ; therefore, as the base BC is to 
the base CD, so is * the parallelogram EC to the paral- c 11. ^ 
lelbgram CF. Wherefore triangles, &c. Q. E. D. 

CoR. From this it is plain, that triangles and paral- 
lelograms that have equal altitudes, are to one another 
as their bases. 

Let the figures be placed so as to have thdr bases in 
the same straight line ; and having drawn perpendiculars 
fpcm the vertices of the triangles to the bases, the straight 
line which joins the vertices is parallel to that in whidi 
their bases are ^ because the perpendiculars are both f 33. 1. 
equal and parallel to one another. Then, if the same 
construction be made as in the proposition, the demon- 
stration will be the same. 



PROP. II. THEOR. 

If a straight line be drawn parallel to one of the 
sides of a triangle, it will cut the other sides, or 
the other sides produced, proportionally : And 
if the sides, or the sides produced, he cut pro^ 
poff^tionaliy, the straight line which joins the 
points of section will be parallel to the remain^* 
ing side of the triangle. 

Let DE be drawn parallel to BC, one of the sides of 
the triangle ABC ; BD is to DA, as CE to EA. 

Join BE, CD ; then the triangle BDE is equal to the 
triangle CDE% because they are on the same base DE, aST.l. 
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b7. 5. 



Book VI. and between the «ame parallels D£, BC : but ADE is 
another . triangle, and equal, magnitudes have,, to the 
sam^ the same ratio ^; therefore, as the triangle BDS 
tO'the triai^le ADE, so is the triangle CDE to the tri- 
angle AD£4 but as the triangle BDE. to the trianai^ 
c 1. 6. A&E, so is" BD to DA, because haidx^ the same ahi 
' tude, viz. the perpendicular drawn froin the! point Elo 
AB, they are to one another .as their . bases ; ' end ftr 
the same season, . as the triangle CDE to the :triaiigie 
AD£, so is C£ to E A. Tberefoie, as BD to DA, so 
d.n.& liCEtoEA*. 

Next, let the sides AB, AC of the triangle ABC, or 



e I. S. 



£9.5. 



g 39. 1. 





these sides produced, be cut proportionally ia the points 
D, E, that is, so that BD be to DA, as C£ to EA, and 
jdnDE; DE is parallel to BC. 

The same construction being made, because as BD to 
DA^ so is CE to E A ; and as BD to DA, so is the tri- 
angle BDE to the triangle ADE * ; and as CE to EA, 
so is the triangle CDE to the triangle ADE ; therefore 
the triangle BDE is to the triangle ADE, as the tri- 
angle CDE to the triangle ADE ; that is, the triples 
BDE, CDE have the same ratio to4he triangle ADE ; 
. and therefore ' the triangle BDE is equal to the tri- 
angle CDE : And they are on the same base JD£ ; but 
equal triangles on the same base are between the same 
parallels « ; therefore DE is parallel to BC. Wherefore, 
if a straight line, &c. Q. E. D. O 

/o 
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PROP. III. THEOR. 



If the angle of a tnanglehe bisected by a straight 
line zmich also cuts the base ; the segments of 
the ba^e shaM have the same ratio which the 
other sides of the triangle have to one another: 
And if the segments of the ba^e have the same 
ratio which the other sides of the triangle haw 
to one another, the straight line drawn from 
the vertex to the point of section bisects the 
vertical angle. 

Let the angle BAC, of any triangle ABC, be divided 
into two equd angles, by the straight line AD ; BD is to - 
DC as BA to AC. 

Through the point C draw C£ parallel ^ to DA, and a 31« i. 
let BA producea meet C£ in £. Because the straight 
line AC meets the parallels AD^ EC, the angle ACE is 
equal to the alternate angle CAD ^ : But CAD, by the b Sft 1. 
hypothecs, is equal to the angle BAD; wherefore BAD is 
equal to the angle ACE. ^ 

Again, becausethestrai^t -^^ 

lineBAE meets the pa^- 
rallels AD, EC, the ex* 
terior angle BAD is equal 
to the interior and oppo- 
fflte angle AEC: But 
the anB;fe ACE has been 
provca equal- to the angle 

BAD; therefonealso ACE 

is equal to the angle AEC, fi ^ C 

and consequently the side AE is equd to the side'' AC. e^* I*' 

And because AD is drawn parallel to one of the sides 

of the triangle BCE, viz. to EC, BD is to DC, as BA 

to AE* ; but AE is equal to AC : therefnte, as BD tod «. & 

DC,soisBAtoAC^ e7.& 
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Book ir. Next, let BD l>e to DC, as BA to AC, and join AD ; 

^*^"Y"*^ the angle BAC is divided into two equal angles, by the 
straight line AD. 

The same construction being made ; because, as BD 
to DC, so is BA to AC ; « 

and as BD to DC, so is y]^ 

d«.6. B A to AE *, because AD 
is parallel to EC ; there- 
fore AB is to AC, as AB 

e 11. 5b to AE ^ : Consequently 

f9.& AC is equal to AE ^ and 
the angle AEC is there- 
fore equal to the angle 

« «• 1- ACE «. But the angle 

AEC is equal to the ex- ff D G 

terior and oppodte angle BAD ; and the angle ACE is 

h 29. 1. equal to the alternate angle C Al) •*. Whererore also the 
angle BAD is equal to me angle CAD : Therefore the 
angle BAC is cut into two equal angles by the straight 
line AD. Therefore, if the angle, &c. Q. E. D. 




PROP. A. THEOR. 

If the ecctefior angle of a triangle be bisected hy 
a straight line which also cuts the base pro- 
duced ; the segments between the bisecting line 
and tJie eoctremities of the base have the same 
ratio which the other Hides of the triangles 
have to one another : And if the segments of 
the ba^e produced have the same ratio whid 
the other sides of the triangle have., the straight 
line, drawn from the verteoc to the point of sec- 
tion bisects the exterior angle of the triangle. 

Let the exterior angle CAE of any triangle ABC, be 
bisected by the straight line AD which meets the base 
produced m D ; BD is to DC, as BA to AC. 
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' Thniiifl^Cdfaw CF parallel to AD*; and becttuse »opkVi. 
the stral^t line AC meets t^e parallels AD, FC, the a^^^siTlu*^ 
angle ACF is equal to the alternate angle CAD ** : But b 29. 1. 
CAD i& equal to the angle DA£^ ;: th^efore also DAE c Hyp* 
is equal to the angle ACF. Again, because the straight 
line FAE ineets tlie parallels AD, FC, the exterior 
imgle DAE is equal to the interior and opposite an^e 
CFA : But the angle ACF has been proved to be equal 
to the angle DAE; j^ 

therefore saso the angle 

ACF is equal to the j^ 

angle CFA, and conse- 
quently the side AF is 

eqnal to the fflde AC •*; V^ / X dcl. 

and because AD is pa« 

falld to FC, a side of _____^___ 

the triangle BCF,*BD B C \ D 

istoDC, as BA to AF% but AF is equal to AC; e2««. 

therefore as BDis to DC, so is BA to AC. 

. Now let BD be to DC, as BA to AC, and join AD ; 

the: angle CAD is eq\iai to the angle DAE. 
The same construction bdng made, because BD is to 

DC, aft BA to AC ; and also BD to DC, asBA to AF% 

therefiHre B A is to AC, as BA to AF ' ; wherefore AC f ii. 5. 

isequal to AF^ and the angle AFC equal ^ to the an^le g9«5. 

ACF : But the angle AFC is equal to the exterior ^ 5, 1. 

m^ £AD, and the angle ACF to the alternate an^e 

CAD ; therefore also EAD is equal to the angle Cj^. 

Wherefore, if the exterior, &c. Q. £. D. 



PROP. IV. THEOR. 

2%e ^ides abotit the equal angles of equiangular 
' triangles are proportionals ; and those which 
are opposite to the equal angles are homolo- 
gous sides, that is^ are the antecedents or con- 
sequents of the ratios. 

Let ABC, DCE be equiangular triangles, having the 
angle Al^C equal to the angle DCE, and the anffle ACB 
to the angle DEC, and consequently ■ the angle ]6 AC a 32. 1. 
equal to the angle CDE ; the indes about the equal 
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Book VI. aiigteBofthetriaadesABCyDCEmpioportk^^ «Dd 
^*''^'>r^ those are die homoIogoMs ades which ana opposite to Ae 
equal angles. --[^ 

Let the triangle DCE be daoed, co thatito^d#CE 
may be^oontiguous to BC, and in the fame etxai/^JSam 
with it! and because the angkti ABO^ AC^'anetqgr 
b 17. 1, ther less than two right angles % ABC and I>BCf .whidi 
is equal to ACB, are abo less 
than two right angles : where- ^ 
fore BA, ED produced shall 
c Cor. 29,1. meet®; let them be produced ▲ 
and meet in the point F ; and 
because the angle ABC is equal 
to the angle 0CE, BF is pa. 
d 20. 1. rallel ^ to CD. Again, because 
the an^e ACB is equal to the 
angle DEC, AC is parallel ton^ — - ^ ^ 
FE^: Therefore PACD is a^ . 

parallelogram ; and consequently AF is equal tp^ CBGI 
eS4.l. and AC to FD®: And because AC isfHNtlMtA FB|^ 
f 2. 6. of the sides of tlie triangle FBE, ^A i AF s : Bd^/KMii 
g 7, 5, but AF is equal to CD; th^reftireS BA^ CD I t(8G» ^ 
h u 5- ^^ altenmtely, BA : BO : { DC : C£ ^ ^ A^ain, hfmm 
CD is parallel to fit, BC : CE : : FDc D»^ haf^fBli 
is equal tt> AC; therefore BCiCS:; AC:D£»0Mi 
alternately,' IjO ; CA : : CE i ED. Tliefefere. bec^aflMil 
has beeii proved that AB : BC : : DC ^G£ imd^Wn 
CA : : CE : IS^D^ex sequali, BA : AC : > CBk DB. jSQi^ 
fore the ades, &c. Q. E. D^ i • >. 'ao^^j'''^' 




A^ i^'tH^ '*i? 'M 



If the sides of two trimigles, about each of then' 
angles^ be proportionals^ the iru^fiffles shqUte 
equiangular, and have their eqvm angt^^ op- 
posite to the homohgofus sides. / ,« . \ . 

' " ^ v.* 
Let the triangles ABC, DEF have their sides prcjppr- 

tionals, so that AB is to BC, as DE to EF ; w£B£to 

CA, as EF to FD ; and consequently, ex JcquaU, i)a tp 

AC, as ED to DF ; the triangle ABC is equianguUi^ to 

the triangle DEF, and their equal angles are' opposite to 
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the iKtoologoiis sides, viz. thcf an^ ABC being equal to Book VI. 
the angle DEP, and BCA to EFD, and also BAC to '^-^^ — 

EDF. 

At the points E, F, in r| 

the straicht line EP, make* 7\ •***• 

Ae Mgie PEG equal to 
the ande ABC, and the 
angle EPG equal to BCA; 
wherefore the remaining 
angle BAC is equal to the 

remaining angle EGF?>, / \^ \/ b32. l. 

and the triangle ABC *s B ^ ^ 

thm^ove equiangular to 

the triangle GEF ; and consequently they have their sides 

oppottte to the equal angles proportionals^ Wherefore c 4. ^ 

AB : BC : : GE : EF ; but, by suppoation, 

AB : BC : : DE : EP, therefore, 

DE : EP : : GE : EP. Therefore ^ DE and d li. 5. 
6£ have the same, ratio to EF, and consequently are 
eqoal *. For the same reason, DF is equal to FG. And e a & 

^ .. ._ .1.. triangle x^^T^ n«« T^^ t 





iM mibtended by the equcu ades '. Wherefore the angle g 4. 1. 
DFE is equal to the angle GFE, and EDF to EGF ; 
and because the angle D^F is equal to the angle GEF, 
aod GEF to the angle ABC : therdbre the angle ABC 
is equal to the angfe DEP ; For the same reason, the 
angle ACB is equal to the angle DFE, and the angle at 
A to the angle at D. Therefore the triangle ABC is 

auiangular to the triangle DEP. Wherefore, UP the 
les^ &c. Q. £. D. 

PROP. VI. THEOR. 

If two triangles have one angle of the one equal 
to one angle of the other, and the sides (wout 
the equal angles proportionals, the triangles 
shall be eqman^ular, and shall have those 
angles eqtuil which are opposite to the homolo- 
gous sides. 

Let the triangles ABC, DEF have the angle BAC in 

M 
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Book VI. the c»ie eqiud to the angle EDF in the other, and tke 

' ' i^des ahout those an^es pitqxirtionals ; that is, BA to 

AC, as ED to DF ; the triangles ABC, DEF are equi- 
angular, and have the angle ABC equal to the ai^e 
DEF, and ACB to DFE. 

a23. K At the pcints D, F, in the straight &ie DF, mk^^ 
the angle FD6 equal » 
to either of the angles 
BAC, EDF; and the 
angleDFG equal to the 
angle ACB; wherefore 
the remaining angle at 
B is equal to the re- / v 

b38. 1. ina]tiingoneatG^,8nd / \ 

consequently the tri- B C 

aj^ ABC is equiangular to the triau^pv uxjm: , «-- 

therefore 
e4.s BA:AC::GD«:DF. But by hypothesis, 

BA:AC::ED:DF; andtherefore 

dU.5. ED:DF::GD:d DF; wherefore ED tf 

e 9. 5. equal • to DG : and DF is common to the two trian|^ 

EDF, GDF; therefore the two sides ED, DF are 

equal to the two sides GD,DF; hut the ai^leEDFis 

also equal to the angle GDF ; wherrfbre the base EF w 

equal to^ the base FG ^ Mid the trianele EDF to the tn- 

angle GDF, and the remaining anfftes to the remainiiiff 

angles, each to each, which are subtended by the equal 

sides: Therefore the angle DFG is equal to the angle 

DFE, and the angle at 6 to the angle at E : But the 

angle DFG is equal to the ai^le ACB; therefore the angle 

ACB is equal to the ai^e DFE, and the angle BAC is 

g Hyp* equal to the angle EDF « ; wherefore also the raauumng 

angle at B is equal to the remaining angle at E. ^ere- 

fore the triangle ABC is equiangular to the triangle DLi?. 

Wherefore, if two triangles, &c. Q. E. D. 
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PROP. VII. THEOR. 

If two triangles have one aaigk of the one equal 
to one angle of ike otker^ and the sides ciout 
two other angles proportionals, then, if each of 
the remaining angles he- either less, or not less, 
than a right angU, the triangles shall he equi' 
an^lar, and have those angles equal about 
which the sides are proportionals. 

Let the two triangles ABC, DEF have one angle in 
the one equal to cme angle in the other, viz. the ansle 
BAG to the angle EDF, and the sides aboutftwo other 
angles ABC, DEF proportionals, so that AB is to BC, 
as DE to EF ; and, in the first case, let each of the re- 
mahung angles at C, F, be less than a right a^le : the 
triangle ABC is equiangular to the triangle DEF, that 
is, the angle ABC is equal to the angle OEF, and the 
ranmning angle at C to the remaining angle at F. 

For, if the angles ABC, DEF be not equal, one of 
thftH is greater than the other : Let ABC he the greater, 
and at me point B, in a * 

the straight line AB, ^ 

ttake the aiigle ABG y\ D 

equal to the angle * / \ y\ a »• !• 

I>EF : And because the X \^ 
ai^e at A is equal to y/^-'^'^'V 

the ai^e atD, and the*^^— ft 

angle ABG to the an^e *^ ^ 

DEF ; the remaining angle A6B is equal ** to the re- b 32. l. 
maining angle DFE : Therefore the triangle ABG is 
equiangular to the triangle DEF ; 

wherefores AB : BG : : DE : EF; but, c4.«. 

by hypothecs, DE : EF : : AB : BC, 

therefore, AB : BC : : AB : BG* ; d 11.5, 

and because AB has the same ratio to each of the lines 
BC, BG ; BC is equal • to BG, and therefore the angle • ^- ^ 
BGC is equal to the angle BCG ^: But the angle BCG f «? !• 
is, by hypothesis, less man a right angle ; therefore also 
the angle BGC is less than a right angle, and the adja- 
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cent angle AGS must be greater than a right angled 
But it was provect, that the angle A6B is equal to the 
anrie at F ; therefore the angle at F is greater than a 
i^t angle ; but b]f the hypothesis it is less than a 
ri^t ati^, which is absura. Theref(Hre the anglei 
ABCf i>EF are not unequal^ that is, they are emial : 
And the angle at A is equal to the angle at D ; wner^ 
f^re the remaining angle at C is equal to the remaining 
angle at F : Therefore the .triangle ABC is equiangulur 
to the triangle DEF. 

Next, let each of the angles at C, F be not less than a 
right angle ; the triangle ABC is also, in this V^ase, equi- 
angular to die triangle DEF. 

The same construction being made, it may be proved, 
in like mai^ner, that a 

BC is equal to BG; ^ 

and the ancle at C -y^ I ^ 

equal to the angle ' y^ I ^ 

B6C : But the angle ^X^^— -W® 
at C is not less than a ,^ ^^ L -p^ — v 

right angle ; therefore ® v* is- I* 

the an^e BGC is not less than a right angle : Whei«- 
fpre, two angles of the triande BGC are toother nol less 
h 17. 1. than two ri^t angles, which is impossible "^ ; and theie- 
fore the triangle ABC mky be proved to be equiangular 
to the triangle DEF, as in the first case. 



PROP. VIII. THEOR. 

In a right angled triangle^ if a perpendicular be 
drawn from the right angle to the base ; the trv- 
angles on each side of it are similar to the whole 
triangle^ and to one another. 

Let ABC be a right angled triangle, having the right 
angle BAC ; and from the point A let AD be drawn 
perpendicular to the base BC : the triangles ABD, ADC 
are similar to the whole .trMngle ABC, and to one an- 
other. 

Because the angle BAC is equal to the angle ADB, 
each of them being a right angle, and the angle at B 
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common to the twp triangles ABC, ABD f the remain- ^^^% 
ing angle ACS ia equal , A 

to the remaining angle - 

BAD*: therefore the tri- 
angle A^C is equiangular 
t^ the triangle ABD, and 
the aid^s atx)ut their equal 

angle9 are proportions^; -^ — • -^ ^ '^ ' ^^^ 

wherefore the triangles are 

,siia(ii)ar^ In the uke inapner^ it may be demoostraite^, cdef.i.6. 

that the triangle ADC is equiangular and similar to'the 

triangle ABC : and the triai^les ABD, ADC, being each 

e(]uiangular and inmilar to ABC, are equiangular and 

^similar to one another. Therefore, in a right angled^ &c. 

Q. £. D. 

Cob. From this it is manifest, that the perpendicular 
drawn from the right angle of a right angled triangle, to 
the base, is a mean proportional between the segments of 
thet)ase; and also that each of the sides is a mean pro- 
.portimal bcttirem the base and it9 segment adjacent to 
tij^a^^dfi. . For in tbe.Uian^ BDA, ADC» 

BD:DA : : DA : DC •* ; and ifi the 
triangles ABC, BDA, BC : BA: : BA : BD^; and in the 
triangles ABC, ACD, BC : CA : : CA : CD ^ 






PROP. IX.. PROP, 



From a given straight line to ciU off any part 
required^ thai is, a part which shaMbe contain- 
eain it a given number of times. 

*' L^ AB fod the ^v^n stitught line ; it is required to cut 
frfP from AB, a part which shall be contained in it a given 
htnhber of times. ' 

From the point A draw a straight line AC making any 
angle with AB; and in AC take any" point D, and tako 
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*^^^^- AC such that it shall contain AD, as oft a» AB is to goo- 

^^^y^^ tain the part which is to be cut off 
from it ; join BC, and draw DE pa- 
rallel to It : then A£ is the part re- 
quired to be cut off. 

Because ED is parallel to one of 
the sides of the triangle ABC, viz. to 

• »•«• BC, CD : DA : : BE : EA»; and by 

b 18.5. compoffltion^ CA : AD : : BA : AE: 
, But CA is a multiple c^ AD ; there- 

c c. 5. fore • BA is the same multiple of AE, S 

or contains AE the same number of " ^ 

times that AC contains AD ; and therefore, whatever part 
AD is of AC, AE is the same of AB ; wherefore, from the 
straight line AB the part required is cut off. Which was 
to be done. 

PROP. X. PROB. 

To divide a given straight line similarly to a 
gixfcn divided straight Une^ that is^ into parts 
that shall have the same ratios to one another 
which the parts of the divided given straight 
line have. 

Let AB be the straight line given to be divided, and 

AC the divided line ; it is required to divide AB ^ilarly 

to AC. 

Let AC be divided in the points D, E ; and let AB, 

AC be placed so as to contain any angle, and join BC, 
a 31. 1. ^<1 through the points D, E^ draw ^ DF, EG, parallel 

to BC ; and through D draw DHK 

parallel to AB ; merefore each of 

the figures FH, HB, is a parallelo- 
b 34. 1. gnmi ; wherefore DH is equal ** to 

F6, and HK to 6B : and because Fj 

HE is parallel to KC, one of the 

sides of the triangle DEC, CE : &| 
t «.«. ED : : « KH : HD : But KH = 

B6, and HD = GF : therefore^' ^ 

CE:ED::BG:GF. Again,be-*^ ^ 

cause FD is parallel to EG, one of the sides of the triangle 

; AGE, ED t DA ; : GF : PA: But it has been proved that 
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Q£:£I>::BG:OF; thonefore tbe giv^ straight line 9o9kV|. 
AB is divided omilarly to AC. Which was to be ' 
done. 



PROP. XI. PROB. 



To find a third proportional to two given 

straight lines. 



Let AB, AC be the two given straight lines, and let 
th^m be placed so as to con- . 
tain any angle ; it is required 
to find a third proportional to 

P^uce AB, AC to the " 
points I), Ei and make BD 

2ual to AC ; and having join- 
BC, through D, draw D£ 

pamlleltoit*. ^^ x^ .SI. L 

Because BC is parallel to 
DE, a fflde of the triangle ADE, AB : »» BD : : AC : CE ; b «. «. 
but BD=AC ; therefore AB : AC : : AC : CE. 
Wherefore to the two given straight lines AB, AC a 
third proportional, C£ is found. Which was to be 
done 




PROP. XII. PROB. 

To find a fimrth proportional to three given 

straight lines. 



Let A, B, C be the three given straight lines; it is 
required to find a fourth proportional to A, B, C 

Take two straight lines DE, DF, containing any angle 
EDF ; and upon these make D6 equal to A, GE equal 
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Bqofc YU to B^f atld IMI' equal to^O*; and 



a SI. 1. 
bf. 6. 
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dmw £F paraikd* to k through the pomt E« And be- 
cause 6H is parallel to EF, one of the ades of the tri- 
angle DEF, DG : GE : : DH : HF»» : but DG=A, 
G£=S, and DHscC ; tod itistsfyr^ A :>B : : C t'MF. 
Wherefore tO; the three given straight Kn^ A, B, C, a 
fourth proportional HF is &und. Whieh was to bei 
done. • ^ 
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PROP. XIII. PROB. 



^Tafind a mean proportional between two gii^ 

straight lines. 

Let AB, BC be the two ^ven straight lines ; it is le* 

quired to find a mean proportional b^ween them. 
Place ABy PG ip a straight^ line^. ai^d upon AC describe 

the semicircle ADC, and - • . . i 

a 11* 1- from the point B ^ draw 

BD at right jangles to AC, 

and join AD, DC. ' 

' Because the angle ADC 

in a semicircle is a right 
b8i. 3. angle*, and because in _ 

the right; angled triangle A. 

ADC,DB is drawn from 

the right angle, peipendicular to die base, DP is a mean 
c 1. 8, 6. proportional between AB, BC, the segments of the base* ; 




therefitfe between tfa^ two ^ven straight lilies^ AB, BC» ft Booi VI. 
mean proportional DB is found. Which was Uybe done. ^"""^^ 

/^ 

PROP. XIV. THEOR. 

E^pud parallelograms which have one angle of 
the one equal to one angle of the other ^ have 
their sides about the equal angles reciprocaliy 
proporticmal : AndparaUelograms which have 
one angle (f the one eqtud to one angle of the 
other 9 and their sides about the equal angles 
reciprocaJfy proportkmalj are equal toonean- 
ether. 

^TLet AB, BC be equal paraUelogramU, which have the 

anglte at B equal, and iw - P 

let the aides DB, BE ^ ^ 

be placed in the same 

strai^t line; wherefore 

also FB, B6 are in one 

straight line * : thesides \ \ ■ ^*- 1* 

of me parallelograms 

A3> BC, about the 

equal angles, are red- G 

procally proportional; that is, DB is to BE, as GB to BF. 
Complete the parallelogram FE ; and b^:ause the pa- 

ralldograms AB, BC are equal, and FE is another pa- 

rallelogramj AB : FE : : BC : FE »»; b T. 5. 

but because the parallelograms AB, FE have the same 
altitude, AB : FE : : DB : BE •, also, c a. 6. 

BC : FE : : GB : BP «; therefore 
DB:BE::GB:BF* Wherefore, dius. 
the sid^ of the parallelograms AB, BC about theii* equsil 
an^es are reciprocally pvoportional. 

, But, let the^des about the equal angles be reciprocal- 
ly^ proportaonal, viz. as DB to BE, so GB to BF ; the 
pirallelogram AB is equal to the parallelogram BC. 

Because,DB : BE: :GB : BF,andDB:BE::AB:FE, 
elidQB : BF : : BC : EF, therefore, AB: FE: :BC : FE«: 
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Book vu Wiiereliiie the pavallelognutt AB is equal "" to the pa* 
^^^^y^^ ralleloeram BC. Therefore equal parallelograms, && 
Q. £. 0« 
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PROP. XV. THEOR. 



Equal triangles which have one angle of the one 

rl to one angle of the other, have uiar^es 
t the equal angles redprgeaMy pnmor" 
tmud : Ana triangles mhick nave one angk in 
. the one equal to ofie angle in the others aid 
their sides about the eqtml angles reciprvcaUy 
proportional, are equal to one another. 

• 

Let ABC, ADE be equal triangles, which have the 
angle BAG equal 
to the angle DAE; 
the sides about the 
equal angles of these 
tnangles are recipro- 
cally proportional ; C 
that is, C A is to AD, 
asEAto AB. 

Let the triangles 
be placed so that 
their sides CA, AD 
be in one straight 

B 14. I* line ; wheref(n:e also E A and AB are in one straightened; 
join BD. Because the triangle ABC is equal to the tri- 
angle ADE, and ABD is another triangle ; therefore, tri- 
angle CAB : triangle BAD ; 2 triandTe BAD : triangle 
BAD ; but CAB : BAD : : CA t AD, and EAD : BAD 

^ !*• «, : : EA : AB ; therefore CA i AD : : EA : AB^ where- 
f(we the ffldesof the triangles ABC,*ADE aJstout the equal 
angles are reciprocally prcqxntioQaJ. 

. But let the sides of the triangles ABC, ADE, about 
the equal angles he reciprocally proportional, viz. CA to 
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AD, as EA toAB ; the triangle ABC is equal to the Book Vl. 
triangle ABE. ^^--v^^-' 

Having joined BD as before ; because CA : AD : : 
EA : AlB ; and since C A : AD : : triangle ABC : tri- 
angle BAD ° ; and also EA : AB : : triangle EAD : tri- c 1. 6. 
angle BAD ^ ; therefore, triangle ABC : triangle BAD : : d 11. 5. 
triangle EAD : triangle BAD ; that is, the triangles 
ABC, EAD have the same ratio to the triangle BAD : 
wherdbre the triangle ABC is equal ® to the inm^e e 9. 5. 
EAD. l?herefore equal triangles, &a Q. ^. D. 



PROP. XVI. THEOR. 



If Jour straight tines be proportionals^ the reci^ 
angle contained by the extremes is equal to the 
rectcmgle contained bfj the means : And if the 
rectafigte contained by the extremes be equal 
to the rectangle contained by the means, the 
four straight lines are proportionals. 



Let the four straight lines, AB,'CD, E, F be propor^ 
tionals, viz. as AB to CD, so E to F ; the rectangle con- 
tained hy AB, F is equal to the rectangle contained by 
CD, E, 

R-orn the points A, C draw ■ AG, CH at right angles « u. i. 
to AB, Ci) ; and make AG equal to F, and CH equal 
to E, and complete the paridlelograms BG, DH. Be- 
cause AB : CD : : £ : F ; and since E z=: CH, and F = 
AG, AB : CD »» : : CH : AG : therefore the sides of b 7. 5. 
the parallelograms BG, DH about the equal angles arc 
redprocally proportional ; but parallelograms, which have 
their sides lanout equal angles reciptocallj proportional, 
are equal to one another ^ ; therefore tne . porallelo- c 14. 6. 
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gram BG is equal to the parallelogram DH ; and the 
parallelogram B6 is con- -g. 
tained by the straight lines 
AB, P; becauite AG isp 

3ual to F ; and the pa^ 
tlelogram DH is con- 
tained tjy CD and E, be- 
cause CU is equal to E ; 
therefore the rectangle 
contained by the straight 
lines AB, F ^^uaj to ^^ 
that which is oBbuned by CD and E. 

And if the rectangle contained by the straight tines 
AB, F be e^ual to that which is contained by CD, S; 
these fiiur hnes are proportionals, viz. AB is' to CD) ^ 
E to P. 

The same construction being made, because the rect- 
angle contained by the straight hnes AB, F is eqiisl to 
that which is contained by CD, E, and the rectangle B6 
is contained by AB, F, because AG is equal to F ; and 
the rectangle DH, by CD, E, because CH is equal to 
E ; therefore the parallelogram BG is equal to the* pa^ 
rallelogram DH ; imd they are equiangular : but the sides 
about the equal angles of equal paraudograms are reci- 
procally proportioivil^: wherefore AB: CD : : CH : AG; 
but CH = E, and AG = F, therefore AB : CD ; : E : F. 
Wherefore if four, &c. Q. E. D. ^(^ 

• ft ^ . V 

PROP. XVII. THEOR. 

.J(f three straight lines he proportionals^ the fccU 
.angle contained by the extremes is equal iothe 
square of the mean : And if the rectangU cm- 
tained by the eivtreMes he equal to the sgtfare 
of the Tfiean, the three straight lines are prp- 

\!portion(ils^ 

/'Xi0 the three straight lines A, B, C be proportiobals, 
viz. a^AtoB, soBtoC;the rectangle contained by A, 
C is equal to die square of B. 
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Take D equal to B : and because as A to B, vo B to Boek' vi» 
C, aoad that B is equal to D ; A is* to B^ as D to C ; ""^T^T^ 
but if fojur straight Hues be proportionals, the racsla^g^ ^ ' 
contained by the extremes is raual to that whicbis con- 
tained by the means ** : theretore . ». . ^ ^ 1^ •• 
the rectangle A.C=the rectangle ' .. 
B.D; but the rectuigle B.D is B 
equal to the square of B, because _ 
B=rD ; therefore the rectangle A.C ^ 
b equal to the square of B. Q 




And if the rectangle contuned hjj^^ be equal to 
the square of B ; A : B : : B : C. . ^^^ 

The same construction being made^^'lRcause the rect- 
angle contained by A, C is equal to the gquare of B, and 
the square of B is equal to the rectangle contained by B, 
D, because B is equal to D ; therefore the rectimde can- 
toned by A, C is equal to that (x>ntained by B, I>; ' but 
if «lhe recUinffle contained by the exl^mes be ec][ual to 
dwt oontainea by the means, the four straight lines are 
pHqportionals ^ : therefore, A : B : : D : C, but B=D ; 
wherefore A*: B : : B : C : Therefcn^, if three strai^t 
lines, &e. Q. £. D. 



PROP. XVII. PROB. 

r 

Upon a given straight line to describe a rectiU" 
nealjiguje similar^ and similarly situated to a 
given rectilineal Jigure. 

Let AB be the given stnught line, and CDEP the 
given rectilineal figure of four sides ; it is required upon 
the given stnught line AB to describe a rectiJineal figure 
siniUar, and smilarly situated to CDEF* 

Join DP, and at the points A, B in the straight line 
AB, make ^ the angle BAG equal to die angle at C, « S3, l. 
and the an^e AB6 equal to the angle CDF ; therefore 
the remainmg angle CFD is equal to the remaining i|n^ 
AGB*: wherefore the triangle PCD is equiangidar bS». 1. 
to the triangle GAB : Again, at the points G, B in the 
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straight Hiie QB inak«* the angle BOH equal to the 
angle DFE, and the angle OBH, equal to FDB ;' tfaeie- 
fiM» the remaining angle F£D ia equal to tiie reBaaimng 
angle GHB, and the triangle FDE equiangular to the 
triangle 6BH : then, because the angle AGB is eqeal to 
the angle CFD, and B6H to I>F£, the whole angle 



i;4.6. 



dSf. 5. 





A6H is equal to the whole CFE : for the same reeaon, 
the angle ABH is equal to the angle CDE ; ako die 
angle at A is equal to the angle at C, and thean^e GHB 
to FED : Therefore the rectilineal figure ABHG is 
equiangular to CDEF : But likewise these fiffures haye 
their sides about the equal angles proporUonals : for the 
triangles GAB, FCD o&ng equianguuur, 

BA : AG : : DC : CF *" ; for the same reason, 

AG : GB : : CF : FD ; and beoause of the equi- 
angular triangles, BGH, DFE, GB : GH : : FD : F£ ; 
therefore, ex sequab \ AG : GH : : CF : F£. 
In the same manner, it may be proved, that 

AB:BH::CD:DE. Als^S 

GH : HB : : FE : ED. Wherefore, because the 
rectiUneal figures ABHG, CDEF are equiangular, and 
have their sides about the equal angles proportionals, 
e dcf. 1. 6. they are similar to one another *. 

Next, Let it be required to describe upon a given 
straight line AB, a rectilineal figure, similar, and similar- 
ly situated to the five-sided rectilineal figure CDKEF. . 
Join DE, and upon* the given -straight line AB de- 
scribe the rectilineal figure ABHG similar, and similar- 
ly situated to the quadrilateral figure CDEF, by the 
nrrmer case ; and at the points B, H in the straight line 
BH, make the angle HBL equal to the angle EDE, and 
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the m^k BHL equid to the aogk DBK ; ^erefijve the BtKkYt. 
wamimm angle at K is equal to the remaining angle at ^"""^v-*^ 
L ; and because the figures ABH6, CD£F are mukur, 
the angle GHB is equal to the angle FED, and BHL is 
equal to DEE; whoefiire the whole angle GHLts equal 
lo the whole angle FEK ; for the same reason die angle 
ABL is equal to the angle CDE: therefore the five* 
nded figures AGHLB, CFEKD are equiaimilar ; and 
because the figinres A6HB, CFED are simUar, 6H is 
to HB as FE to ED ; and as HB to HL, so is ED te 
EK*"; therefore, ex sequali^ GH is to HL, as FB to c 4. 6. 
£K : for the same reason, AB is to BL, as CD to DK : d n. 5. 
and BL is to LH, as ® DK to EE, because the triangles 
BLH, DEE are equiangular; dierefore, because the 
five-fflded figures AGHLB, CFEED are equiangular, 
and have iheix sides about the equal angles proportionals, 
they are amilar to one another t and m tli^ same man- 
ner a rectiUneal figure of six, or more, sides may be de- 
scribed upon a given straight line similar to one jpven, 
and so on. Whidi was to be done. 



PROP. XIX. THBOH. 



Similar triangles are to one another in the dw 
plicate ratio qfthdr homologoiut sides. . 

Let ABC, DEF<be similar triangles, having the angle 
B equal to the 
an^eE, and let 
AB be to BC, as 
DEtoEF,sothat 
the side BC is ho- 
mologous to EF"; 
the triangle ABC 
has to the triangle 
DEF, the dupli. 
cate ratio of that 
which BC has to 
EF. 




D adepts, a. 
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Take BG a third prMorUcxial to BC and £F b, or such 
that BC : EF : : £F : B6» and join 6A. Then becauw 
AB : BC :: D£ : £F, alternately % 
AB:D£::BC:£F; but 

d 11. 5. BC : EF : : £F : BG : therefore "^ 

AB : DE : : £F : BG : ^vherefore the sides oi the 
triangles ABG, D£F, vMdi are about the equal awles, 
are redprocallj proportional : but trian^es, which nave 
the sides about two equal angles redprocally proportianai, 
are equal to one 

« 15. «. another * : . there- a 

fore the triangle 
ABG is equal 

to the triangle // \ D 

DEF; and be- 
cause that BC is 
to £F, as EF to 
BG; and that 
if three straight Q 
linea be propor- 
tionals, the nrst has to the third the duplicate ratio of 
that which it has to the second ; BC therefore has to BG 
the duplicate ratio of that which BC has to £F. But as 

f 1. 6. EC to BG, so is 'the triangle ABC to the triangle ABG ; 
therefore the triangle ABC has to the triangle ABG the 
duplicate ratio of that which BC has to EF ; and the tri- 
angle ABG is equal to the triangle DEF ; wherefore also 
the triapgle ABC has to the triangle DEF the dudicate 
ratio of Uiat which BC has to £F. Therefore, sunilar 
triangles^ &c Q. E. D. 

Coa. From this it is manifest, that if three straight 
lines be proportionals, as the first is to the third, so is 
au]^ triande upon the first to a similar, and similarly de- 
scribed triangle upon the second. j/ 
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PROP. XX. 'THEOR. "^ 

Similar polygons may be divided int^ttifisame , ., 
^ nupdj^ o/'simSlfirJria^gles, <havit^. the saTne 

'vajti^ topue mother that ike polygons hfwe; 

dmd tiis psk^ons have taem ^notherrthe d^ 
Kj^icatef^Uo of that- whkk their fHHtwoiogOfdk 

sides have. ' * * 

Let ABCDl!, t*6H£L be similar polygons, ^d let 
AB be the homologous side toFG: the polygons ABODE, 
]?6fe[*KL may be (fivided into the same number of simi- 
lar itriangles, wheitof each has to each the same ratio 
which Ihe polygolis have ; and th« polygon ABCDE has 
tnlthe polygon B'GHKL a ratio duphcate of that whifli 
thfe side AB has to the side FG. 

"JcrinBEjfec, GL, LHr and becatise the polygoii 
ABCDE is amilar to the polygon FGHKL,'the angfe 

5l2??*'^t.i^"^ to the angle GFL % and BA : AE :*:«*f. l.«- 
fflPiTE'*: wherefore, because the triangles ABE, FGL 
hirvtf Idi angle in one equal to an an^le in the other, and 
thm %ides '^bdut these eqtiid angles proportionals. tUe 
tifangie' ABE is equiangular^, and therefore similar to^fi-^^ 
th^ triangle FGL ^'^ wherefpre thcv angle ABJl is ecj[u;6d c ♦• «• 
tbthe ati^e FGL i afid, because tHo polygons are simi- 
lar; tliif whole ii^gle ABC IS eqijatf/to the ^^hole aiigle 
F^ffH'; therefore the fetnaining angl^'fitiC ]s eguaftp 
the remaining angle LGH : now, Ibecaose t^e tnatigles 
ABE, FGL are similar, EB : BA : ; LG : GF ; 
aiiailsQi because the polygons are similar, ^ 

\' '^ AB:BC::FG:GHtf; tberpfiwe 

'^ ^ *ex fiequall^V ]EB : BC :. ': LQ : Gft ;. that is,, the d «. $: 
ade« about the equal angles EBC, LGH are proper- 
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tionals : therefore ^ the triangle EBC is equiangular to 
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jidokVt the triangle L6H, and similar to it^ For the suae 

Vi^'^v^^ reason, the triangle ECD is likewise mmilar to the tri* 

angle LHK ; therefore the nmilar polygons ABCDB) 

FGHEL are divided into the same number of mS» 

triangles. 

Also these triangles have, each to each, the same ratio 
which the pdivgons have to one another, the ^antecedents 
being ABE, EBC, ECD, and the consequents FfirL, 
LGH, LHS; : and the polygon ABCDE has to the po- 
lygon f 6HKL the duplicate ratio of that whic^ the^de 
AB has to the homologous side FG. 
Because the triangle ABE is similar to the^ txmf^ 
c. 19. 6, 1*61?, ABE has to FGL the duplicate ratio ^ of that yfhA 
'the atde BE has to the side GL : for the sanje i^aspB, 
the triangle BEC has to GLH the duplicate ratao of. 4^ 

f 11. 5. 

igle GLH. Again, Decause tne trianjgie i^iiSU is siiO]Jk|r 
to the triangle LGH, EBC has to LGH thexlupl^ 
ratio of that which the side EC has to the side I«B : tof 
, the same reason, the triangle ECD has to the tiiBD| 
LHK, the duplicate ratio of that which EC has tb.I^ 
therefore, as the triangle EBC to the triangle LGB^« ^ 
is/ the triangle ECD to the triangle LHK : tiut ^t^^ 
been proved, that the triangle EBC is likewise to-tl^jte^ 
angle LGH, as the triangle ABE to the triangle I^CrL. 
Therefore, as the triangle ABE is to the triangle, iGiXh 
so is the triangle EBC to the triangle LGH, and thetii- 
, angle ECD to the triangle LHK : and therefore, as 
of the Antecedents to one of the c(Hisequents, so are , all 

g. 19, 5. antecedents to all the consequents^. Where£bre«'as 




triangle ABE to the triangle FGL, so is the polygon 
ABCDE to the polygon FGHKL : but the triangle 



ABChas to the triiiifl^F6Ly;lhfeduiflicaferati^ of that .B60I vx. 
which the side AB has to the homolqgouB ^de F6. ^ **^ y ^*^ 
Therefore also the polygon ABCDIl has to the polygon 
F6RKL the duplicate ratio of tirat which AB has to the 
hoiiiol<mnis side F6. Wherefore similar polygons, &c. 
Q. E. fi. 

Cob. 1. In like tnanner it may be proved, that ^milar 
figures of four ade% or of any number of sides, are one 
to another in the duplicate ratio of their homologous 
sides ; andthe safiiehi^ already been proved of trian^es ; 
therefore, universally, inmilar rectilineal figures are to 
6ite knotfaeir in th^ dfuplicate ratio of their homologous 

• Cor. 2. And if to ASi FG, two of the homologous . 
vUk^ a third proportional M be talcen^ AB has ^ to M Kdef.li. i 
tlii^tilicat^ ratio of that which AB has to FG : but the 
four-nded figure, or polygon, upon AB has to the iout- 
«ded ^[ure, or polygon, upon FG likewise the duplicate 
ratio of that which AB has to FG : therefore, as AB is 
to M, so is the 'figure w^n. AB to the figure upon FG, 
which was also proved m triangles*. Therefore, univer- tCor. 19. 6. 
.^y, it'^ manifest^ that if ihtee straight lines be.prnpo^ 
tiQ|^^ as the first is to tlie third, so is any rectilineal 
wfre upon the first, to a similar and dmilarly described 
tSoBrieri figure upon the second. 
*'*t5(m. 6: Because sil squares af6 similar figures j the 
iMd^t^ any two squares to one another is the. same with 
the dajafieate ratio of their sideis ; and hence, also, any 
two similar rectilineal figures are to oiie another as the 
jf^^iarasof'tfieir hom<Jogoiisades. , ; 
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Secti&neat^gurc^ ili^ufiMre simitar to, the same 
, ndilm^aijgure^ ar^, ^a similar to^ ene,^ ano^ 



Let eacjl ofthe rectilifteai* figures .A, B be similar to 
the rectilineal figure C : The £^ure A* ia similar to the' ♦ • > 

figure B. \ -i^ ' * ' 

Because A is amilar to C, they are equiangukr, and * 
also have their sidsaafoout the equal angles proportionals \ a ar. i.^ ^, 
Again, because B is similar to C, they are equiangular, 

n2 
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Bdoi Vr, Mfl have theif sides dbout the equal cngleB |>ro|brtioA. 
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als * : therefore ^e figui^ AJIS are each 6t ihem ec^ 
angular to C, and have the sides about the equal angles 
of eseb' t£i Ihem^ and of CV froportionals.- Whcitt Sa-e 
l(l,Az.. 1, the reeuliaeal figures A and B are equiangular \ mti 
e. li« 5. have their sides about the equal jangles proportional^ 
iherefore'sAisriwular^tpB, ^ E. D. _ . 
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Iffimt strvjght lii^» beproportionats, the sim- 

' tor ridilifieai figure^ sinulgrly described fw- 

on them shaUalso be proportionals ; cmd^tke 

^ siiriilar reetiUnebl Jigures similarly desmbed 

upon Jour stra^kt lines be proportianalsj 

inose straight lines shall be proportionals. ^' 

« 4 ■ ^ »_ « 

" ' ... * 

Let the four straight lines AB^ CD, £F, 6H be pro. 
portionals, viz. AB to CD, as EF to GH ; and upon AB, 
CD let the similar recdli^eal figures KAB9 LCD be si- 
milarly desoribi^ i and t^xfi EF^ OH the amilar reed- 
lineal figures MF, NH, in like manner: the rectilineal 
figuw KAB is to LCD, as MF to NH. . ^. 

To AB; CD take a third raoportional* X; awrto 
EF, GH a third promrtional 6 : and becau^ 

A6:CD::EF:GH, and - 
CD ; X : :4}H : b O, ex jeqiiafi^, 
AB:X::EF : O. But ^ 

AB:X*::KAB:LCD; and 
EF:Or:<>MF:NH; therefoh? ^ 
KAB : LCD ^ : : =MF : NHr ' 
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' Aiidtf the^uc'KABIsetotliefi^iMlXIHiHS'tbe B^iokVl; 
figure MF to the figure NH, AB w to CD, as EF to ^^^"^^ 
GH. 

Make * as AB to CI>, so EF to PR, and upon PR de- e It: 6. 
acribe' the rectilineal figure SB siniiUtr, fuid eimilarly atu- f 18* 6* 
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—1ft -nor 

ated to ^ther of the figures MF, NH : then, because that 
aa AB to CD^ sais £F to PB^ and upon AB, CD are 
d^scrib^ the similar and tdmilatly aitiiated rectilineal 
IS^AB, LCD, andjupon EF,' PR, m like manner, the sir 
ndlar rectilineals MF^ SR; KAB is to LCt), ^ MF to 
Stl ; but by the hypotheas, KAB is to LCD, as MF to 
KH i and therdEbre the rectilineal MF ha^^ng (he same 
ralio.toeacdi.of the two NH, SR* these two iQ;e equal ^ g 
tp one {^aother : they are also similar, iind similar^ a- 
tuated ; .therefore G^ is equal to PR : and because as 
AB to CD, so is EF to PR, and because PR is equal to 
GH,j ^B is tp CI>, as EF to GH. If therefore four 
straight lines, &c. Q.Fl.D. 
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PROP.XXIH. THEOR. 



^ Eqtmngtdar mralklograms have to one another 
the ratio which i§ comppunded of the ratios of 
their si^s. ^ 

Let AC, CF be equiangular parsUek^ams, having 
the angle BCD equal to the an^e ECG ; the ratio of 
^ pAir^log^guoi AC to the parallelo^am CF is the 
sfUQe ^ith the ratio which is coinpoundQa of the ratios of 
their ddcd. 
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Book VL Let BC, €G be fbffd i« a -stn^ght iiii0 1 ihfv^Me 

' ' DC and CE are also in a straight line»; ovnfiift^ A^ 

paraU^ogram DG; and, taking any straight line.! Ky 

b w. 6. make ^ aa BC to CQ, :so K tp<l. r/^pd !«ff D&toriQB, so 
make ^ L to M ; therefor^ 'the ratios of K to- l^:ia^ L 
to M, are the same vith the ratios of the rides, or rf 
BC to CG, and of DC to CE. But the ratio of K to 

edtL ia& M is that which is said to be coippounded"" of tthfc ratios 
of K to L, and ty to M ; wherefore ^so K has to M 
the ratio ooropotiiided of . 
the ratios of the rides of the ^ 
parallek)grams. Now, be- 
cause as BC to QGj so is 
thf fMraUek)gram AC tq 
ihp parallekigram CH ^ ; 
and as BC to C$7, so is K 
to L; ^errfore K is^ to L. 
as the parallelogram 'AC to 
the pai'idlelo^ranl CH: O: 
gain, btotiise as DC to CE, 
so ifc the paltiS^bgram CH |^ J 
tt> the paralfelo^m CF:*^ ^ 
khd as DC to CE, 30 is 1/ toM; therefore L h^ 
to M, as the ))iira}Ielogram CH to the parallelbgpifa 
GF: therefore since it has b^ri proved, that' tk K & 
- . L, so is the parallelomni AC' to' the pafallelbgrailt CHf ; 
and as L to M, so the patalletogram CH to tHe jpsrsJ- 
lelogram CF ; ex aequali^, iC is to M, ai^ the pardfl^lo- 
gram AC to the parallelogram CF ; but K. J^ to SI 
)^he -ratio whidi is compounded of the ratios of 0)6i5ides; 
theriefore also the parallelogram AC has to the parallelo^ 
gram CF the ratio which is compounded of the ratios of 
the sides. Wherefore equiangular parallelograms, &c 
Q.E.D. • J^ 

PROP- XXIV. THEOR. 

The paraUelograins about the diameter i^ my 
paraUehgraniy are similar to the whole, am 
to one ofwther. 

Let ABCD he a panrallelK%raiii, of^whteh th4 diattietnr 
is AC ;. and EG, HK the paraUeiograms about the £a< 
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OF fO^^iCSTEY. l^d 

VMtar: «b9 pfumUtJognnM SQ^ HK ace siniikir, both lo Book vi. 
Ik^ ^Ifydk pirttUeki^ua AQCD^and to one another, ^^-^r^^ 
i .Beoiiwe CtCgi OF are parailek, the angle ABC is 
fi^iui* tQ tb^ iQigle AGF : for the same reason, because ^ ^ V 
BCy £F are parallels, the angle ABC is equal to the 
ang^ A£F : also the ax^ka BCD, EFG being each 
equal to the apf)06ite angfe DAB S are equal to one b 3i. 1. 
another, wh^ndure the parallelograma ABCD, AEF6 
are equiangular* And oecause the angle ABC is equal 
to the angle A£F, and the angle BAC common to the 
the two triangles BAC^ EAF^ 

they are equiangular to one ano^Ai _ 

ther; tberefiire^' asABtoBC, /\, /_ / <54.«, 

so is JiE to £F ; and because^ 

the opposite sides of paraUelo> 

grains ar^ equal to one another^, 

AB 18^ to AD, as AE to AG; 

aw DIG to CB, as €tF to^FE ; 

Wdalsb^CD to BA, as FG to 

^A : therefore the sides of the ptt«U«lognima ABCD, 

j8®^' about the equal aiigks are proportuinals^ and 

|th^y are theicfbre suhSar to one another 't; for the aame * ^*^* ^* ^ 

Xeaaon, ihe pJEilallelcigram ABCD ia ttmyar to the paral* 

lejognun FHCE. Wherefore eaah of the panallelogfams, 

'Q% KH is similar to DB ; but reetilineal figures which 

are similar to the same reetilin^ figure, am abo amilaf 

to one another ' ; therefore the paralkJogram GE is simi- f 21. fi^ 

lartoBIH. WhereW the poralelogisma, &a Q. E. D. 
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PROP. XXV. PEOB. 

To describe a rectilineal Jigure which shall be si- 
milar to one, and eqwl to another given recti" 
lineal Jigure. 

Xet ABC be the given rectilineal figure, to which the 
figiire to be described must be similar ; and D that to 
which it must be equal : It is required ta describe a rec- 
tilineal figure amilar to ABC, and equal to D. 
. , Upon the straight line BC describe ■ the parallelogram a cor. 45. |. 
*$E ^ual to the figure ABC ; also upon CE describe ^ 
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Book Vf. the parallelogram CM equal to D, and havkig the aagie 

^^^^29!^, ^^^ ^""^ ^ *® *°8^® C^L : therefore BC luid CF 9Jt$ 
^ jli^l! in a straight line ^ as also LE and EM; between BC and 
flke, CF find * a m^a^ proportional 6H, and upon 6U d& 
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scribe ^ the rectilineal figure EGH ^miUi*) &nd ^milarly 
atuated, to the figure ^C, Apd because BC is to GH 
as 6H to CF, and if three straight hxya^ be proportionals^ 
^ the ^rst.is tp the thirds so i$ ? thie figure upon the first 
to th^ similar and similarly described figure upon the se- 
JDond ; therefore as BC to CF, so is the figure ABC to th^ 
figure K6H : but a& BC to CF, so U^ die parallek^ram 
3E to the parallelogram EF : therefore as the figure ABC 
is to the figure KGH, so is the parallelogram BE to the 
parallelogram EF^: but the. i^lilineal figure ABC is 
equal to the parallelogram BE. ; therefore Uie rectiliBeal 
^guf e JtGH is equal^ to the parallelogram E,F ; M EF 
is equal to the figure D ; wherefore also KGH is ecjual to 
D ; and it is similar to ABC. Therefore the rectilineal 
figure KGH has been described ^milar to the figure 
^BC, and equal to D. Which was to be done, 



PROP. XXVI. THEOft. 
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If two similar parallelograms have a common 
(ingle^ and he similarly situated^ they are about 
the same diameter. 

Let the parallelograms ABCD, AEFG be similar and 
similarly situated, and have the angle DAB commoi^: 
ABCD and AEFG are about the diameter. 




OF CEOMETltY. flOl 

Far, if not, let, if posable, ^ -^ _ ^k vt 

die paraHelc^ram BD nave its 
diameter AHC in a different -j^ 
straight line fiom AF, the dia- ^ 
meter of the parallelogram EG, 
and let 6F meet AHC in H ; 
jbihI through H d|;aw HK pa- 
xalld to AD or BC ;' therefore B 
die parallelograms ABCD, AKHG beiog idbopt the 
«une diameter, are similar to one another*: therefore, * «*. 6- 
as DA to AB, so is^ GA to AK ; but because ABCDb dcf. i. «. 
^d AEFG are similar parallelograms, as DA is to AB, 
;so is GA to AE; therefore ** as GA to AE, so GA tpc li. 5. 
AK I wherefore G A has the same ratio to each of the 
straight lines AE, AK ; and consequently AK is equaled 9- 5^ 
to AE, the less to the greater, which is imj^ossible ; there- 
fore ABCD and AKHG are not alxiut the same diai 
meter; wherefore ABCD and AEFG must be alwut the 
pasxke diaiQ^ter. Therefore^ if two sio^ilar^ &c. Q. £. IX 



PROP. XXVIL THEOR. 

• ^ . .• * . ' ' 

Of aU the rectangles contained by the segments 
: of a given straight line^ the greatest is tha 
square which is described on half the line. 

Ijet AB be a given straight I'me, which b bisected id N^ 

C, and let D be any point in .y~ ^ ' \^ — ^ 

it; the sqmffe on AC is greater . y u , u 

than the rect,angle AD, DB. 

For, since toe straight lin^ AB is divided into t^p ' 
equal parts ii) C, and into two unequal parts, in !P, the 
rectangle containpil by AD ^d DB, together with 
the square of CD, is equal to the square of AC ^ The a 5. 2. 
square of AC is therefore greater than the rectangfo 
AD.DB. Therefore, &c. Q. E. D. 
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Jb dioide a given straight line^ 90 that the reca 
tangle contained by its segments fnay be e^[ml 
to a given space ; out that space must not it 
greater than the square of half the given Imb. 

Let A6 be the given strmght line, and let th^ ^^ai^ 
upon the g^ven straight line C be the j^pace to wfakh t)^ 
rectangle oontidned oy the se^ents of AB muistne 
equal, and this square, by we determination, is.1^ 
greater than that upon haljt the straight line AB* 

Bisect AB in D, and if the square upon AD be e^ 
to the sgnare upon C, the thing required is done : Wii 
if it be not equal to it, AD must be greater than C^:S 
cardiiig to the determiiAa- 
tion: Draw D£ at right 
angles to AB, and make it 
equal to C ; produce ED 
to F, so that EF be equal 
to AD or DB, and from 
the centre £, at the dis- a 
tanceEF, describe a circle 
meeting AB in G; Jean 
£6 ; and because AB is divided eqt«my in D, and jm- 
equally in G, AG.GB + D6»=:»DB* = EG». Bbt** 
ED« + DG»= EG*; therefore AG.6B+DG»= EB*^ 
DG«, and takbg away DG*, AG.GB = Em Not, 
ED = C, therefore the rectangle AG.GB is equal lo the 
square of C : And the ^ven Tine AB is divided in G, so 
that the rectangle contmned by the segments AG, €rB 
is equal to the square upon the giv^ str]^g;ht Mne €« 
^hich was to be done. . 
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PROP. X%1X. PBOB. 

ft 

To produce a givm straight line, so thatiha 
rectangle contained byMse segments bgtvosem 
the eaptremties ^the given Une^ and thb point 
to which it is produced^ may be equal to a 
given space* 

Let AB be the ^ven sU^aidit line, and let tbe^ aqi^aie 
upon the ^ven straight Hne C be the space lo'whicn the 
rectai^ie under the scgmentij; of AB producedy must be 
equaL 

Bi^pct AB'tn D^ and draw BE at r^bt angleci ta it, sd 
that BE be ^ual to C ; and having jcHned I>E, from the 
eraitre D'at tne distance DE describe a circle meeting 
AB f»t)duGed in G, And 
because AB is tnsected in 

D, and produced to G, /^ ")t^ aO.?, 

?A<J4iBjf©B^P=iDG*= / X\ 

DE*. 6ut»»DE*=DB?+. / X A »?47. 1. 

RE', 4beM9i:e .AG>GB + 
DB« = DB« + BE*, and p k ' 

AGnA3tBi=9S&. Nor, BE '^ 

=jk ; wherefore ihe stsaight O 

line AB is produced ta G, 

91^ thajt;tbefi«nalaiigle'.c0Btaiiifed by the. segments AG^ 

GB of the line produot^d^ is .oqaaLj|.D'tb^ sc^arc of C* 

Whiph was to be done. 




PEOP. XXX, PROB. 

To cut a given straight line in eaotreim and-, 

mean ratio. 

Let AB be the given straight line ; it is required to 
cut it in extreme and Aean ratio. 

Upon AB describe* the square BC, and produce CA a 46. K- 
to D, so that the rectangle CD.DA may be equal to the 
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Book yi. square CB \ Take AE equal to AD, and complete the 
^J^y^ rectangle DF under DC and AE, or under DC and DA 

Then, because the rectangle CD.1>A' & equal to the 

square CB, the rectangle DF is 

^ualto CB. Take away die com* 1) 

moa part CE fiom each, and the . 

r^oudnder FB . is equal to the re» 

inainder DE. But FB is the A 

rectangle contained by FE and EB, 

that is, by AB and BE; and DE 

b the square upon AE ; . therefore . 

AE is a mean proportional between 
c 17. e. AB and BE ^^^ or AB is to A^ as 

AE to ^B, But AB is greater ^ 

than AE ; wherefore AE is greater "^ 

^ 14. ^ than £B^: Therefore the straight line AB is cut in ex- 
f det s^ 6. treme and mean ratio in E ^ Which was to^ be done* 

Otherwise. . 
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Let ABbethe given stnd^liBe; it kiequiifid to 
cut it in extreoie and mean teIkx 

Diride AB in the point C, ao that the rectangle con- 
tained by AB, BC me^ be equal to • 
the square of AC « : Then, because —- — ' " ' ' 
the rectangle AB.BC is equal to the V. . . 

square of AC, as BA to AC, so is 
AC to CB l» : Therefore AB k cut in ^ctreme and VHim 
rutio in C ^« Which was to be dona 
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PROP. XXXI. THEOR. 

In right anglfd triangles, the rectilineal fgurf 
described upon the side, opposite to the right 
ei'nglf* is equal to the simuar, and similarly 
described f^res upon the sides containing the 
right angk. 

? 

Let ABC be H right angled triangle, baviiu^ the right 
angle BAC : The rectilineal, figure dei^ribea upon uC 
is equal to the ^ila^^and similarly described figures 
upon BA^ AC. 

]L>raw the perpendicul4r At) ; therefore, because in the 
right angled triangle ABC, AD is di;awn from the right 
angle at A perpendicular to the base BC, the triajij^les 
ABD, ADC are sitpilai* to the whole triangle AfiC, 
and to one another*; and because the triangk ABC is 
similar to ADB, as CB to BA* so is BA to BD ^ ; and 
' bdottiHe these thrae straight^ lines are proportional^ as 
the first to the third, so is die 6gure upon the firrt toi^ithe 
aimihtr, and idmilarly describes %ure upon the second ^ ;' 
Therefore, as CB to BD, so as yb» figure upbti CB to 
the shnilar and siniHarly 
described figure upon BA: 
and inversdy^ as BB to 
' BC, so is the figure upon 
B A to that upon BC ; fcNT 
the same reason as DC to 
CB, so is the figure up- ^ 
on C A to that upon CB. B 
Wherefore, as BD and 
DC together to BC, so 
are the figures, upon BA and on AC, together, to the 
figure upon BC ^ ; therefore the figures on BA, and on e 24. & 
AC, ate together equal to that on BC ; and they are si- 
milar figures. Wherefore, hi right angled triangles, &c. 
Q.E.D. 
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Bflok VI. 

PIIOR XXXit THfiOR. 

If two triartgles which have two sides x^the am 
proportional to two sides of the other ^ he jmn^ 
ed at one angk^ so as to have their homohgms 
sides parallel to one another ; the remaiii^ng 
sides s/tall be in a straight line.- 

Let ABC, DCE be two triangles which hate two «id£» 
BA, AC propwtional to the two CD, DE, viz. BA ^ 
AC, as CD to I^E; and let AB be parallel to DC^mid 
AC to DE ; BC and CE are in a straight line. 

Because AB is parallel to DC, and the stnu^t line 
AC meets tliem, the alternate angles BAC, ACD arc 

ft 2^. 1. equal ^ ; for the same reason, the angle CD£ is ewfil to 
the angle ACD ; wherefore also BAC is equal to Ct)£: 
. . And . beeausQ the tri- ^ 
angles ABC, DCE have 
one angle at A equal to 
one at D, and the sides \ ^N^ X> 
about these angles pro- 
portionals, viz. BA to 
AC, as CD to DE, the 
triangle ABC is equitin- _^ 

hc.6. ffular^ to DCE: There. B ^ C ^^ . 

K>re the angle ABC is equal to the angle ptJE*;VAp^ 
tbe angle BAC was proved to be equal to ACD : Thf ke^ 
foire the whole ansle AGE is e(][ual to the two ang{e$ 
AtitC, BAC; add the common a^gle ACB, ti^en^' di^ 
an^es ACE, ACB are eqtral to the angles ABC, BAJC| 
AqB:JBut ABC, BAC, ACB are equal. to two rigfiit 

€f ^. I. angles ° ; therefore also the angles ACE, ACB are'^ua} 
to two rij^ht angles : And since at the pmnt Q, i° ^ 
stradght hne AC, the two straight lines BC, CE, wbieh 
are on the opposite sides of it, make the adjacent angle$ 

A 14. J. ACE, ACB equal to two right angles; therefore^ jB^ 
and CE are in a straight line. "Wherefore, if two tri- 
angles, &c. Q. E. D. yyfi k^ 
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PROP. XXXni. THE0R. 

f- • • • 

Im equai drdes, angles^ whether at the centres 
«r circtm^ences^ have the same ratio whkh 
tie arches, on whiek the^ stand, fuwe to one 
another : So also have the sectors: 



Let ABO, DEF be equal circks ; and at their eenlrea 
diean^eB . BOC, EHF, and the angles BAC, EDF at 
dieir'CirciBiiferenees'; as the arch* BC to the archEF, so 
btheahgle B60 totheaiwle EHF, arid the angl^ BAG 
to the aag^e EDF: and a^ the iedor BGC to the ae&t 
tol-BHF: 

f Tilcdaaijniinibel^of arches CK, EL, ete^ equal to BC; 
aBd'anvifuitobisrKrh&tever FM, MN each equal to EF: 
and J0At GKj 6L, HM, HN. Because the arches BG; 
eK) tHh are AU^(iq4iaI,ll)» angles BGC; COK,XGL are 
4tfii0yif'^Ual^: Therefore, iHiat ttiukiple soever theaiteba 27.x 





BL isof the arch BC, the same multiple is the angle 
BGL of the angle BGrC : for the same reason, whatever 
multiple the arch EN is of the arch EP, the same mul- 
tiple IS the angle EHN of the angle EHF. But if th^ 
arch BL be equal to the arch EN, the an^lc BGL is al- 
so equal *. to the angle EHN ; or if the arch BL be great- 



Bbdk rr; er thim EN^ likewise the angle BGL is greater than 
" £HN : and if less, less : There being then four magni^ 
tudes, the two aidtet BC, EF j and tm two an^es Bu€y 
EHF, and of the arch BC, and of the angle BCrC have 
been taken any equimultiples whatever, yiz. the aardi BLy 
and the angle BOL; and of the sth £F, afeid of tk^. 
ai^ EHF, any cquimultifdaa whatever, tis^ the aich* 
EN) and the an^ EHN : And it has beeii prmed^thiit^'i 
if the arch BL be greater than £N,.tbo aa^eB(SLii* 
greater than EHN ; and if equal, equal ; and if less, kssi^ 

bcfef. 6. 5. As, therefore, the arch BC to the arch EF, ao ^ istbe 
angle BGC to the angle EHF : But as the angle BOC 

c 15. 5. k to the angle EHF, so is^^ the anrle BA€ to iheaftde 

d?o.3. EDF, for each ib double of each^: Tbereibve, as &• 
circumference BC is to EF, so is the apgle BGC latb^ ' 
angle EHF, and the angle BAC to the uagle EDF. , * ' 
Also, as the arch BC to EF, so ia the sector. BGG ter 
the sector EHF. Jcin BC, CK, and in the arches BC\ 
CE take any points X, O, and jdin BX, XC^ GO, OK » 
Then, because in the triangles GBC, 6CK, tlM» two 
sides BG, 6C are equal to the two; CG, GK^ and akor 

e 4.x contain equal angles; the base BC isequal' to the baaet 
CK, and the triangle GBC to the trian^e GCK : And 
because the arch BC is equal to the arch CK, the re- 
maining part of the whole circtimfevence of the circle 
ABC is equal to the remaining part of the whok dseum* 





fe«*ficeof the same circle: Wherefore the angle BXC is 

equal to the angle COK^; and the segment BXC is 

f def. 9 ?. therefore similar to the segment COK ^ ; and they are 
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inxm equal straight Hnes BC, CK : But ininilar segments ^^^ Vt. 
of cirdes upon equal straight liaes are equal' to one ano- ^^'^4^'^ 
th& : Tbefeforo the segmeut BXC is equal to the seg- 
ment COK : And the triangle B6C is equal to the tn- 
angle C6K; thenefore the whole, the sector B6C is 
ef^nl to the whole, the sector C6K. For the same rea- 
fSon, the sector KOL is equal to each of the sect(»*s 
BGC$ CGK : and in the same manner, the sectors EHF, 
FHM, MHN may be jKoved equal to one another : 
Therefore^ what multiple soever the arch BL is of the 
ardi BC, the same multiple is the sector B6L of the sec- 
tot* BGC. For the same reason, xdiatever multiple the 
aith EN is of £F, the same multiple is the sectcH* EHN 
of the sectw EHF: Now, if the arch BL be equal to 
EN,' the sector BGL is equal to the sector EHN ; and 
if the ardi BL be greater than*EN, the sector BGL is 
greater dian the sector EHN ; and if less, less : Since, 
then, there are four magnitudes, the two arches BC, EF, 
and the two sectors B6C, EHF, and of the arch BC, 
and Btctot B6C, the arch BL and the sector BGL are 
any equknultiplea whatever ; and of die arch EF, and 
sector EHF, the arch EN and sector EHN are any 
equimulti^es whatever ; and it has been proved, that if 
toe avch JBL be greater than EN, the sector ''BGL is 
greater than the sector EHN ; if equal, equal : and if 
less, less ; therefore \ as the arch BC is to tne arch EF, b def. 5. 5. 
80 is the sector BGC to the sector EHF. Wherefore, 
in equal drples, &c. Q. £. D. 
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PROF. B. THEOR. 

Iftm angle cfa triangle be bisected Imj a, ^raighf 
/ ime, w/iich likewise ctUs the hose; tnerecta^k 
contained by the sides of the trian^ is ^qwd 
to the rectan^ contained by the segments of 
the base, together with the square o^ m 
straight lineoisecting the angle^ 

Let ABC be a triangle, and let the angle BAG he bi- 
sectecl by the strai^t hna AD ; the rectande B A^AlQ is 

3ual to the rectangle BD.DC^ togedier with the-|i|iuiie 
AD* 
a&4 Deseribe the circle* ACB 

about the triangle, and pro> 

duce AD to the circumference 

in E, and join EC. I'hen, be.^ jg;^ 

cause the angle BAD is /equal 

to the angle C AE, and the aogle 
b 2K s. ABD to the angle ^ AKC^ for 

they are in the stune s^ment; 

the triangles ABD, AEC are 

equiangular to one another: 
« i- «• Therefore BA : AD : : EA:« AC. 
4 16. a. and consequently, BA.AC=* AD.AE=ED,DA* + DA*, 
fa Ik ®^^ ED.DA=BD.DC ', therefore BA.AC=BD.DC + 

DA'- Wherefore^ if an angle, &c. Q. E. D. 
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Book VI. 

PROP. C. THEOR. 

If from any angle of a triangle a straight lifie 
be drawn^perpenaicuhr to the base ; the rec- 
tangle contained by the sides of the triangle is 
edual to the rectcen^ containea hy theperpen- 
mcular, dndtheaiaiweterofthecirckdescri'' 

^^ feferf iAaut the triangle. 

liCt ABC ^ a triangle, and AD the perpendicular 
fitya the amle A to the base BC ; the rectangle B A.AC 
18 eqiuft to tne rectangle contain^ by AD and the dia- 
meter of the circle described about the triangle* 

Deaeribe* the circle ACB a 5, 4. 

about' the trian^, and draw 
its dimneten AEy and join EC : 
Because the right angle BDq^ 

is/equal *» to the anjgle ECA in f% L^ / Nirx b s. s. 

)i semicircle, and ihe angle ^| 
ABD to the angle AEC, in the [ 

Sme segment^; thi trianeles \ / y^ / c«. a 

BD, AEC are e4uiangular: 
Tlierefore^ a&^ BA to -AJ), so * \^/^ _^^/ d4.«. 
is EA to AC : and consequently E^ "''^ 

the recta^^e BA.AC is equSBl*^ e 16. <f. 

to 4ie lectande EA*AD. If, therefore, from an angle, 
&c. Q.E.D. • 

PROP.D. THEOR. 

The rectangle contained by the diagmcds of a see n. 
Quadrilateral inscribed in a circle, is egtm to 
ooth the rectangles contained by its opposite 
sides. 

Let ABCD be any quadrilateral inscribed in a cirele, 
and let AC, ffiD be drawn; the rectangle ACBD is equal 
to the two rectangles AB.CD, and AD.BC. 

o 2 
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Book Vi; Make the angle ABE equal to the angle DBC ; M 
to each of these the common ande EBD, dien the 
angle ABD is equal to the angle BBC : And the angle 
^ 21. 3. BDA is equal to * to the angle BCE, because they are 
in the same segment; there- 
fbre the triangle ABD is equi- 
angular to the triangle BCE. 
Wherefore ^ BC : CE : :: 
BDVDAy. and consequently^ 
BC.DA = BD.CE. Again^ 
because the angle ABE is 
equal to the an^e DBC, and 
the angle * BAE to the angte 
BDC, the triangle^ ABE is 
equiangular to the triangle 
BCD; thaKfere BA:AE:r 

BD:DC, and BA.DC =r BD. AE : Bat it was shevn 
that BCDAaaBD-CE ; tvfierefore BCJE>A+B44)CI^ 
BD.CE+BD.AE=3:BD.AC*. That is th^ reotao^ 
contained by BD atid AC is equal to the reetangleS'CQQ- 
tained by AB, CD> and AD, BC. Th^efore )the roc- 
tangle, &e. Q. E. D. , . ,^ 
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PROP. E. THEOR. 
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If an arch of a circle be bisected^ n/Adfram Jfo 
extrtmtks of the arch^ and fivm the poM of 
bisection^ straight Unes be drawn to an^ pom 
in the circumference, the suni of the two tinfs 
drawn from' t^e^ ewtremties cjr the areh mil 
have to the line drawn from the point of Usee- 
item, the same ratio whtch the stra^ht hne sub- 
tending the arch has to the stm^kt line svHh 
tending half the arch. 

Let ABD be a circle, of which AB is an arch bisect* 
ed in C,.and from A, C, and B to D; any point whatever 
infMecircumferenGe,<let AD, CD^BDbedrawn; the sum 
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<yf the -two lines AD and DB has to DGthef Mtne'itttto Bi»k^i. 
that BA has to AC. 



^/ 




T*or since ACBD is a quadiilateval inscribed in a circle, 
rdF which the dlagonak «K AB and CD, AD.CB> 
I>B.AC* 3=AB.CD: but AD.CB+DBiAO=AD.AC 4- * d. 6. 
DBv&0,becau8eCBr=AC. Therefore AD. AC-J-DB. AC, 
Aat is V (AD + DB) AC =r AB.CD. And because the b i. i. 
sides t^ 'equal rectanjles are reciprocally proportional ^ c 14. 6. 
AD + DB:DC::AB:AC. Whereforej &c. Q.E.D. 



PROP. F. THEOR. 

Iftw>jmnts he taken in ths diameter of a-dreki 
: jucfptA^ tbe^ rectfinffle contairiedhy the seg- 
. Wi&^Jntercei^d het^iffeen them and Me centre 

• ^.^ the drde he eqml to the sqmLrp qf4ke ra- 
..Mhts; and if f rem thene pmnts, ^x&d straight 

lines be drawn to any point whatsoever in the 
circumference (^ the circle^ the rath of these 
iims wiU be the same with the ratio of the seg- 
ments intercepted betweentfie two first-mention- 
^ed points a/na the circumference of the circle. 

• * ' ' 

. Xet ABC be a circle, of which the centre is D, and in 
J)A produced, let the points E and F be such that the 
rectangle ED, DF is equal to the square of AD ; from 
£ and F to any point B in the circumference, let £B, 
PB be drawn; FB : BE : : FA: AE. 
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^^^ ^ Join BD, and because the fectan^eFD,D£ IS equal to 
^7^^ the square of AD, that is, of DB, FD : DB : : DB : D£ *, 







• 

The two tri$n^eS| FDB, BD£ have therefore the sides 

!)roportional that are about the cdminon angle D ; there- 
ore they sre equiangular ^ the ande DEB being equal 
to the angle PBF, and DBE to DFB. Now, ^'jUmi 
c4b6. sides about. these equal angles are also ]$n^(H:Mi'ndi ? 
d 16. 5. PB : BD : : BE^ ED, and aitemately ^i FB;W;; BD: 
ED, or FB : BE : : AD : DE. fiut because FD : DA:: 
c 1 7. 5. DA t DE, by division % F A : DA : : AE : ED, ^d alter- 
f 11. 5, nately', FA : AE : : DA : ED. Now, it has been shewn 
that FB: BE : : AD: DE, therefore FB : BE: ;FA: AE. 
Therefore, &c. .:Q. E. D. 
Cos. If AB be drawn, because FB : BE : : FA : AE, 
g 8. 6. the angle FBE is bisected « by AB. Also, mce J'Dc DC 
h la 5. :; : DC : DE, by coompsition \ FC : DC : : CE : ED, 
■ and since it has been shewn that' FA : AD (DC) : : AE : 
ED, therefore, ex aequo, FA : AE ; : FC : CE. But 
FB : BE : : FA : AEj therefore, FB : BE : : FC : Ct^; 
so that if FB be produced to 6,' and if BC be drawn, 
3tA.«. the angle EBG is bisected by the Jii^ BC ^ 
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PROP. G. THEOR. 

if from the extremity &fihe diam^er of a circle 
a straight line he dravm in the circle, and if 
either within the circle, or produced without 
it, it meet a Une perpendicular to the same dia^ 
meiet^ the rectaaigte contained by the straight 
Jine drawn in the circle, and the segment^it, 
intercepted between the extremity (f the dia- 
meter xmd the j^erpendicvlar, is equal to the 
rectangle contamm by the diameter, and the 
segment of it cut ^ by tJie perpendicular. 

Xet ABC be a circle, of which AC is fhe diametar, let 
DE be perpendicular to the diameter AC, and let AB 
meet D£ in F; the recitangle BA. AF is equal to the rect- 
angle CA.AD. Join tiC, and because ABC is aa angle 





in a semicircle, it is a right angle » : Now, the angle ADF a si. 3. 
is also a rig^t angle »>; and the angle BAC is either Oie b Hyp. 
same with D AF, or vertical to it ; therefore the triangles 
ABC, ADF are equiangular, and B A : AC : : AD : AF « ; ^ 4. e. 
therefore also the rectangle BAAF, contained by the 
«xtjemes, is eqiwl^o the rectangle ACAD contained by 
ihe means'*. Ittherefore, &c. Q. E. D 
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PROP. H. THEOR. 



•4 



rpendiculars drawn from the three (if}g^i 
ly triangle to the opposite sides infused 



The per]. ^.^^ 

. ojany triangle to the opposite , 
on^ another in the same point. 



Let ABC be a triangle, BD and CE two perpendicu- 
lars intersecting one anatber io F^leit AF be joined, and 
produced if necessary, let it meet BC in 6, AG is per- 
pendicular to BC. ' ' :\ \\ 
Join DE, and about the triangle AEF leta GJrcl^oe 
described, AEF ; then, because AEF is a right angle, 
the circle described about 
the triangle AEF will 
have AF for its diame- 

« 31. 3. ter ^ In the same maiv 
ner, the circle described 
about the trian^e ADF 
has AF for its diameter ; 
therefore the points A, 
E, F and D are in the 
circi^mference-of tbe same 
circle. But because the 
angle EFB i$ equal to 

t) 15. 1. the angle DFC S andg 

also the angle BEF to , 

the angle CDF, being both right angles, the triangles 

' BEF and CDF are equiangular, and AerefiMre BF : tS 

c 4. «. : : CF : FD% or alternately* BF : FC : : EF. : FD. Since, 

d 16. & then, the sides aljput the equal angles BFC, EFD ale 
proportionals, the triangles BFC, EFD are also equiaH- 

« &^. gular*; wherefore the angle FCB is equal to the angle 
EDF. But EDF is equal to E AP, because they aife 

f 21. 3. angles in the same segment^; therefore the angk EAF 
is equal to the angle FCG : Now, the «igles AFE,'CF6 
are also equal, because they are vertical angles-; th©r«pre 

g32.1. the remaining angles AEF, F6C are also e(jualW,,r" 
AEF is a right angle, therefore FGC is a light aaj^j 
and AG is perpendicular to BC. Q. E. D. ^ 

CoE. The triangle ADE is similar to the ^angje 
ABC. For the two triangles BAD, JEAE havittg W 
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angled at D and £ nght angles,' and the aiigle at A com- ^f^^*^ W- 
mem, acre equiangular, odd therefore BA : AD : : CA: A£, ^^ 
and alternately B A : C A : : AD : A£ ; therefore the two 
triangles BAG, DAE, have die ai^e at A oonunon, ai|d 
the sides about that angfe proportionals, therefore th^ are 
eqinangular ^ and simua^. 
Hence the rectan^eis B A. A£, C A. AD are equal. 



he, 6. 
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.E. THEOR. 



M 



If from any angle of a triangle a perpendiculaf- 
oe drawn to the opposite side oroase ; the rect- 
a,ngle contained bu the sum and difference of 
the other two sides is equal to the rectangle 
contained by the sum ana difference of the seg" 
ments^ into which the hose is divided by the 
perpendicular. 

Let ABC be a triangle, AD a perpcsidicular drawn. 
from the angle A on the base BC, so that BD, DC are 
the s^ments of the base; (AC + AB) (AC~AB) = 
<CD + DB) (CD— DB). 

F 





^<)?rom A as a centre with the radius AC, the greater 
cf the tw6 sides, describe the circle CFG ; produce AB 
to meet the circumference in E and F, and CB to meet 
it in 6. Then because AF = AC, BF = AB + AC, the 
suin of the sides; and smce AE = AC, BE = AC— AB = 
the difference of the sides. Also, because AD drawn 
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Book VI. ftom. the cetttie cots CKD at ri^ an^^ it Uaects it; 
ihtnAxey when the pcrpendioular SAb withiit Ae tri- 
an^e^iBG =r D6-^DB = DC^DB :£: the difievenceof 
theiflegiuflDls of the b«ie,aiid BC sz BD + DC ±i thesim 
of the amnents. But when AD fidla without die tri* 
angle, BG = D6 + DB = CD + BB s; the sum of the 
s^ments of the base, and BG s €D^DB ^AeM^ 
rence of the segments of the base. Now, in both cases, 
because B is the intersecticm of the two lines F£, GC, 
drawn in the drde, FB.BE :^ CB.B6; that is, as has 
been dhewn, (AC + AB) (AC— AB) = (CD + DB) 
(CD*-DB). Theiefore^ &c. 
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OF THE. QUADRATURE OF THE CIRCLE. 



SEVIMITIONS. 



A Chord of an ardi of a drde is tfie strai^t line Bo«k K 
joinine the extremities of the ardi ; or the atraigbt 
iine which subtends the arch. 

IL 

The perimeter of any figure is the length of the finej en: 
fines, by which it is bounded. ' 

in. 

« 

The area of any figure is the qpace eontaiiied within it. 

AXIOM. 

The least line that can be drawn between two potnts, is 
astndght line ; and if two figures have the same straight 
line for their base, that which is contained within the 
other, if its boundins: line or lines be not anywhese con- 
vex t^waid the basefhas the least perimeter. 
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SnpiiiaMnt Cqj, J. Hence the perimeter of aiqr polygcm inscribed 
^""^^^'^"^ in a ciiele is less thdn the drciunference of the circle. 

Cor. S. If fram a point two stnd^t lines be drawn 
tcmching a circle, these two lines are together greater than 
the arch intoxsepted between them ; and hence the peri- 
meter of any polygoof. described oboatit dide is greater 
tlianthedreilBifin^x3sof4hecirde< - *' 



PROP. 1. THEOR. 

, ■ '•• •• »■ « 

If from the greater ^ tvxk ^neqiMil magnitudes 
there be taken away its half and from the re- 
Tnainder its half; and so on : There wHl ut - 
length renrnn a magnitiide leis thart thg least 
of the proposed magnitudes. 



Let AB and C be two unequal magnitudes, of which 
AB is the greater. If from AB there 
be tgken away its half, and from the re- 
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mainder, its half, and so on ; there will 

at: length remain a ma^tudfe less than C. 

V * ?Pc* C may be muiH]|died' so as.to be- ^ a 

come greater than 4^B. iLet D£, there* ^^ 

fore, he a multiple" of C, .whidi is greater 

than AB^ and let it contain thejwts DF, n 

FG, 6£, each ec^ual to C. Fh>m AB 

take BH equal 4o Its half, and fipm^tbe 

remainder AH, take HK equal to its half, 

and so on, until th^re be as many divisions 

in AB as there are in D£ : And let the' 

divisions in AB be AE, !l£^« HB. And |l 

because BEls ^i^eater than AB, and £6, 

taken from DE is not greater than its half, but BH tak«i 

from AB is equal to its half; tiierefore the remainder GD 

is greater than the reinainder HA. Again, because 6p 

is gceat^r than HAv and GF is tootgre^e thapii,4)iQfh# 

of GJQybutHKisiequaltothehftlf^ol^.HA) Oieccfmt^ 

remai^^er FI>j&greater than the; ]:ein0ind«pr:AX-' Asd 

FD is e^ual io<C» therefore C is greoteJ; than ASi^J^ 

is, AE is less than C. Q. jE. D. .... v. 
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PROP. n. THEOR; 

f 

* '• m 

\ 

JSquilateral jxdjfgons^ of jthe same mmber of 
sides, inscribed in circles, are similar, awl are 
to one another as ike sqtuires of the diameters 
^the circles. 

Let ABCBEF and 6HIELM be two equilateral po- 
lygons of the same number of sides inscribed & the 
wdes ABD, and 6HK; ABCDEV and 6HIKLM 
are similar, and are to one another as the squares of the 
, dianieters of the eirdes ABD, GHK. 

FindN and O the centres of th^dfides; job AN and 
BN, a»al8o GO and OH, and produce AN and GO tiU 
they meet the circumferences in D and E» 




« Becftusier ^e so-aigbt lines AB,;BCj GD; DE, EF, PA, 
n all ^q(»4 the ardbes AB, BC, CD, DE, EF, FA are 
«^ Wal* . For the faame reason, theairiiis GR, HI, af&si 
^>yU LM, MG aire all eqixal, tod they are equal in 
^'TOBT to ihe otkecs ;. therefore, wfaatefver part the ardi 
.1^1^^^^ "^^^^ circumference, ABD, the same is the 
tjw ISH «f ; tte fstmmiference GHK^ But the angle 
;ANB!» the same part of fontf rirfit angles, (Mt the 
«^ ^ ^* of the arcumfeience ABD>, and flie^ angle 
GOH% the same part of four right angles than 'the tut^h 
GH is ofdthe drcumlerenc&GHE^ therefore ih^togles 
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SuppliNViiit ANB, GOH are each of them the same part of four ri^t 
^'"'^V^^ angles, and therefore they are equal to one another. The 

isosceles triangles ANB, GOH are therefcnre equiangu- 
c 6. 6. lar% and the angle ABN equal to the angle 6HO. Jfi 

the same manner, by joining NC> 01, it may be p|x>Ved 
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that the angles NBC, OHI are equal to one aihthtify ami 
to the ande ABNi Therefoi^ tlb wHole m^'ABQ is 
equal to Atf'whole 6Hf ; and thii^ sactfe imi^ bfe ftmti 
of the angles BCD, HIK, and of th^ f^st '' Thof^cmi 
the polygons ABCDBF and GHIKLM aieequkag^ 
to one another; an±^ice they are equilateral, thlh sidestt 
about the equal angles ai^ j[uoportionafe;-the^fto%g!dii 
- l.f ABCD is therefore ^milar tp the pc^lygM GHifiX^M^. 
Ai)d because ^ilar polygoni^ are as the aquai^ li" tiitfl^ 
hoiablogous sidas^ the polygoa ^BCDEP is t6J^ p^- 
lygon GHIKLM as the square of AB to ih/^^twet^ 
GH ; but because the triangles ANB, GOH are eqdaMft: 
gular, the square of AB is to the square of GH «d Ume^ 
square of AN to the square of GO ^ or as foQr<liili^lll^ 
square of .^N to four times the square! of ^OO/^lMHit^* 
h 2. Cor. e. as the sqllafe of AD to the square-ofGKV T4eie^ii» 
^' dad, the polygon ABCDEF is to the polfgcm Ctff IKfiMP 

ai the sqiiai^ of A3> to the squaro of OK ; tetihli^^ 
afaibem«hewirto4)e»milar. Thex«fi^v8^''^Q>'S.4]M 
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Cob.' Evert equilateral polygcm inserilidd in A'^sMcl^ii 
akio equtmiguiar. For die isbi^titeii tritogles^ '^\MiM^ 
their oooraton vertex in the centre, are^ri^al'aiflKi^' 
oulav ; tli«apefeiis, die angles tit their baseft^af«^ali-^^K|uii^» 
attd Iha aiE^es ^the pcdygonicKi 
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fftOP. III. THEOR. 

T^e side ,qf, an^ equUaterat polygon ins&nheil 
in a drcte bemggiveny tojind the side of q, 
polygon ^the same number of sides described 
ah^ ih4 circle. '• 

Ijbt ABCDEF be mi ie()uilaterf(l polygon inscribed ia 
tbe^!^!^ ABD ; it is r^iiired to finct the 3ide of an equi- 
Iflttml pol^gvHi €d the saqfici wpber of sid^s described 

Fiod G the c?nt|e of the qrcle ; join GA, GB, bi^^t 
4ie arch'AJP ip Hj^ wd throu|^K H driiw KHL .touch- 
ing the cnrcle in H, and meeting GA and GB .produced 
in K «nd J^* KJL is the side of Ui^.pol^^j^n re(|uircd. 

Produce GF to N, so that GN may be equal to GL, 
|oui KN9 99A from G draw GM at right angles to KI*^^ 

JftWi* liiPw #3WJr» .;•'.• 

, Qteimitrthft %|^>AB is bi8ei;;ted in H) the amg^le AGI{ 
ia«qii4l) >t0 Ihn.^^agl^ BGH*; anid b^K^a^s^ KL toue|ies fi?7*3; 
ibff<.fiMk* in ^H^ th$ 
mie^i J»SG> .KK.& I . Xft,.,.-^»-«,^C 

ailgb HGK> ^i«92 to 

:ai^.HGJU «acb:t0*^ 
e«d^; J^t the sttdi^Si. 

^i^il :x:i% ^ cominan to 

t^ifse^jkangles; 4here- 

fp|e^f«beyiuTe equal % ^^ ^ c«6.l. 

«|ftt'£ML/is ^qpiAl to 

fi^ .n Agaia, in the 

tiii^ks EGjL, KGN, because GN is equal to GL, and 

^ ^Hwnon^ and also the angle LGK equdi to the angle 

KGN ;. dierefore the base KL is ec{iml to the base KN '^. d4wi, 

iMi because the triangle KGN is isosceles, the angle 

^J53«^is equal to the angle GNK, and the angles GMK^ 

GMyV i^re both right ax^gles b^ construf^^n ; wba:ei>re, 

t]|^i^gl4^.GMK, GM^ tiave two aogkM»>of tbaxne 

«qu«^i4j^t9)^«agbs <rf the eithfn *f nd tkey Jbwt aJbvitile 

side Cm eomn^mi, tlierefore they are equal % and the 

side KM is equal to the side MN, so that KN is bisected 
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in M. But KN is equal to KL, and tber^bre thar halves 
KM toad KH are also equal. Wherefore in the triai^ks 
GKH» GKM, the two sides GE and EH are eq^ td 
the /two GE aad KM, each to each; and the an|ki' 
G&H, GEM are also equal, therefore GM is equsl to 
l** ' -^H ^ ; wherefore the point M is in the circumferene^ tiC 
the ciitde; and because EMG is a right aagje, KM 
touches the ciivle. And in the same manner^ b^ jcimnir 
the centre and the other angular points of th^ msoribea 
poly^n, an equilateral polygon may be described libout 
the circle, the sides of whidi will ctuch be equal *to fiL, 
and will be equal in number to the sides of the kiamrihsrl 
polygon. Therefore, EL is the aide of ah equUalead 
polygon, described about the cirde, of ihe^sanM mittbm 
of sides with the inscribed polygon ABODEF ; wfahh 
was to be found. . . . . >v / in 

Cor. 1. Because GL, GE, GN, and the otheristrtigfat 
lines drawn from the centre G to the angular-' peints «f 
the pdyffon described about the <»rcle AB&areidl equlit{ 
if a circle be descrU^ed from the oesitre G, wtthi'lhedtft* 
tante GX, the pdygon wit) be inscr9)cd ki tJif^risii$l%f 
• s. 1. ^up. and therefore it is sinuktr to the pcdyoon ABODSPAi'M- 

Ooa; 2. It is evident that AB, a iSde^^tlieiiiMriheil 
polygonr, is to* KL, a side of the ^circu^laoribl^ at>^ 
perpendicular from G upon AB, to Ctie'peqDeiidiouilif 
from G upon KL^. that is 4d the radius of .die'ciiel^i 
therefore aiso, becaime niegmtudes 4iav^ tbei same mtie 
f 15. 5. with their equimultiples^, the perimeter of the inscribed 
polygon is to the perimetjff of the circumscribed, as the 
perpendicular from, the centre, 6fi>a side of the inscribed 
polygon, to the riklius of the circle. "^ ^ 

PROP. IV. THEOJR 

* i ' 

A circle hcmff given^ two similar polygons may 
be founds the one described about thle circle, am 
the other inscribed in it, which shall differ from 
one another by a space less tfian any given 
space. 

Let ABC be the given circle, and the square of D any 

given space ; a polygon mdy be tnscribea in the cirde 

5 Jvi, ^ ABC, and a similar {xdygon described j^ut^^^t,, sji. thj^ 

the dtfftBfenoe » bdti^eea them aball be Jess, th^n tbe. equa^ 

' ofD, 



OF OfiCMHQBITJbY. 



Wf 



' III 4he <iNb ABC apply Hit Andrt itnfe AE^qulJFto^ ^^^^ 
B^flndletABbeafodrfh partol tiU riy iinafriwre o£ ^^"^'^^^ 
tte circle. From tht ctrcumfereiiQe AB Uke kwmj ita 
hal^iandiTdni the itoiakKkr k» baU( aad «i 011 tiU. the. 
fliirlMifrrffnoe AF k Hound lass ttum the civcttitfereiioe 
A]B'^« Fbd the ontce 6 ; diaw the dttmieteff AC, a»4 1.1. S^p^ 
alip4he^fltoaigbt linet AF ud FG ; aad hsviiu^bisacted « 

dar icnciimtoPMioe AF in K, jmni.KGyvand ocafr HLk 
ttowdfiiag the dxckin K, and meeting GrA aodGF ffo^ 
duoed in H and L; Join CF. 

.JBteoausetbe isoae^ trianglet HGL end AGF ba^e 
ttw^coamoa angle AGF, they ane equiangular ^ andthef.^^^ 
^■I^GilK) GAF are theoefiire equal to one aMUieVk;. 
Bat the anglkGEHft CFA are aho equaU for tbqp are 
lAght angled:; therefone the .tMugiea.HGK, ACI\ ac 
likevrise equiangular % 
' Aiid:btfeaiisetfaearck.AF^^Rfts found fa^ taking fbim 
(be4Mi^lA&itS'half9' and from (hat renainder^ its half*. 
aUd-jaooD^'AFariU be contained aeertain number o£ 
tmes^ ^jcaceivy in the arch AB^ and therefore it wiUalsoi 
b(»»4»ntiiaed^a certain mimb^of toes^ exactly^ ib lib^ 
vbol^«(ai:<ciuaiferenoe .AOC ;. and the sti!^^ - 

tJMifrfere the side of an. punilalf^ral' polygon liiacrihBd.an 
thtf drdd ABC: Wbcxefore also HL la the «4e of aa. 

auilateral polygon, of the same number of sides, descnbi^: 
'dboutr ABC ^ Let the polygoa'deacabed about the d & 1. Smr 
c»nde be<eaUed M, and the. pofygoa inscribed be>«iUad, 
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j^'- ' tlfeiT^Ti^ffiiiaJe IheW p(4ygons are sidiilar % th^iirtias e Cor. 3. 1 
tT&e*'£\iaVes bf theiioni<ito^trs^«ktes HL/andr APiVthdt^ Sup. 
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V^^'^^ a^uare of HG t* the ufoat^qt jAijOy thut is oi 6K1 Bui 
Ithe tcignglai HCU(^ AGF hate be^pnofed to k^ApHr 
|iir» a^ tbmfoie. the «qua»#.of -AG i«to f^'^Mt«9^0( 

f 47. 1. of CF,lh]Btf t«, ^ ika tquaK ini. AS* S # A« p^fwiilt 
U>^U;aemeai2ili(rRe^€'{Mit^ft^. B<»t ll^^q^H tf ^^iCfAft 

gr^t^r thm^^^tbe aquilatfral pol^i^pip ol vMbtr-ipd^.f^i^^ 
SjOribwd aboot the aT«l#» bieci^mfl^ at eoAUona^^t^ f^^^J^lW^ 
att4) for* 4i^ siiqatf . dm^i, t^ pf^lygon'of^ eighth «m^% 
mater tbim 4b(9 poly^n oC 8ixt«ie]»«4an4>«>^i^ 4w«fii|K 
tA^ sqott^ of vAC is^gr^Ur tlfiui^atijr {KilyjpH) 4fmni^ 
alKNit the circle by >che continual bjsection in the aroll AJt< 
it is therefore greater than the polygon M, Now^ it im 
been demonstrated^ tbat;th# squfire^ AC ^^ ta the square 
of AF as the pdygoni M to the Ibflerenoe of the poly- 
ms; tha«fore, since the square of AC is greater thtti 
' ihe sQ\i^fe oPAP & gr^i^ dian «^ ditfbiM^'onle 
^Miiau. ^The dMfcretoefe^ ct Ae^ ]pblygotertl»3a t ii »fc re 
Ulan the iiplKr* of « AFi^ i»itt\A9-^ta4«ttl llia8^«iX^«iikM- 
fof e, the dttflfefence of the polygons is less than the squaM 
fOfrP^ ibai is, tiuHi 4he» gi^en ifiace TtmislbK^ ^&t. 

Cok Iv BueausQ th<9 potvgoiia^ M- ^nd( N^.di£^c^Q|M» 
one a&deher'«90Mahiu| teitnerof tkem 4ifei^'fiM»;4h^ 
etrysfev the^dilMenioe between each of them aipd: the circle 
i^ lesa-^ban (he given may^Vy^.Xhe aquarei of IX^ ^AihI 
thereftii^y .however ^mal any ^vett ^patoe pay- b^ciiff^hf- 
gon may be inscribed in the circle, and another describ- 
ed about it, ef^;h of which shall d»flR^ tram the circle by 
a space less t^an the given ^Mce. y ?i/' \ 
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^ tbM: tiin be m^lcri/bed m tttei^^^A, wk WtitfH 
Mypi^^Yg^n tb$AiCBXk be ^e86F%ed-abi^t^,4t, ^-eqml^ 
Ihe'&tild AV If TK^i^etnh^ b^ tsfive^OM; ^^^%^VM^ 
BmsbmNsM A bjr Vhe iMoeC. ll^Av be<J»4blhe {xiM^g^ 

Ij^^bdb^ wAA beojiuse Bhgtemt AiMi A'b^'Vhe Wi$e 
0»^d]^'8foi^^ P^yg^ eaii be<dtetilci^ib0d ^ibMVttfedrtete 
A* ^bO^hiit 4tiii0t d^ee^ it k^ ^ Q^BO^^^ie^ta^^^ 
whiob^ab^iid.- Iti^idi^^Nune trmnli^, ipB^%e jedff iHa^ 
A^t^.ihe imo^ C^ -it is^'diowja t^at nci pdiy^^^dui be" ixh- 
«atbi^ Mitttei^te A^ bvit iv^tis^ JeB$ tbktttf^A%'A s^ids 

V^ift^fiM 4ltoii<|^> Aai Ui ^ey are Mu«l- ti^ VhI^ afi4w 




'-Let^ABObea cit«le, W wbidh tfic> centre>^ D^^ aftd 
the diameter AC ; if in AC produced there be tatten- AH 
><A^1 Itiiialf t&e eiii^ndferencej thi^ area i^-th^ H^tOe is 
^lAt^ tbe W^tatlgle tiontalHM by tDA ai«l ARv^ 
*^^i^V*kt^he the^ded^litly ^<iikU^^%ll^ji^iiilto^^ 
M% d^ circle^ ABCi^bide^t th^ tirelMfetetf^ A6 in^ G, 
d|k)ibnm/gb & dmtr SG^F toflicMyi^ the^ircH and^ni^^ 
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ing DA nroduecd in E^'aMt*©© produced in P ; EF wiU 
be (he side of an equilateral polygon described about th« 



^A 



«aiiMiiflnt cirdfe ABC/^/ % AC poBuceQ take AK eqiiMt<f BiK 

a^^TlirSiD.^® 'priinetei' of the poljjgoki whose ride isr A^^; *ihd At 

^«g[iMd to haif ^thcf petrnitttt" of the jpolygon' ^ote' tidrili 

EF. 'Then AK will be less, abd AL greater tli^'^ 

bAxJt ftttih straight; line AH ^ Now, becaij^se in the triangle EDF, 
BiG is di^aWQ perpendiculaik- to the 'base, the tAkdde 
EDF i^ equA to the reetatigle contdpcd hrVG iMm 

c 41. i. Half of EP« ; and as the same is tiHie df all thfe ddiflf 
equal triangles having their vertibe^ in D, iJ^Mch'^lie 
\tp the polygon deik^nbed about the circle ; thei^r^^^M 
whole polygon is equal to the rectangle containe^^by Wj 
und AL, half thb perimeter 6f the polygon-^ <* \^f)A 
■and AL. But AL is greater thatt AH; tWer^fg'TK 
rectangle DA.AL is great^ thtothe rectatig^ t)A.^i^» 
the rectangle DA. AH is therefore less than die Tectaii|S^ 
DA. AL, mat is, than any polygon described abotit tn^ 

drcleABC; . \. . \ V-- /'/ '-'''' 

' Again, the triangle ADB is equal to die'rk^ 

.bpntainfd by DM th^pferpendicular; wid one hatf6;^l 

base AB, and it is tl^refore less than the 'rectatifile^' 

taineff by DG Ar DA, and the half of l/^B: ''Aka^is% 
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same is true of all the other triangles having their vei;^ 
<pes in D, which make up the bscribed polygon, ^h^f- 
fore the whole of the inscribed polygon as lesa tjhian^ 
rectangle contained by DA, and AK half the perimeter 
. of the polygon. Now, the rectangle D A. AE is less than 
^DA.AH; much more, therefore, is the polygon whoae 
side is AB less than DA. AH ; and the rectangle DA. AH 
is therefore greater than any polygon inscnbed in the 
circle ABC. But the same rectangle DA.AH has been 
proved to be less than any polygon described about the 
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cirde ABC ; therefore, the rectangle PA.AH U equal Book.!, s, 
to the circle ABC •. Now, DA is the semidianaeter of )r^^^^ 
tne circle ABC, and AH the half of its circumference. | g^' 
T'here&re, &c. Q. E. D. 

, /CpK. 1. because DA: AH : :DA« : DAAH ^ a<^ f 1.6. 
b^use by this pro{K)sidon^ DA. AH = the area of the 
cirple, of which DA is the radius ; therefore, as the ra* 
dius of aiiy circle to the seniicircumference, or as the dia- 
meter to the whole circumference, so is the square cf the 
rfMliua to the area of the circle. , . 

^Coiu 2. Hence a polygon may be described fihout a 
cii:ples thje perimeter of which shall e^eed the circumfe- 
rmfqe of the circle by a line that is less than any given 
line^ Let NO be the given line. Take in NO the part 
NF less than its half, and less also than AD, an4 let ji 
polygon be described about the circle ABC, so. that it^ 
e^^^ above ABC may be less than the square of NP '. g i* cor. i. 
t^i tHc ade of this poijgaa be EF. And since, as has ^' ®"^ 
^>een proved, the circle is equal to the rectangle DA.AB, 
imd uie polygon to the rectangjle DAmA^L, the ex^ss of 
the polygon above the circle is equal to the lectatigle 
DA.HL; therefore the rectaii^le DA.HL is less than 
the square of NP ; and therefore, since DA is greater 
than JNP, HL is less than NP, and twice HL less than 
twice NP, wherefore, much more is twice HL' less than 
NO. But HL is the difference between half the peri- 
meter of the polygon whose side is £F, and half the dr- 
ciimfereuce of the cirde : therefore, twice HL is the dif- 
ference between the whole perimeter of the polygon and 
the whole circumference of the circle \ The mfference, h 5. 5. 
therefore, between the perimeter of the polygon and the 
drcuraferenoe of the circle is less than the ^ven Hne 
NO. 

Cob. 8. Hence also, a polygon may be inscribed in a 
Irirde, such that the excess of me circumference above the 
ti^meter ct the polygon may be less than any given line, 
Thfe is proved like the preceding. 
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^^%e(0r#a^ qfcircUs are to .one another in the du- 
^ pUceUermtio^ or as the^quartu^ of their ik- 
' meters: '•*' ' • '^*' 
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Ifift ABD and GUI^ betwo qreles, of whicb .th« dia- 

me^fra are AD an4 GL ; the drcle ABD is to tbe cirdp 

GHXt as^e wpare of AD to the square •cl' GL.. 

. I X^t, ABODEF and GHKLMN be.two equilatei^ pp- 

Jlf gf^s (^ the same nuinber vof sides i^|«K^ibed in Jkhe Gmi» 
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APDj GHL ; and let Q be such a space that the square of 
AD is to the square of GL as the circle ABD to the space 
Q. Because the polygons ABCDEF and GHKLMN 
are equilateral, and of the same number of sides, they are 
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siinilar^ and their areas are as the squai^ bt the dia* *Mii.X« ^ 
meters of the circles in which they are inscribed. ^**iryy^ 
Therefore, AD« : GL* : : polygon ABCDEF : txdypm * *' *' ^^ 
GHKLMN ; but AD* : GL« : : circle ABD : Q ; Mid 
therefore; ABCDEF : GHKLM : : ciitie ABD . <^. 
Ncm, cirde ABD >^ ABCDSF ; thcrefiM ^ z::^ 
GHKLMN ^ that is Q is greater than any polygoa in^ b 14. 5, 
scribed in the circle GHL. 

In the same manner it is demonstrated, that Q is less 
tlMin any polygon described about the circle GHL ; 
WHereibi^ the space Q id equal to the 'circle GHL ^. c s. cor, 4. 
Now, by h3rpothe£is, the circle ABD is to the space Q ft* 1. Sup. 
this square of AD to the square of GL ; therefore the 
ciicle ABD is to the circle GHL as the square of AD to 
the square of GL. Therefore, &c. Q. E. D. 

CoE. 1. Hence the circumferences of circles are to one 
anothex; as their diameters. 

Let the straight line X he equal to half th^ arcum- 
ference of the circle ABD, and the strtdght line Y to 



X 



Y- 



half the circumference of the drcle GHL : And because 

the rectangles AO.X, and GP.Y are equal to the circles 

ABD and GHL ^ ; therefore AO.X : GP.Y : : AD« : a d. i. Sl^^ 

GL* : : AO* : GP* ; and alternately AO.X : AO* : : 

GP.Y : GP* ; whence, because rectangles that have equal 

altitudes are as their bases % X : AO : : Y : GP, and e 1. 6. 

again alternately, X : Y : : AO : GP ; wherefore, taking 

the doubles of each, the drcumference ABD is to the 

circumference GHL as the diameter AD to the diameter 

GL. 

Cor. 2. The circle that is described upon the side of 
« riffht angled triangle opposite to the right angle, ift , 
equ2 to the two drdes described on tlie other two sides. 
For the circle described upon SR is to the circle de- 
scribed upon RT as the square of SR to the square of 
'RT ; and the circle described upon TS is to the circle 





dMcrilted upGto AT as the flquare of STto th^^iitfilBcf 
, ^ WPi J Whtwfcpe, the lU 

''' '"^'omi^defioribedbQ SR S 

kill on ST, ate to the 

' £ aatbroiuanaof fiRaod 

of: ST to ^ ailuare of 
f «♦. & BT '. Biit tfae aqpwreft j^^ 

of BS and of ST are . 

a 47. 1. equal to the square of RT > ; therefore the cir^s des 

aaribed on BS and ST acie «qaal*totbe cirl^ deaofibed 

on RT. : j»(' 

PROP. VII. THEOB; - w 

Mquiangiar paraUehgrams . are to one ^iwAer 
' a* /A^ prmficts of the numbers propwti&nd 
to their Sides: ^ 

, Let AC an4. JDjP be two equiangular parallelqgr^s^ 
and let My N, P and Q be four numbers, siicn mat 
AB : BC : : M : N; AB : DE : : M : P, and AB : WI'/ 
M : O, and therefore ex aequali, BC : EF : : N : Q. "The 

faralljelogram AC is to the parallelogram DF as MN.tQ 

Let ^f P be the product of N into P, and the ratio pf 
a duf. la & VJl^ to PQ will be compounded of the ratios 'of B|r( 
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to NP, and of NP to PQ. But the ratio of MN to NP 
b 15. a. is the same with that of M to P ^, because MN and NP 
are equimultiples of M and P ; and for the same reason, 
the ratio of NP to PQ is the sanae with that of N to Q; 
therefdre, the ratio of MN to PQ is compound^ of ^tbe 
ratios ^T M to P, and of N to Q. Now, tiie ratio «f • M 
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to B w thii'soiii^ -With thtt of: the sUk AQiidMbaaidb t ■imi|i» 
D£ <" ; and the ratio of N to Q thd samririth^thBt ofjfltt ^*"T^ 
ade BC to tlie idde EF. Therefcte,nhe.«ttb dB MKiio "" ^ ^^^' 
PQ 18 compoutided of the ratios of ABtaDEy andof Bfl 
to EF. And the catio of the paralMogmiEdkC tei:tl» 
paiaUelogram DF is compounded of . the >aHne wtMi i% 4 ts. «. 
therefore,' the paraUelogtam AC is tactile pbndleb^raln 
DF, aa MN, the product of ijie vmribevs M ondN^ I* ^ ' 
PQ, the product or the numbers P and % Therefcx^ 

o>CSoa&:l. Hcooe^ -if GH bet^.KLaadietiuiiiberMite 
the nurab^ N ; the .; :<: 

sq^e described on g jj g T. 

6H will be to the 

square described xudKLr as MM, die Mpiare of the num- 
ber M to NN, the square of the number N. 
i')€»Et S. Jf A,« B, G, ]>, bot are any.lipes^ mdm^ f^^ 
»,.fcie»'aii0ib«rf prop$NrtiQlial.ta tlpism^ yisu^A - B ;^^ fHf n; 
A : C : : m : r, A : D : : m : «, &c. ; aad if this re^t|;^i^gl0 
contained by any two of the lines be equal to the square 
of a. third line, the product of t^e minvbers proportional 
tp J^e first two, wiU ne equal to the squfire.pr the nonfb^ 
proportional .to the third; that is, if A,C = fi^, f^ X r :^ 
n X n, or s; n*. . ^1 

For by this Prop. A.C : B* : : m x r : n* ; but A.C = 
B*, therefore m x r = n*. Nearly in the same way it may 
be demonstrated, that whatever is the relation oetween 
the rectangles contained by these Gnes, there is the sipne 
between the products bi the numbers proportional to * 
them. .... 

So also conversely, if m and r be numbers proportional 
to the Hnes A and C ; if also A.C = B*, and if a number 
n be found, such that n* = mr, then A : B : : m :n. For 
let A : B : : m : o, then since, m, g, r are proportional to 
A, B, and C, ana A.C s= B' ; therefore, as has just been 
OTDvedf 5* = mx r; but n* ss: 5 x r, by hypothesis, there- 
fore n* = 5*, and nz=: q; wherefore A : B : : m : n, 

^ .. . '•• . ; .,■■■:■ 

• .» 

SCHOLIUM. 

.. Ill ordcar to have numbers proportional to ajiy set of 
magnitudes of the same kind,' suppose one of them to be 




m%9 any fiunlbbi^'^ of ^Oal pMrts,'f0»A%et H^ft 

elie of thoie^pimfl. Lei H^be found n tim^iii tiie'irii^ 

nitiide B,^ r tunes in C, s times in D, &c., then it is evi- 

dent that the number&^n^ n^r; a^iure proportionals to the 

magmtiides A, B^^d ai^d D. Whoi,^ therefore, it is said, 

in any of the foHbwilig prapositions, thiiit a line as A = i 

number m, it ii^ndf rstood lliat A = m xMy or that A is 

oqual to the ^en jnagnitude ll'^ultiplied by m; and 

the same is ^merstood of the otho* mi^tii^^s, B, C, D» 

and their ,oim)ortio0al numbers^ H beingithe boromoft 

measure or^U the magnitudes. 'V&is oon^on measure 

is omitted fdt the sake of brevity in the arithmetical ex- 

pressaon; bu^ is alikrays implied, when ^^line, or odier 

geometrical misignitijide, is said to be eqnal to a number. 

Also, wh&i there ar4f fractions in the nufmber to which die 

magnitude is called ibqual, it is memt that the common 

measure H is farther subdivided into such parts as the 

numerical fraction indicates. Thus, if A,==: 960.376, it 

ii^ teeatit liiat^ there is a oertahi magnitude H,^ stcch^hikt 

''■■"' «/l - 'tt "' 8*16" '' . i\, . i .:..-/.i) /J 

A.^ agOi)^ H +ii^pgg X H, ,o5 itbaVA IS wu^^^*> 3w 

times H, Vogefti'fer with 8^5 oT th^ thdukkn^tfi ^pkttiji ^ 
tt/ ^^AHdlh^ same is tilie*ih all dther 6ei^ yUer^^hm- 
belfs iu-e usbrf to express th^ relations 6f ee<!tantetrictf 'ttai}- 

'^ij^iuimi mif$mn half^hfi mcmm vr^fm mi 




i) ^^ 




any arch, and DB the Half 



aj:irclp,.y wHip[i the cjenire^U ^^ 

of It; let the chords 
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oFoiiMavntT. 



Ml 



9iat»Anmn:rmakoXV and GG at rigbt ansllff/tli fJhi*i)* 
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fAHaf^rQiipe f ki B^.kt it meet it ^aiaio.y^if^djt^trACf 
be bisected in H \ C€r is a meiniT«pfDportional between 
(ah 'fad^'AF ;' ifiA MD a iifean jvc^pDrtiinsa U6twe^ 
^9tand BE,,tW e^a^ of t^e radios abwe.CF. ; j ^ .,, 
ffi^^in 4fi ; .lyad ^eim?^ ADB is a i:ight Jwgle,. beiijj 
ao .angle i^.^ 9ei|j||c]^ ; Itnd.bec^^ P0B is jUsq f^ 
nght angle, the triasigles ABD, CBG- are equiangulai;). 
and AB : AD : : BC : C€r*, or alternately, AB : BC : : « 4. «- 
AD : C6 ; and, therefore, because ABIs doutie of BC, 
AD is double of '66,«and tfie ^uttt^bf AD therefore 
equal to four times the square of C6. 

^it, Ifpause ADB > a .ncfht ^gled trip^^le,. and DF 
rpendicular on AB, AD is a mean prbpoi^onal oe^ 
tWi&^^« knd AF ^ and AD* - AB. AF *, or sinc*^ AB bad. 
WS*^ «AH; AD* i^'4AH:At*: Tliei^fo^ iAm^ b^biiise « *7- ^ 
4C)G^!^AX)\4C(^^=£5>^H;Ar, add OS>;^ AliiAtF; 
Ttt erobi ^OiGdii^ % BfOEUi pnpporUoi^' betwten Aii<\snd 
j^(^iilvit1s)> \>etiv<»en iialf the raditH^ . ^nd the Uhd Mde 
^pfi the^.i[9dius, ^iid.|)ie jperpendicular on th^. d^pfra ^ 
lW« the arch BD. , * ;V 

JWiun. it IS evident, tpat pD is a mean p)T>Dariti>nal 
bet^^'AB aiiclMX that is, Betlwc^H di^AhWWind 
the i^cei^ of the radius above tlie perpendi(^}W^ on |he 
afAifl of it^Hwe th^ aw* DB. . Therpfoji^^&p- '' Q, E. D. 
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The i^rcimfer€7ic€iqf a circle e^^ee(is three ttmit 
the dkmeter^ ^ online les^ th^n tm. ^ th^i 
pftrt9 of v^hthe dkkwter cwvUms s^oei^ 
hiU greater than tm of tie^partswherwfw^ 
dmmeter contains seventy-one: ' - ' ' ^*^ 

' Let ABD; be a eiWe, rf #hich the cetifife ife t!, aiM 

the diameter AB ; tHe drcumference is greater thta thiefr 

' 10- 1"^ V ^ 

times AB, by. a linp less thaw ifQ>o^ Sj* w AC, m 

10 * 

gMMiter tiian sr of AC. >' 
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Jit ,1 '^'St'S'^k 



k 
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v 



' -^ \ Kir. '^ hi\& 

Srperidicular to Bl): produce BC t<)^,,l)lsecrJVCi 
tvaod.jiHa CD, 



M 



It is evident that the arches BD, BE are ea^'^.thert, 

* *ltt Ms propouititti* tite ebanu«er 4-' pli«9di«ftt« a n^m4e%(|ia^g^ 
that «Miiethtag-is *^be »4dedtQ it : anci the character -^ pp W 9»^ 
hawd^ signiGes that something is to be taken away from it. 
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one^ixth <}f the ciicumferenoe % and that thanefore the B«i^.lift;i 
arch DBE is oqe^third of the circiuplecence. Where- ^*g>i| '^■^ 
fore, the line ** CG is a mean proportion between AH, ? ?^* ^^^ 
half the radius, and the line AF. Now because the sujcji * ^^ 
BX>, DC of the triangle BDC are equal, the anriek 
DCF, DBF are ulso equal ; a»d the angles ISPC, iWB 
I)Kflff equal, and the side DP oomnioii to the tcbnaigles 
i)9F, pCF, the base BF is equal ta the base .CE^i^d 
BC is bisected in F. 

Therefore, if AC or BC=1000, AH=500, CF=600, 
Jl^s=zl6Q0y and CG being a mean proportioiial' betw^n 
4JH and Ay, CG*=^ AH.AE;=:600 x 1600=;760000 ; « n. r 
wherefore CG=s:866.0S54+, because (866.0^4)* is less 
th«^ 750000: Hence also, AC+CGt::186a02S4+. 

Now, as CG is the perpendicular drawn finom the 
centre C, on the chord of one-sixth tit the cinnmferawie^. 
if P = the perpendicular from C on the chord of one- 
twetfth df the circumference, P will be a mean propor- 
tUMial between AH »» and AC + CG, and P« = AH 
(AC ^ CG> = BOSHc tl866.0Jlfi* +) = 988012.7 -^. 
Therefore, P=ii06S.H^+, because (965.9S58)< is less 
than gg801£.7/ lleke also, AC+P=1965.9^Si+. 

Again, if ^v:^ ilk piopendicular drawn fi^om C on the 
chord of (H|e t^eotty^fourth oi* the circumfeience, Q will 
be a mean proportioM^ between AH and AG + P, and 
Q«=AH (AC + P)r=: 600 (1966.9258 H.)=9^2962.9 + ;. 
and therefore Q=dl91.44494», because ^9gt*^^y is less 

than982962.a Tbereforealso AC +Q = 1991.4449+. 
In like manner, if S be the perpendicuW from C on 
the chord of one forty-eighth of the drcumference, S' =: 
AH (AC+Q> = 600 (199914449 +) = 096722.45 + ; 
and S=997.8689+, because (997.8$89)* is less than 
995722.46. Hence also, AC + S ;2 1997.8589 + . 
Lastly, If T be {be perpeodicular from C oil the chord 
'^ one., ninety-sixth of the circumference, T* = AH 
L^ #S) =4;S)0 (1997.8689 -f ) =± 998920.45 + , riml 
^'^.4645E+. ' Thus T, the perpendicular on th* 
oiie nmety-sixth of the circumierence, is gi^ier 
than 999.46458 of diose parts of which the tadius'toil^ 
^s& : . ^ . :; 

"^ut by the last proposition, the chtwd of -one ninety- 

ibtthi'lMnt ^ the ctircumferenee is a^ meem prpportional 

.BStw^ft the^dlftm^er and the *5c<5ess <ff the irwtiustdbofire' 
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>t S, the pevptiidieialar ftioiii the centre on the cliord of one 
* £Mtf-«iffhth oCthe^rcumfineiice. Tberofore, the square 
of nie diord of one iiiaelyoiixth af the drcSumferance = 
AB (AC-«.8) s= 9006 x <«.1411^,) = 4met.%^ ; and 
therefore the dnrd itself =rfiS.4386--, because (65.4886)^ 
i» greater than 4S8S.8. Now, the chord of one mnety- 
shttU of the circumiferenoe» or the «ide of an eqiiihteni 
polygon of ninety-six aidea inacribed in the circle, heing 
65.4o86 — 9 the perimeter of that. polygon will be = 
(66.4886—) 96 =r 628S.10S6 — 

Let the perimeter of the cdrcumacribed polygon of the 

a «.qfnr. f . aame number of aidea be M, then"^ T : AC : ; GXdStAQSR^ 

^- ^"P- : M, that is, (since T == 900.46458 +, as already shewn,) 

990.46468 + : 1000: :6e8Sa0d6—:M; if then 
N be such, that 999.46458 : 1000 : : 6S8aLlOB6^ : N ; 
ex «<]|uo pertuib. 999.46458 + : 999.46458: : N : M ; 
and, since the irst is greater than the a^efltnd, the third 
is greater than the fourth, or N is greater than Mi. 

Now, if a fourth proportional be found to 999i46l68» 
1000 and 6882.1056, vie. 6X85.461.-^ th«i, 

because, 999.46458 : 1000 : : &imXOm : 6986.461-^ 
and aa befoi«, 999^458 : 1000 : : 6282.1066^ i N; 
therafore, fi»2.1066 ; 68atl066^ : : 6e85.461«f^ : N, 
and as the first of these pacfortionals is greaier than die 
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«3Cond, the third, viz. 6285.461 «— is greater than N, the 
fourth. But N was proved to be greater than M ; much 
more, therefore, is 6285.461 greater than M, the peri- 
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m^r of a i:^lygoa.of ninety-air sides, circuinra^lii^ ^H^M^ w!!l!b 
the circle; that is, the perimeter of that polvgoh is 1^ '^-^v^*-^ 
than 6885.461 ; now, the ciKsumlefelioe of the circle ifl 
les» than the perimeter of Ihe poIj^qat; vOMMh Wf rn/ ^ ii^'n t»tA»aio.i 
therefore, is it le^s tluHi^8S.461?^wheiefeve the dr- 
cwaf^-^ice of a cirde i^ hs^ ihm j^t^^A^f^^hff^ parts 
of which the radius contain^ 1000. . The circumference, 
tfaerrfore, has to the diameter it l^ faticy' tluai 6^.461 fs.6. 
has to 2000, or than 3143.7305 kos to 1000 : but the 
ratio of ^ to 7 is greater than the r^ of 31^43.1^ tn 
1000, therefore the circumference has a less ratio to the 
diameter than 32 has to 7, or the circumference is less 
than. 33 of the parts of whidi the diameter oontidns 7. 
.It renuans to demonstrate, that the part by wliich thq 

eireumference exceedi» the diameter is greater thai^ x^ of 
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ttwasbe£Mre shewn, that CG^x=: 750000; wherefore 
C6s:866.(l^fi4£U*,beeau8e (S6&03545)' is ^ater than 
1^50000 ; therefore AC + CG =? 1866.03546—. 

Now, P being, as before, tde perpendicdia? from the. 
eeatre* «a the dK>rd pf one^tweUxn m the circumferend^^ 
P« = AH (AC + C6) = 500 X (1866.0«846)-^ =: 
dra012.Y3— ; and F=g65.9358i5— ,bebause (965.93585)^ 
is greater tjbtan 933013.73.. Hence also, AC + P s 

19&.936»5-r-/ 
a^xtj as Q = the perpendieular drawn fiom iiterc&skit& 

en t^ chord of one twenty-fourth of the" ctrcumfierence', 
Q* = AH (AC + Pj is 500 X (1966.93585—) ± 
983963.93— > and Q==991.44496--, because(991.44495)< 
is greater than 99^963.93. Hence also, AC + Q == 

In like manner, as S is the perpendicular frofmi C on 
the chord of onie forty-eighth m the circumference, S* x= 
AH (AC + Q) == 500 (1991.44495— ) = 996733.476—, 
and. S ±b (997.85896-^) because (997.85896)^ is greater 
thaa99S7^47& 

Bat the square af the diord of tiie ninety-axth part of 
the etrcomfarence = AB (AC~S>i=aOOO (3.14105 +) =ir 
4M3a +, and the chord itsejf = 65.4377 + because 
(65.4377)' is less than 43^.1 i Now the chord of one 
ninety-sixth p^rt of the circumference being=r:66.4377 +9 
the perimeter of a polygcm of ninety-six sides inscribed 
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8iti»riiement in the dfde = (65.4877 +) 96 = 6S8S.019 +• But the 
^•^^V"*^ circumference of the drcle is greater than the perimeter 
of the inscribed polygon ; therefore the circumference is 
greater than 6^82.0199 of those parts of which the radius 
contains 1000 ; or than 8141.009,*of the parts of which 
the radius contains 500, or the diameter contains 1000. 

. Now, 3141.009 has to 1000 a greater ratio than 3 + =y 

to 1 ; therefore the circumference of the circle has a 

greater ratio to the diameter than ^ + rff has to 1 ; that 

is, the excess of the circumference above tliree times the 
diameter is greater than ten of those parts of which the 
diameter contains 71 ; and it has already been shewn to 
be less than ten of those of which the diameter oontnus 
70. Therefore, &c. Q. E. D. 

Cor. 1. Hence the diameter of a circle being given, 
the circumference may be found nearly, by making as 7 
to 22, so the given diameter to a fourth proportional, 
which will be greater than the circumference. And if as 

1 to 3 + ==•> o^ ^ 71 to 223, so the ^ven diameter to a 

fourth proportional, this will be nearly equal to the cir- 
cumference, but will be less than it. 

Cor. 2. Because the difference between = and ■==■ is 

7 71 

1 . 

r— s, therefore the lines found by these proportions differ 

by r^ of the diameter. Therefore the difference of 

either of them from the circumference must be less thaxi 
the 497th part of the diameter. 

. Con. 8. As 7 to 22, so the square of the radius to the 
area of the cirde nearly, 
g 1. Cor, 5. For it has been shewn, that ^ the diauKeter of a cirde 
1. Sup. is to its circumference as the square of the radius to the 
area of the circle ; but the diameter is to the circum- 
ference nearly as 7 to 22, therefore the square of the ra* 
dius is to the area of the circle nearly in that same ratio. 
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SCHOLIUM. 

It is evid^fit that the method «ittployed in this |iropiv 
sition, for finding the limits of the ratio of the circumfe- 
rence to the diameter, may be carried -to a greater de- 
gree of exactness, by finding the perimeter of an inscrib- 
ed* and of a circumscribed polygon of a gi^ter number 
ot sides than 9tt The manner in which tlwf perimeters 
&( stksh polygons approach nearer to one another, as the 
number of their sides increases,' may be seen ftom the 
Ibllowing Table, which is constructed mi the prindples 
explain^ in the foregoing Proposidon^ and in which the 
rtiaias- is supposed =r 1. 



No. of Sides ' 


Perimeter gf the 


Perimeter of the 


of the Po- 


inscribed Po- 


circumscribed 


' lygon. 


lygom 

■ II - 1- r I'l r'l M ' ' r 


Pdygon.- 


6 


6.060000 


6:822088^ 


12 


6.211«67<i^ 


6.480T81 -: 


M 


6.965807+ 


•6.819820-^ 


48 


a«7870O+ 


6.90217*— 


96 


6.381^063+ 


.@.385480^ 


im 


6.'98S004+ 


6.288747— 


384 

ft 


'6»288n6-f- • 


6«88^7-- 


768 


6.288167+ 


• &288921^ 


1536 


6.283180+ 


6.288196— 


8072 


6.283184+ 


6.288188— 


6144 


6.283185+ 


6.283186— 



The part that is wanting in the numbers of the second 
column to make up the entire perimeter of any of the 
inscribed polygons, is less than imit in the sixth decimal 

Elace ; and in like manner, the part by which the num- 
ers in the last column exceed the perimeter of any of 
the circumscribed polygons is less than a unit in the 

1 
sixth dedmal place, that is than 1000000 of the radius. 
Also, as the numbers in the second column are less than 
the perimeters of the inscribed polygons, they are each 
of them less than the circumference of the circle ; and 

0,2 
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gBViiknMnt for the aanie reason, efldi of those m the third column is 
^"■^v^^-i^ ereatar than the arpqi»fei«nee. But when the arch of 

js of the drcumferenoe is bisected ten times, the number 

ioi sides in the polygon is 6144, and the numbers in the 

TtlbLd differ ^p$m0O0iBfio^ part of 

the radius, and therefore the j^erimeters of the pdygoos 
differ by less than that quantity ; and consequently the 
circumKrence of the. circle, wnich is' greater than the 
least, and less thim the greatest of ihese numbers, is de- 
temuncd wiltea less thnn the jaMlliooath pert of the n- 
^us. 

Hence, also, if R be ^e mdhis^of any orde, the cir- 
cumference is greater than R x 6.283186, or than SRx 
8.14169S, but less than SR x 8.141696 ; and these num. 
bers diflfer from one andther onl/t>y a mUOoni A part of 
the radius. So also R*x 8.141692 is less, and R^x 
8.141698 ffreater than the area of the circle; and these 
numbers differ from one anoEber only by a millionedi 
part of the square of the radius. 

In tUs way, also, the circuinference and the area of 
the circle may be found stiH neaiier to the truth ; but 
ndther by this, ncNr by any othar method yet known to 
geometers, can they be exi^ptly determined, though the 
errors of both may be reduced to a less quantity timn aoy 
:t .r^rf Ihat; CB^ be assigned, ' . 5^^ .* 

.. . * . ^ 
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DEFINITIONS* 



I. 



ASTftAiOHT line is perpendicular^ or at tigl^ aaglea Bookllt 
to a plane, wl&en it makw right angles with every ^^'"^v^w^ 
stndght line which it meets in that plane. 

A i^e is perpendidilar to a plane, when the straight 
Bnes drawn in one of the planes perpendicular to the 
pommaa section of the two planes are perpendicular to 
the other plane. 

IIL 

The incHnation of a straight line to a plane is the acute 
ftngle eontdioed by that strait line, and another 
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Su^ement drawn from the point in which the first line meets the 
' lane, to the point^n>rhi|ph,uperpei)dicular to the plane, 
rawn from any' point of the lirst line, meets the same 
plane. 

IV. 

The angle nA^ bj turo^jfaiies'wliifh cut one anodier, is 
the angle dontiuned hy two €ftra%hi Ikm drawn from 
any, the same point in the line of their common sec- 
tion, at rifht angles to tbat.line, the.Qne^ in the one 
plane, ana the^othe^ in 4)ie,at}i/Br« - 0^ the two adja- 
cent angles man^ b^ tWGf lin^s^rawn in this manner, 
that whidi is acute is also ci^ed t he ineKn ation of the 
planes to one another, 

• ■ • 

V. 

Two ^anes are ^^ to haVD.tho aittiiei or! W like inclina- 
tion to one another, which two other planes have, 
when the angles of inclination above defined are equal 
to one another. 

VI. 

A strmght line is said to be parallel to a plane, when it 
does not meet the plane, though produced ever so far. 

..1 'I ; ■ • ■ . , VII. ^ _ .^^ ^ 
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^^ Planes 'are said;to lie parallel taone annthfer^ whioii 
not meet, though.*pi»duoBd ever so fim -i . ' 

VIII. 

A ac4i4 a^gl^ is an an^e made by the m^qg ^f :i@0qre 
than two plane angles, which ^e not in the t^^Q p^ne, 
in one point. 
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PROP. I. THEOR. 



One part of a straight Une ^awfv&t he in a ]^ne ^^ ^• 
and another part above it. 

If it be possible, l^t AB, part of the straight line ABC 
be in the plane, and the part BC above it : and since the 
straight line AB is in the 

plane, it can be produced in y^^ 

that plane*: let it be pro- y^ %%FoauU 

duced to D: Then ABC 

and ABD are two straight , - 

lines, and they have the » -^ ^ ^ 

common segment AB, which 

IS inipDssime^ Therefore ABC is not a straight Kne.b^ Cor. dtf. 

Wherefore one part, &c. Q. E. D. ^ ^' 




PROP. IL THEOR. 

Any three straight lines which meet cine another^ 
not in the same pointy are in one plane. 

Let the three «traight lines AB^ CD, CB meet one 
another in the pdintsr B, C and 
E; AB, CD, CB are in one 
plane. 

Let any plane pass through the 
straight line EB, and let the plane 
be turned about EB, produced, if 
necessary, until it pass through 
the point C : Then, because the 
points E, C are in this plane, the 
straight line EC is in it * : for the 
same reason, the straight line BC 
is in the same ; and, by the hypothesis, EB is in it : 




a def. 5. 1.. 



«f« 



£XBH£N7:S 



tiyf l iM i ii t therefore the three stnuffht lines EC, CB, BE are in one 

5 lane : but the whple f^tke lines I)C» AB, and BC pro- 
uoed, are in the 'flime pUne with die parts, of them EC, 
hht^Bvp. EB, BC^ Therefore AB, CD, CB, are all in qi^ 
' plane. Wherefore, &e. <^. E; D, 

Cob. It is mntifest that any two straight lines wUch 
ieiit ime another are in one plane : Also, that any ttin^ 
points whateTer^m!^ ii| pi|e pbne« - ^ 



PROP. in. 'htEQB. 

\ • « < * • 

Jftxivo pkmes ctU one awAhentlieir tomamm^- 

tion is a straight line. 

>} - • ... 

Let two planes AB, BC cut one anbther,. ai|d hi,'i 
and D be two^ points in the line 
of thdr comi^oii section. From 
Bio T) Aiaw tlie straight line ^v^ |,| 

BD; and t^ecais^ the p^hits B 
and D are in ithe j^iie AB^ 
the straight line BD is i^ 
ft acC & 1. that plane* : for the same rea^ 
son It is in. the plade CB ; the 
straight line BD is therefore 
common to the planes AB and BC, or it is the comnoa 
section of these plapes. Therefore, &c, Q. K»1)t 
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OF GEOMETRY. 



fROp. ly. THEOR. . "^ 

tf a straight line stAiid at right ^(tngUi toeadi n. 
qftwo straight Uftes in the point of their in- 
tersection, it wiU also be at right angUt to 
the plane itf, which -these lines are. ■ 

Let tbe straight lioe AB stand at right an^es to each 
of the straight Ones EF, CD in A, the point of their in- 
teneclioii : AB is also at nght angles to the plane paw- 
ing throng EF, CD. 

Throa^ A draw any line ACr in tfie plane in wlucb 
are EF and CD ; let G be any 
point in that line; draw 6H 
mrallel to AD; and nuke 
HF =HA, join FG; and 
when T»>oducecl, let it meet 
CA in D ;Jffln BD, BG, BF. 
Because OH is parallel to 
AD, and ^H = H A ; there- 
ioK FG = GD, 80 that the 
line DF is bisected in G. And 
because BAD is a ru|;ht ande, 

BD*=: AB» + AD*'; and "W-I. 

fertile same reaaai, BF*=: 
AB" + AF», theteFore BD»+ 
BF* = SAB* + AD* + AF* ; 

aodbecauseDFis bisected in G ^ AD* + AF*= 9AG*+ ^ A- 1. 
S6F«.thereforeBD'+BF»=2AB»+2AG»+2GF*. But 
BD*+ BF* =^ SBG» + SGF*, therefore SBG* + «6F* 
=8AB» + gAG* + aGF' ; and taking 8GF* from both, 
«BG* sbSAB* + ftAG', or BG* = AB* + AG* ; where- 
fcre BAG * is a ri^t ai^ Now AG is any strawht e M. I. 
line dnwn.in the plaiK <M the lines AD, AF ; and when 
a stnigfat line is at ri^t an^es to any stiai^t line which 
it meets with in a plane, it is at rifj^t angles to the plane 
itself'. AB ia therefore at right angles to tbe plane of ddcC. 1.2 
the tines AF, AD. Th«efote, &c Q. E. D. Smf. 
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Supplement 

PROP. V. THEOR. 

If three straiffht lines meet all in one point , and 
a straight Tine stand at right angles to each 
of them in that point; these three straight 
tines are in one and the sarne plane. 

Let the straight line AB stand at right angles to«ach 
of the straight lines BC, BD, BE in B, the point where 
th^ meet ; BC, BD, BE are in one and the same pkne. 
If not, let BD and BE, if possible, be in one pkme, 
and BC be above it ; and let a plane f)ass tiu:Du^h AB, 
BC, the common section of which with the p£uie, in 

aS. H. Sttp. which BD and BE are, shall be a straight ^line; let tlus 
be BF ; therefore the three straidit lines AB, BC, BP, 
are all in one plane, viz. that whidi passes through AB^ 
BC ; and because AB stands at right angles to eftck 

b 4. 9. Sup. of the straight lines BD, BE, it is also at Tight angles ^ to 
the plane passing through diem ; and therefore mdces 
right angles witn every straight 
line meeting it in that plane ; but 
BF which IS in that plane meets 
' it ; therefore the angle ABF is a 

right angle; but the angle ABC, | C 

by the hypothesis, is also a right I • ^^^^y^ 

angle ; therefore the angle ABF I ^,^..>^^ ^^^^^ ^y 
is equal to the angle ABC, and ^^f^^^--^ ^ ""^ 
they are both in the same plane, -^^^^v^^ ^ 

which is impofiBible : therefi»e 
the straight line BC is not above ^.^ 

the plane in which are BD and ** 

BE : Wherefore the three straight lines BC, BD, BE 
are in one and tbe same plane. Theiiefbre, if 'tloee 
straight lines, &c. Q. E. D. 
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PROP. VI. THEOR. 

Two straight lines which are at right angles to 
the same plane are parallel to one another. 

Let the straight lines AB, CD be at right angles to 
the same plane BDE ; AB is parallel to CD. 

Let them meet the plane in the points B, D. Draw 
D£ at right angles to DB, in the 
plane 3Df!, and let E be any point 
m it : ' Jpin AE^ AD, EB. Becaluse 

ABE is a right angle, AB* + BE' =• \ \ a 47,1. 

A£', aad because BDE is a right 
angle, BE* = BD* + DE* ; therefore 
AB«+BD-+DE2=:AE«; n9w,AB» 
+ BD* = AD*, because ABD is a 
right angle, therefore AD^ -f- DE^ = 

AE*, and , ADE is therefore ^ a right \ \ / b 48. 1. 

an^« Therrfore ED is perpendicu- 
lar to the. three lines BD, DA, DC, 
whence these lines are in one plane ^. But AB is in the c 5, 2, Sup. 
plane in which are BD, DA, because any three straight 
lines which meet one another, are in one plane ^ : There- d 2. 2. Sup. 
fore AB, BD, DC are in one plane ; and each of the 
angles ABD, BDC is a right sfiogle ; therefore AB is pa- 
raUel® to CD. Wherefore, if two straight lines, &c. e 28. 1, 
Q. E. D. 
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PBOP. VII. THEOR 

If two straight lines he pa^aUel^ anSt one of them 
he at right angles to a plane ; the other is also 
at right angles to the ^ame plane. 

Let AB) CD be two parallel straight liiiesi afid let^one 

of them AB be at right 

angles to a plane; the 

other CD is at ri^ht an- 
gles to the same plane. 
For, if CD be not perr 

pendicular to the plane to 

which AB i$ perpeftdiciir 

lar, let DG be perpendi- 6 
a 6. i. Sup, cukr to it Then^ DG 

is paraUel to AB ; PG 

and DC therefore are 

both parallel to AB, fuid 

are drawn throqgh the same point D, which is iiX^ossU 
«>n.Ax.i.tlc^ Theiefois^ &c. Q. E.D, . — 




PROP. VIII. THEOR. 



y 



Two straight lines which are eofih ^ thm jw- 
raUel to the same straight tine, thmigh iwrf 
hoth in the same plane with it, are parmld to 
one another. 

Let AB, CD be each of them parallel to EF, and iiot 
in the same plane with it ; AB shall be parallel to Cflr 

In EF take any point G, from which draw, m fte 
plane passing through EF, AB, the straight line GH^ 
right angles to EF ; and in the plane pasang throu^ 
EF, CD, draw GK at right angles to the same EF. And 
bec^se EF is perpendicular both to 6H and GK, it i» 
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pcrpendkiilar * to the plane HGK paaang througb them : BliMkiK 
and £F is parallel to AB ; theiefole AB is at right ^77^ 
angles^ to the plane — " *• *• ^°^ 



HGK. For the same A 
., CD is like- 




f^^mm^m^m^^f^ 



h 7. 2. Sup. 



Wise at r^^'aagles 

to the plane HGK. 

Therefore AB, CD 

are each of them at 

right angles to die C 

l£neH§K* But if 

two straight lines are at right anglep to the same plan^, 

they are parallel^ to dae another. Thel^i^e AB is pa- c 6. & Sup. 

rallel to CD. Wherelbre two straight lines> && Q. £. D. 



PROP. IX. THEOR, 

Ifttco straight linei meeting one another bepa^ 
rallel to two ot/wrs that meet one anotner, 
though not in the same plane 'with the first 
inf^i ihefirHficoQ »nd the other two shall con- 
tain equal angles, 

Let the two strtiight lines AB, BC which meet otie ano- 
ther be parallel tOr the two sti^ght U^es DE, EF that 
meet one another, and are not in the 
same plane with AB^ BC ; the 
ai%ld Aide Irs equal to the aag^ 
-DEF. ••",..•.•■■ 

OVdceBA, BC, £D, EF ail equal A 
to cme another ; and join AD, CF, 
BE^AC^DF: Because B A is equal 
and parallel to ED^ therefore AD is 
* both equal and parallel to BE. For 
the same reason, CF is equal and 
JH^dtoBE. Therefore AD and 
UP aire each of them equal and pa- 
ndtd to BE. But strmght lines ]>l 
that are parallel to the same 
straight line, though not in the same plane with it^ are 
parallel ^ to one another. Therefore AD is parallel to b & 2. Sup. 
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Sopptemtnt CF ; and it is eqcu4 to it, and AC, DF ym ibeta te. 

^■*^^^""*-^ wards the same jA'ts ; therefore ■ AC i8 equal md 
parallel to DF. And because AB, BC are equal to DE, 
EF, and the base AC to the base DF ; the angle ABC 

c 8. 1. is equal '^ to the angle DEF. Therefore, if two stra^ht 
lines, &c. Q. E. D. 



PROP. X, PROS. 

To draw a straight line perpendicular to a 
plane from a gi'ven point above it. 

Let A be the given point above the plane BH ; it is 
required to draw from the point A a straight line perpen- 
dicular to the plane BH. 

In the plane draw any straight line BC, and from the 

a 12. 1. point A draw* AD perpendicular to BC If then AD 
be also perpendicular to the plane BH, the thing required 
is already done ; but if it 
be not, fmra the pcnnt D 

b 11. 1. draw ^, in the plane BH, 
the straight line DE at 
right angles to BC ; and q 
from the point A draw 
AFperpendiciikrto DE ; 

c 31. 1. and through F draw*^ 6H 
parallel to BC : and be- 
cause BC is at right 

d *. 2. Sup. angles to ED, and DA; BC is at right angles'^ totbe 
plane passing through ED, DA. And GH is parallel to 
BC ; but if two straight lin^s be parallel, -one of which is 

e 7. 2. Sup. ^^ right angles t^ a plane, the other shall {?e at' ri^* 
angles to the same plane ; wherefore GrH 'is at ri)^ 
angles to the plane tteough ED, DA, and is perpendica- 

f def. 1. 2. lar' to every straight line mieeting it iti that plane^ Bnt 
Sup. AF, which IS in the -plane through ED, DA, meets it : 
Therefore GH is perpepdicular to AF, and coiisequently 
AF is perpendicular to GH ; and AF is also pei7)enfi-. 
cular to DE : Therefore AF is perpendictiiar to ^di of 
the straight lines GH, DE. But if a strtoght line stands 
at right angles to each of two straight lines in the point of 
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their htteraection, it is abo at right angles to the plane ^'^ ''* 
piffisii^ through them \ ' And the j^ane passing through ^^^ 
ED, GH is tne plane BH ; therefore AF is perpendi- 
cular to the plane BH, so that, from the ^ven pomt A, 
above the plane BH, the straight line AF is drawn per- 
pendicular to that plane. Which was to be done. 

Cob. If it be required from a point C in a plane to 
erect a perpendicular to that plane, take a point A above 
the plane, and draw AF perpendicular to the plane; 
then, if from C a line be drawn parallel to AF, it will be 
the perpendicular required ; for being parallel to AF it 
will DC perpendicular to the same plane to which AF is 
perpencUcular^ 



PROP. XI. THEOE. 

From the same point in a plane^ there cannot he 
two straight lines at right angles to the planer 
upon the same side of it : And there can be 
but one perpendicular to a plane frain a point 
above it 

For, if it be possUDle, let the two straight lines AC, AB 
be at right angles to a given plane from the sanpe point 
A in the plane, and upon the same side of it ; and let a 
plane pass through BA, AC ; the common section of tliis 
plane with the given plane is a straight ^ line passing a 3. 2. Sup. 
through A : Let DAE be their common section : There- 
iote the strmght lines AB, AC, DAE are in one plane: 
And because G A is at right angles to the ^ven plane, it 
makes right angles with every 
straight line meeting it in that 
plane. But DAE, which is in 
that plane, meets C A ; there- 
fore CAE is a right angle. For 
the same reason B AE is a right 
angle. Wherefore the angle 
CAE is equal to the angle jt- 
BAE ; and they are in one 
plane, which is impossible. Also, from a point above » 
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Sttivtement nlane, there ean be but one perpendicular to that plaAe; 
"sup » ^'^^"^ could be two, they would be parallel ** toone 
another, which is absurd* Therefova, from the same 
point, &c. Q. £. D, 



b6 
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Planes to which the same st?''aight line is per" 
pendkular^ are parallel to one another. 

Let the straight line AB be perpendicular to eM^ ^ 

the planes CD, £F ; these planes are parallel to one 

another. 

If not, they must meet one another when produeedy 

and thdr common section must be 

a straight line GH, in which take 

any point K, and jmn AK, BK r 

Tnen, because AB is perpendicu« 

lar to the plane EF, it is perpen- ^ 
«4er. 1. 9..dicular* to the straight Hne BK^ 
^I^ which is in that plane, and there- 

fore ABK is a right an£;Ie. For 

the same reason, BAE is a right 

angle; wherefore the two angles 

ABK, BAE; of the triangle ABE 

are equal to two right angles, 
br 17. 1, which is impossible ^ : Therefore 

the planes CD, EF, though produced, do not meet oii€f 
c def. 7. ^ anotner ; that is, they are parallel ^ Therefore ptanes^ 
»^^^ fcc. Q.E.D. 
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PROP. 3ilII. THEOR. 

If two straight lines meeting one another be pa- 
raUel to two straight lines wMch also meet one 
another^ hut are not in the same plane with 
the first two ; the plane which passes through 
the first two is parallel to the plane passing 
through the others. 

Let AB, BC, two straight lines meeting one another, 
be mraliel to D£t ^^ that meet one another, but aare not 
in Uie saime pl^e with AB, BC : The planes through 
AB, BC, and DE, EF shall not meet, though produ- 
ced. 

From the point B draw BG perjJendicular • to the ^ lo. 2.Sup: 
plane which passes through DE, EF, and let it meet 
that plane in G ; and through G draw GH parallel to 
£D b, and GK parallel to EF : And because BG is per- b 31. l. 
pendicular to the plane through DE, EF, it must make 
right angles wiui * 

every straight lipe E 

meeting it in that 
plane ^. But the 
straight lines GH,: 
GK in that plane; 
meet it: Therefore 
each of the angles 
BGH, BGK is a 
right angle : And 
because BA is pa- 
rallel ^ to GH (for each of them is parallel to DE,) the d 8. 2. Supu 
angles GBA, BGH are together equal * to two right e 29. l. 
angles : And BGH is a right angle ; therefore adso GBA 
is a right angle, and GB perpendicular to BA : For the 
same reason, GB is perpendicular to BC : Since, there- 
fore, the straight line GB stands at right angles to the 
two stra^fat.lines BA, BC, that cut one another in B ; 
GB is {)erpendicular ^ to the plane through B A, BC : f 4 3. Sup, 
And it is perpendicular to the plane through DE, EF ; 
thetefore BCr is perpendicular to each of the planes 
through AB, BC, and DE, EF ; But planes to which 
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SoppiaKiit the same straight line is perpoidicular, are paniUel^lo 
^"TTvp^ one another : Therefore the plane through AB, BC is 
'supu parallel to the plane through DE, £F. WherkcN-e, if 
two stnught lines, &c. Q. E. D. 

Com. It follows from this demonstration, that if a 
straight line meet two parallel planes, and be perpendi- 
cular to one of them, it must be perpendicular to die 
other also. 



PROP. XIV. THEOR. 

If two parallel planes be cut by another plane, 
their common sections^ with it are parallels. 

Let the parallel planes AB, CD be cut by the plane 
EFH6, and let their 
common sections with 
itbeEF,GH; EF is 
parallel to GH. 

For the straight lines 
EF and CrH are in the 
8ameplane,viz. EFH6, 
which cuts the planes .1 
AB and CD ; and they ^ 
do not meet though pro- 
duced; for the planes 
in which they are do 
adefi 30, 1, not meet ; therefore EF and GH are parallel \ Q. E. D. 




PROP. XV. THEOR. 

If two parallel jdanes be cut by a third planer 
they nave the same inclination to that plane. 

Let AB and CD be two parallel planes, and EH a 
third plane cutting them : The planes AB and CD are 
equally inclined to EH. 

Let the straight lines EF and GH be the commcn 
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4ieetim^ctflhe|daiieEHwichthet\^plaiiesABMidCD; BoekiL 

aud^frott) K, any* pcini m EF, di^w in the plane EH ^— "v-^ 

• the 'sUnaight line EM at r^t angleg to EF, and let it 

meet GH in L ; draw also KN at right angles to EF in 

the plane AB : and through the stridght lines KMj» EN, 

let a plane be made to pass, cutting the plane CD in the 

line l!#0. And because EF and GH are the common 

sections of the plane EH with the two parallel pknies 

AB and CD, EF is parallel to GH •. But EF is at right • ^^ «- 

angles to the plane that passes through EN and EM ^ bXs.Sttp. 

because it is at right angles to the hnes EM and EN : 




t. 



therefore GH, is also at right angles to the same plane % c 7i«.ftip. 
and it is therefore at right angles to the lines LM, LO 
which it meets in that plane. Therefore, since LM and 
LO are at right angles to LG, the common section of 
the two planes CD and EH, the angle OLM is the in- 
cfination of the plane CD to the plane EH ^ For the ^^'^ 
same reason the angle MEN is the inclipation of the ^^ 
plane AB to the plane EH. But because EN and LO 
are parallel, being the common sections of the parallel 
planes AB and CD with a third plane, the interior angle 
NEM is egual to the exterior angle OLM * ; that is, « «»• * 
the inclinMUon of the plime AlA to the plane EH is eqial 
to the iqclination of the plane CD to the same plane EH. 
Therefore, &c. Q. E. D. ' 
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PROP. XVI. THEOB. 



If two straight lines he cut by parallel planes, 
they must he cut in the savie ratio. 

Let tlie straight lines AB» CD be cut by the parallel 
{danes GH, KL, MN, in tlie points A, E, B ; C, F, D : 
As AE is to EB, so is CF to FD. 
• Join AC, BD, AD,. and let AD meet the plane KL 
in the point X ; and join 
EX, XF : Because the two 
parallel planes KL, MN are 
cut by the plane EBDX, G 
the common sections EX, 
BD, are parallel a. For the 
same reason, because the 
two parallel planes GH, 
KL are cut by the plane ^ 
AXFC, the common sec- 
tions AC, XF are parallel : 
And because EX is parallel 
to BD, a side of the triangle 
ABD^ as AE to EB, so is ^ 
AX to XD. Ag^n, be- 
cause XF is parallel to AC, M^ 
a ade of the triangle ADC,, 
as AX to XD, so is CF to FD : And it was proved 
• IK 5. that AX is to XD, as AE to EB : Therefore % as AE 
to EB, so is CF to FD. Wherefore, if two straight 
lines, &c. Q. E. D« 
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PROP. XVII. THEOR. 



If a straight tine he at right angles to a plane, 
every marie which parses through that Une is 
at right angles to the Jirst-mentioned plane. 

Let the stnught line AB be at right angles to a plane 
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CK; every plane which passes through AB is sH right BotttL 
angles to the plane CK. 

Let any plane D£ pass through AB, and let CE be 
the common section of the planes D£, CK : take aay 
point F in C£, from which draw FG in the plane D£ 
at right angles to C£ : And because AB is perpendicular 
to the {)lane CK, there- ^^ r a m 

tote it is also perpendi- ^— -^ ^ 

cular to every straight 
fine meetii^ it in that 

plane*; and consequent- i i , j k ideta. 

ly it is perpendicular to V "V ^' 

CE : Wherefore ABF is ^ \ ^- 

a riffht angle ; but GFB 
is likewise a right angle ; 

therefore AB is parallel ** " — -^ *** b 2& 1. 

to FG. And AB is at right angles to the plane CK ; 
di^'efore FG is also at right angles to the same plane ®. c 7. 1 Sup, 
But one plane is at right angles to another plane when 
the straight lines drawn in one of the planes, at right 
angles to their common section, are also at right angles 
to the other plane ^; and any strmght line FG in theddef. 8. iL 
plane DE, which is at right angles to CE, the common 
section of the planes, has been proved to be perpendicu- 
lar to the other plane CK ; therefore the plane. DE is at 
right angles to the plane CK. In like manner^ it may 
he proved that all the planes which pass through AB are 
at right angles to the plane CK. Therefore, if a straight 
line, &a Q. £. D. 




PROP. XVIII. THEOIL 

If two planes cutting one another be each of (hem 
perpendicular to a third plane, their common 
section is perpendicular to the same plane. 

Let the two planes AB, BC be each of them perpen- 
dicular to a third plane, and BD be the common section 
of the first two; BD is perpendicular to the plane ADC. 

From D in the plane ADC, draw DE perpendicular 
io AD, and DF to DC. Because DE is perpendicular 
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le cxmunon seetioaof the pUmes AB and ADC; 
ise the plane AB is at rigiit B 

» ADC, DE i$ at right 
the plane AB % and there- 
to the straight tine BD in 
e^ For the same reason, 
right angles to DB. Since 
lerefore at ri^ht angles to 
lines DE ana DF, it is at 
rles to the plane in which 
DF are, that is, to the 
lDC ^ Wherefore, &c. 

AF 




PROP. XIX. THEOR. 

might lines not in the same plane being 
^ in position^ to draw a straight line per- 
'^xmlar to them both. 

B and CD be the ^v^ lines, which are not iii 
\ plane, it is required to draw a straight line 
all be perpendicular both to AB and C& 
\ take any point £, and through E draw Et 
o CD, and let EG be drawn perpendicular td 
B which passes through EB, EP*. Through 




EG let a plane pass, viz. GK, and let thisplajc 
) in H; firom H draw HE perpendiciilac to 
d HE is the line required^ Tnrouj^ H^.drav 

alleltoAB. ' "' 
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Thef^ time HK and GE, which are in the same pUoe, ^^ V* 
are both at right aiiffles to the strai^t line AB* they are ^"^^^""^^ 
parallel to one anoSier. And bemuse the lines HG, 
HD are parallel to the lines £B, £F, each to each, the 
}dane GHD is parallel to the plane ^ B£F ; and theret b is. 2. * 
fore EG, which is perpaidiciUar to the plane B£F, is ^^ 
popendicular also to the plane « GHD. Therefore HK, ""^^ 
which is_parallel to G£, is also perpendicular to the * ^' 
plane GHD ^ and it is therefore perpendicular to HD •, ''^- *• ^^' 
which is in that plane, and it is also perpendicular to * ^J^' ^ 
AB ; therefm^ HK is drawn perpendicular to the two 
given lines, AB and CD. Which was to be done. 



PROP. XX. THEOR. 

If a solid angle he contained by three plane 
angles^ any trvo of these angles are greater 
than the third. 

Let the solid angle at A be contained by the three 
plane aiu^es BAC, CAD, DAB. Any two of them are 
greater man the tlurd. 

If the angles BAC, CAD, DAB be all equal, it is evi- 
dent that any two of them are greater than the third. 
But if they are not, let BAC be that angle which is not 
less than either of the other two, 
and is greater than one of them, 
DAB ; and at the point A in the 
strai^t line AB, make, in the 
plane which passes through BA, 

AC, the angle BAE equal * to / J^\ \ » ta. 1. 
the angle DAB ; and make AE 
equal to AD, and through £ draw 
BEC cutting AB, AC in the** 
points B, C, and join DB, DC. And because DA is 
equal to AE, and AB is common to the two triangles 
ABD, ABE, and also the angle DAB equal to the angle 
EAB ; therefore the base DB is equal •» to the base BE. '^ *• 1- 
And because BD, DC are crreater ** than CB, and one of c to. i. 
them BD has been proved equal to BE, a part of CB, 
therefore the other DC is greater than the remaining 
part EC. And because DA is equal to AE, and AU^ 
common, iut the base DC greater than the base EC ; 
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Supplement therefore the angle D AC ig greater ^ than the angle 
^'^^^^'^ EAC; and, by the oonstnietion, the angle DAB is 
equal to the angle BAE; wherefore the. angles DAB 
DAC are toother greater than BAE, EAC, that is, 
than the anj^e BAC. But BAC is not less than either 
<rf the angles DAB, DAC ; therefore BAC, with either 
of them,' 18 greater than the other. Wherefore, if a so* 
lid angle, &c. Q. E. D. 



PROP. XXI. THEOR. 

ITie plane aiigks^ which contain any solid angUy 
are together less than four right angles. 

Let A be a solid angle contained by any number of 
plane angles BAC, CAD, DAE, EAF, FAB ; these to- 
gether are less than four right angles. 

Let the planes which contain the solid angle at A be 
cut by another plane, and let the section of them by that 
plane be the rectilineal figure BC DEF. And because 
the solid angle at B is contained by three plane angles 
CBA, ABF, FBC, of which 
a 2a 2. j^jjy ^^Q are greater * than the 

^"P' third, the angles CBA, ABF 
are greater than the angle FBC. 
'For the same reason, the two 
plane angles at each of the points 
»C, D, E, F, viz. the angles 
which are at the bases of the 
trian^s having the common fj 
vertex A, are greater than the 

third angle at the same point, 

which is one of the angles of D 1^ 

;the figure BCDEF : therefore ail the angles at the bases 
of the triangles are together greater than all the angles 
of the figure; and because all the angles of the triangles 
are together eq^ial to twice as many ri^ht ai)gles as thene 

1)32.4. are triangles**; that is, as there are sides in thq figure 
BCDEF; and because all the angles of the figure, to- 
gether with four .right angles, are likewise equal to t%vice 

ccor. 1. as many right angles as there are sides in the figure*^; 

^^* *' therefore all the angles of the triangles are equal to-all- 
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the angles of the rectilineal figure, together with four Book II* 
right angles. But all the angles at the bases of the tri* ' - ' 
angles are greater than all the angles of the rectilineal, 
as has been proved* Wherefore, the remaining angles of 
the triangles, viz. those at the vertex, which contain the 
solid angle at A, are less than four right angles. There- 
fore every soUd an^e, &c. Q. E. D. 



Otherwise. 

Let the sum of all the angles at the bases of the tri- 
angles = S ; the sum of all the angles of the rectilineal 
figure BCDEF = s ; the sum of the plane angles at 
A = X, and let R = a right angle. 

Then, because S + X = twice ^ as many right angles b 3«. i. 
as there are triangles, or as there are sides of the rectili- 
neal figure BCDEF, and as 2 +4R is also equal to twice 
as many right angles as there are sides of the same fi- 
.gure ; therefore S + X = s +4R. But because of the 
three plane angles which contain a solid angle, any two 
are greater than the third, S:>»^s ; and therefore ^.^4iR; 
that is, the sum of the plane angles which contain the 
solid angle at A is less than four right angles. Q. E. D. 

SCHOLIUM. 

It is evident, that when any of the angles of the figure 
BCDEF is exterior, like 
the angle at D, in the an- ^ 

nexed figure, the reason- 
ing in the above proposi- 
tion does not hold, because 
the solid angles at the base 
are not all contidned by 

eane angles, of which two 
Jong to the triangular 
planed, having their com- {^ C 

mon vertex in A, and the third is an interior angle of the 
rectilineal figure, or base. Therefore, it cannot l)e con- 
cluded that S is, necessarily, greater than s. This pro- 
position, therefore, is subject to a limitation, which is 
ferthcr explained in the notes on this book. 
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Ot THE COMPARISOK 6t SOLIDS. 



DEFINITIONS. 



I. 

A SOLID is that which has length, breadth, and thick- Book in. 
ness. Vxii^-v-^ 

■ 

II. 



t ! 



Similar soUd figures are such as are contained by the dccN. 
same numbers of dmilar planes, similarly situatec^ and 
having like inclinations to one another. 

III. 

A pyramid is a soUd figure contained by planes that are 
constituted betwixt one plane and a point above it in 
whidi they meet. 
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IV. 

A prism is a solid figure conUdned by plane figures, of 
which two that are opposite are equal, fflmilflr, and pa- 
rallel to one another; aqd the others wre parallelo- 

grams. 

• » 

V. 

A paraUelopiped is a solid figure contmned by six quad- 
rilateral figures, whereof every opposite two are pa- 
rallel. 

VI. 

A cube is a solid figure contained by six equal squares. 

VII. 

A s[Aere is a solid figure described l^ the revx]liitiaD.of a 
semicircle about a diameter, which remains unmoved 

YIIL 

The axis of a sphere is the fixed strmghtlnie about which 
the semidrcle revolves. . 

IX. 

The centre of a sphere is the same with diat of the semi- 
circle. 

X. 

The diameter of a sphere is any straight line which passes 
through the centre, and is terminated both ways bj 
the superficies of the sphere. 



XL 

A cone is a solid figure described by the revolution cf a 
right angled triangle about one of the sides containing 
the right angle, which side remains fixed. 

XIL 

The axis of a cone is the fixed straight line about which 
the triangle revolves. 
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XIIL 

The base of a cooe is the circle described by that side^ 
cantaimi:^ the right aogle, which revolves, 

XIV. 

A.cylinder b a solid figure described by the revolution of 
a right angled parallelogram about one of its sides, 
whidi remains fixed, 

XV. 

The axis <^ a cylinder is the fixed straight line about 
which the parallelogram revolves. 

XVI. 

• 

The baas of a cylinder are the drcles described by the 
two. involving opposite sides ci the pirallelogiam. 

XVII. 

Similar cones and cylinders are those which have their 
8X6^, and the diameters of tfadr bases proportionahL 
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PROP. I. THEOR. 



■•♦ 



; 



If two solids be contained by the same number of 
equal and similar planes, similarly situate^ 

\ and if the incUnatum of any two cfmtiguous 
planes hi the one solid & the sam>e with ihcttt- 
clination of tlte two equal, and simlarly, si- 
tuated planes in the otner, the solids themselves 
are equal and similar. 

' Xet AG and KQ be twp fip}i4s Qont^ioed l)j^, il^.paxii^ 
number of equal and similar planes^ sinularljjr ^tuat^L so 
tliat the plane AC is similar and equal to the plane KM, 
the pljuje AF to the plane KP ; BG to LQ, GD to QJ^, 
DE to NO, and FH to PR. Xet also the mcfinatioii of 
flie plane AP to the plane AC be the saiine'with flutt^d^ 
(he plane KP to the plane KM,~ and so of the r^t;* Jtfe 
solid KQ is ecjual ana similar to the solid AG. ,, ..^^ jj 
^l.et tbei aplid KQ Ijw awh^ .to the. apTid ^G^ i^ 
the bases KM and AC, Wlb^h. are cquf^.aoct, firo]|i|]^ qpay 



a 



r^ 



D 



5^ 




. ' - ^ » 

coincide % the point N coinciding with the pow( IX: K 
with A, L with B, and so on. And because the plflfne 
KM coincides with the plane AC, and, by hypotne^ 
the inclination of KR to KM is the same with the inplif^ 
tion of AH to AC<, the plane KR will be upoii the.p)ftii^ 
AH, and will coincide with it, because they are sinijjlsr 
and eaual % and because their ecjual sides KN and AH 
coincioe. And m the same manner it is shewn, that xk^ 
other planes of the solid KQ coincide with the other planp 
of the solid AG, each with each : wherefore the solias KQ 
and AG do wholly roincide, and are equal and similar to 
one another. Therefore, &c. Q. E. D. 
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PROP. II. THEOR. 



I * 



v; 



If a sdiid be contained by six plan^, two and 
two of which are parallel, the opposite pkmes 
are similar and equal parallelograms. 



a 14. «. 

Sup« 



Let the solid CDGH be contained by the pamllel planes 
AC, GF ; BG, C£ ; FB, AE : its opposite planes are 
suooilar and equal parallelc^grams. 

Because the two parallel planes BG, CE, are cut bv 
the plane AC, their common secti<ms AB, CD are paral- 
lel *. Agun, because the two parallel planes BF, A£ 
are cut by the plane AC, their oommon sectbns AD, BC 
are paralM * : and AB is parallel to CD \ therefore AC 
is a parallelogram. In like manner, it may be proved 
that each of the figures CE, FG, « H ' 

6B, BF, AE is a parallelogram : \^ 
join AH, DF ; and because AB a ^ 
is parallel to DC, and BH to CF; 
the two straight lines AB, BH, 
which meet one another, are pi^ 
rallel to DC and CF, which meet ' 
one anothepr ; wherefore, though 
the firsjt two are not in the same ^ 
plane with the other two, they contain equid ll^gles *^ ; b 9. ?. Sup. 
the angle ABH is therefore equal to the as^le DCF. 
And because AB, BH, are equid to DC, CF, and the 
an^b ABH eqfual tb the angld DCF ; therefore the ba*f • - *'' * 
AH is equal*" to the base DF, and the triangle ABH )p c 1. 1. 
the triaagle DCF: For th^ same reason, the trlaogte ' ^ 
AGH is equal to the triangle DEF; and tl^refore uie 
pa^ldlelognim BG is equal afad isimilar to the parall0|<)(- 
gram C£.' In the samemantier, it may be proved, th4t 
me parallelogram AC is equal and similar to thevpatai* 
lelograi^ GF, and the parallelogram AE to BF. There- 
fore, if a soEd, &c. Q. E. D. 
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?RqP. ni. THEOR. 

• » , > ' _ 

If a solid paraUelopiped be cut by a plane pa" 
raUel to two of its opposite planes^ it will be 

. divided into two soms, winch wiU be to one 
another as their bases. 



Let the solid parallelopiped ABCD be cut by the 
plane £V, which is parallel to the opposite planes AR, 
HD, and divides the: whole into the solids ABFV, 
EGCD ; as the base AEFY to the base EHCF, so is 
the solid ABFV to the solid EGCD. 

Produce AH both ways, and take any number of 
straight lines HM, MN, each equal to EH, and any num- 
ber AK, KL each equal to EA, and complete the paral- 
lelograms LO, KY, HQ, MS, and the solids LP, ER, 




HU, MT r then, because the straight lines LE, KA, A£ 
* are all equal, and also the straight lines KO, AY, £F, 
whidi make equal angles with LK, EA, AE, the paral- 
•2?* J- ^ lelograms LO, EY, AF are equal and similar^; and 
b «t &i ^^^** *® parallelograms EX, EB, AG ; as also »» the 
^ parallelograms LZ, EP, AR, because they ore opposite 
planes. For the same reason, the parallelograms EC, 
MQ, MS are equal* ; and the parallelograms HG, HI» 
IN, as also '^ HD, MU, NT ; therefore three planes of the 
solid LP, are equal and similar to three planes of the 
solid EBL, as also to three planes of, the solid AV : but 
the three planes opposite to these three are equal and si- 
milar to them^ in the several solids; therefore the solids 
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LP, KR, AV are contabed by equal and similar planes Soak ill. 
And because the planea LZ, KP, AH are parallel, and ^"^v^*^ 
are cut by the plane XV, the inclination of LZ to XP is 
equal tothalof KP toPB; orof AR toBV: and the cl4.«. 
aaise is true of the other oontiguous planes, therefore tke 8"P- 
solids LP, KR, and AV, are equal to one another '. For d 1. 3. Si^ 
ibk same reaami, the three solids ED, HU, MT, are equal 
to (me another ; therefore what multiple soever the base 
LP is of the base AF, the same multiple is the solid 
LV of the Eohd AV ; for the same reason, whatever mul- 
tiple the fassie NF is of the base HF, the^an 
, the sohd ^V of the solid ED : And if the 
tqual t^ the base NF, the sohd LV is equal' 
NV ; and if the base LF,be greater than .tl 
the solid LV is greater than the sohd NV^ 
leas. Since then there are four magnitude^ 
bases AF, PH, and the tyiq splids AV, EI 
base AF and sohd AV, the base LF.aod , 
any equimuluples whatever; and of the h 
soM ED, the base FN and solid NV are any equimuU . 
tiples whatever ; and it has been. proved, tbat.if.tfae base 
LF is greater than the base FN, the solid LV is greater 
than the -solid NV ; and if equal, equal ; and if lees, lees : 
Therefore % as the base AF ip to the bgse FH,. $o is the e def. 5. a, 
solid AV. to the solid ED. Wherefore,. if a solid, &e. 
Q.E.1). 

CoK. Because, the ,p9r^e\9gnun AF is to'tlie paral- 
lelcwram FH as YF to FC^, therefore th? solid,AV«,f l.ft 
to^thesoIidEDasYFtoFC. ;;;, 
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PRpP. IV. THEOir. 



If a solid paralMepiped he cut by a ptamyass- 
* ing through the aiagonals of two of the op- 

posite planes, it wtU he cut into two eqyd 
pris^m^ 

Let ABbe a soFid ^aUelepiped^ and BE, CFtbe^ 
diagonals of the opponte parallelograms AH^ 6B) viz. 
those which are drawn betwixt the equal angles in cndi; 
and because CD, F£ are eaeh of ikem parallel to GA^ 
though not in the same plane with it, CS^ F£ are panL 

a^s. f. Bupii lei *• ; wherefbre the diagonals CF, 

D£ are in the plane in which the 

parallels are, and are themsehres 

b 14* %. purallels b : the plane CB£F cuts ^ 

Sup. the so&d AB into two equal parts. 

Because the tmngle C6F is^ 

c 34 1. equal * to the triangle CBF, and 
the triangle DAE to DHE ; and 
since the * parallelogram CA is 

d 8; a Sup. equal^ and similar to- the opposite 
one BE ;: and the parallac^Bpnim 
6£ to CH ^ therrfore the planes which conUdh th® 
prisms CAE^ CBE, are equal and simikr, each to each; 
and they are also equally- inclined to one another, be- 
cause the planes AC, 'Eo are parallel, as aho AF and 

• 15.2, Ship. BD, and they are cut by the plane CE ^ Therefore the 

tv, 3i Slip, prism CAE is equal to the prism CBE % and the solid 
AB is cut into two equal* prisms by the- plane CDEF* 
Q. E. D. 

N. B. The insisting straight Hues ofa paraUd^ped, 
mentioned in the^following propositions, iffe the sides of 
the parallelograms betwixt the base and the plane paral- 
Htoit 
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PROP. V. THEOR. 




SkUd paraUdepipeds upon the sarhe hoM^ amd of 
the same eUtttnde, the insisting straight lines 
of which are terminated in the same straight 
lines in the plane opposite to the ba^se, are 
equal to one another. 

Let the solid {xiiallelepipeds AH, AK be upon the 
same base AlB, ainl of the same altitude, and let their in-^ 
sisting straight lines AF, AG, LM, LN, be terminated 
in the same straight line FN, and let the insisting line» 
CD, CE, BH, BK be terminated in the same strught 
line DE ; the solid AH is equal to the soM AK. 

Because CH, CE are parallelograms, CB is equal ' to a 34 l« 
each of the opposite iddes DH, £E ; wherefore DH is 
equal to EE : add, or take away the common part HE ; 
then DE is equal to HE : Wherefore also the triancle 
CDE is ec]^al '^ to the triangle BHE : and the paraUebo- h sa L 
gram DG is equal ^ to the parallelogram HN. For the c 36. 1. 
same reason, the triangle AFG is equal to the triangle 
LMN, and the parallelogram CF is equal ^ to the paral- ^ 2. 3« Sup. 
lelogram BM, and CG to BN ; for they areoppcMsite. 




A. L 

Therefore the planes which contain the prism DAG are 
aimUar and equal to those which contain the prism HLN, 
each to each ; and the contiguous planes are also equally 
' inclined to one another % because tnat the parallel planes e 1$. 2. 
AD and LH, as also AE and LE, are cut by the same ^^P* 
plane DN ;, therefore the prisms DAG, HLN are equal ^ f i. 3. Sup. 

52 
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CLEMEKTS 



Stti^ement If therefore the prism LNH be taken from the solid, of 
which the base is the pacaUelogram AB, and FDKN the 
phine opposite to the oase ; and if from this same solid 
there be taken the prism AOD, the remaining solid, viz. 
the paralldepiped AH, is equal to the reraiuning panil« 
lelepiped AK. . Therefore solid parallelepipeds, &c. 
Q. £. D. 



PROP. VI. THEOR. 

Solid parattelepipeds upon the same base, and 
of the same attitvde, the insisting straight 
lines of which are not terminated in the same 
straight lines in the plane opposite to the base, 
are equal to fme another. 

Let the parallelepipeds CM, CN be upon the same 
base AB, and of the same altitude, but their insisting 
straight lines AP, AG, LM, LN, CD, CE, BH, BK, 
not terminated in the same sthtight lines ; the solida CM, 
CN are equal to one another. 

Produce FD, MH, and NG, K£, and let them meet 

one another in the points 0, P, Q, R ; and join AO, 

• dcf. 5. 3. LP, BQ, CR. Because the planes • LBHM and ACDF 







aie parallel, and because the plane LBHM is that in 
which ai'e the parallels LB, MHPQ % and in which also 
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is the figure BLPQ; and because the plane ACDF is Book ill. 
that in which are the parallels AC, FDOR, and in ^'"*'*v*^**^ 
which also is the figure C AOR : therefore the figures 
BLiPQ, CAOR, are in parallel planes. In hke manner, 
because the planes ALN6 and CBEE are parallel, Jeuid 
the plane AliNG is that in which are the parallels AL^ 
OP6N, and in which also is the figure ALPO, and the 
plane CBEE is that in which are the rarallels CB, 
RQEE, and in which also is the figure CBQR ; there- 
fore the figures ALPO, CBQR are in parallel planes. 
But the pknes ACBL, ORQP are also parallel ; there* 
fore the solid CP is a parallelejnped. Now the solid pa- 
rallelepipedCMisequal^ tothe solid jMuidlelepiped CP; b5.&8a^ 
because they are upon the same base, and then* msisting 
straight Imes AF, AO, CD, CR ; LM, LP, BH, BQ 
are terminated in the same straight lines FR, MQ ; and 
the solid CP is equal ^ to the solid CN ; for they are 
upon the same base ACBL, and their insistmg straight 
lines AO, AG, LP, LN ; CR, C£, BQ, BE ar6 termi- 
Hated in the same straight lines ON, RE : Therefore 
the solid CM is equal to the solid CN. Wherefore solid 
paralleleiHpeds, &c. Q. E. D. 
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PROP. VII. THEOR. 

^(cUd parallelepypeds which are upon eguol ham, 
aria of the samp altitudes are equal to one an^ 
other. 



Let the solid parallelepipeds, AE, CF, be upon equal 
bases AB, CD, and be of the same altitude ; the solid 
A£ is equal to the solid CF. 

Case 1. Let the insisting strsught lines be at right 
angles to the bases AB, CD, and let the bases be placed 
m the same plane, and so as that the sides CL, LB be 
in a straight Ime ; therefore the straight line LM, which 
is at right angles to the plane in whicn the bases are, in 
all.2.Sap. the pouit L, IS common* to the two solids AE, CF; let 
the other insisting lines of the solids be AG, HE, BE ; 
DF, OP, CN ; and first, let the angle ALB be equal to 
the angle CLD ; then AL, LD are in a straight line \ 
Produce OD, HB, and let them meet in Q, and complete 
the solid parallelepiped LR, the base of which is the pa- 
rallelogram LQ, and of which LM is one of its insisting 
straight lines : therefore, because the parallelogram AB 
e 7. & is equal to CD, as the base AB is to the base LQ, so is^ 
the base CD to the same LQ ; and because the solid pa- 
rallelepped AR is cut by the plane LMEB, which is pa- 
rallel to the oppo^te planes AE, DR ; as the base AB is 
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4^ 3. Sap. to the base LQ, so is * the solid AE to the solid LR : for 
the same reason, because the solid parallel^iped CB is 



txtt by (he^ne LM'FD, idiich is parallel to the oppo- "^ookm 

flitepIttiesCP, BR4 as the haae CD to the base LQ ; so '"^''V'^ 

is the solid CF to the solid LR : but as the base AB to 

the base L^, so ^ base CD to ^ base LQ, as has beeft 

fpvrred : thioefore, as the solid AE to the sdid L'R, so is 

ihe sofid CF to the acM L£:; and therdbre the solid AE 

is iequal* -to the solid CF. \e 9. «. 

But let the solid paral]elq>iped6 S£, CF be upon equal 
bases SB, CD, and be of the same altitttde, and let their 
iimsting straight Unes be at right angles to the bases ; and 

flace the bases SB, CD in the same plane, so that CL, 
jB be in a straight line ; and let the angles SLB, CLD 
1)e unequal 4 the solid SE is also in this case equal to the 
sdid CF. Produce DL, T3 until they meet in A, and 
ftom B draw BH parallel to DA ; and let'HB, OD pro- 
4luced meet in Q, and complete the solids AE,* LR : 
thei^ore the sbHd AE, aS which the base is the paralle- 
Jogram LE, and AK the plane oppoeite to it, is equal ^ tof s. a«iip. 
the solid SE, of which the base is LE, and SX the plane 
<^N)osite ; for ihey are upon the same base LE, and of 
the same altitucle, and tneir insisting straight lines, viz. 
LA, LS, BH, BT ; MG, MU, EK, EX are in the^me 
straight lines AT, GX : and because the parallelogram 
AB is eqpal^ to SB, for they are upon the same base g 35 1. 
LB, ana between the same parallels LB, AT; and be- 
cause the %ase SB is equal to^e base CD ; therefore the 
%ase AB is equal to the base CD ; but the angle ALB is 
«qual to the angle CLD ;* therefore, by the first ease, the 
solid A£ is equal to the solid CF ; but the sdid AE is 
equal to the solid SE, as was demonstrated ; therefore 
Jthe sohd SE is equal to the solid CF. 

Case S. If the insisting straight lines ^AG, HK, BI^ 
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Supi^eneiit LM; GN, RS, DF, OP be not at ri^ht angles to the 
^"^"^^""^ bases AB, CD ; in this case likewiie the solid A£ is equal 
to the solid CF. Because solid parallelepipeds on the 
b 64 3. Sup. same base, and. of the -same akitude^ are eqnal^, if two 
solid paifdlelepipeds be constituted 011 the bases AB and 
CD of the same altitude with the solids A£ and GF, and 
with their insisting lines perpendicular to their bases^ they 
will be equal to the sdids A£ and CF ; and, by the first 
case of this proposition^ they will be equal. to one another; 
wherefore the solids A£ and CF are also equal Where* 
fore^ solid parallelepipeds, &c. Q* £. D. 



PROP. VIII. THEOR. 

Solid parallelepipeds which have the same aJty 
tude are to one another a^ their bases. 

Let AB, CD be solid parallelepipeds of the same alti- 
tude : they are to one another as their bases ; that is, as 
the base AE to the base CF, so i? the solid AB to the 
solid CD. 

To the straight line FG apply the parallelogram FH 
A Cor. 45. 1. equal * to AE, so that the angle FGH be equal to the 
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angle LC6 ; and complete the solid parallelepiped 6K 
upon the base FH, one of whose insisting lines is FD$ 
whereby the solids CD, GE must be of the same altitude, 
b T. 3. Sup. Therefore the solid AB is equal ^ to the solid GK, be* 
cause they are upon equal bases AE, FH, and are of the 
same altitude : and because the solid parallelepiped CE is 
cut by the plane DG which is parallel to its opposite 
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planes, the base HF is « to the base FC, as the solid HD BM)k m. 
to the soHd DC : But the base HF is equal to the base ^^'T^^^ 
AE, and the solid GK to the'solid AB : therefore, as the^ *^ 

base AE to the base CF, so is the solid AB to the solid 
CD, Wherefore solid parallelepipeds, &c. Q. E. D. 

Cor. 1. From this it is manifest, that prisms upon tri- 
angular bases, and of the same altitude, are to one an- 
other as th^ bases. L^ the prisms BNM, DPG, the 
bases of which are the triangles AEM, CFG, have the 
same altitude; complete the parallelograins AE, CF, and 
the fioUd paralleloppeds AB, CD, in. the first of which 
let AN, and in the other let CP be one of ihe insisting 
lines. And because the solid parallelepipeds AB, CD 
have the same altitude, they are to one another as the 
base AE is to the base CF ; wherefore the prisms, which 
are their halves ^ aietaone another, as the base AE tod 4^3. Su^ 
the base CF ; that is, as the triangle AEM to the 
triangle CFG. 

Cob. 2. Al3o a prism and a paralldepiped, which have 
the same altitude, are to one another as their bases ; that 
is, the prism BNM is to the parallelepiped CD as the tri- 
angle AEM to the paraUelcu^am LG. For by the last 
Cor. the prism BNM is to the prism DPG as the triangle 
AME to the triangle CGF, and therefore the prism 
BNM is to twice the prism DPG as the triangle AME 
to twice the triangle CGF * ; that is the prism BNM ise 4. s. 
to the parallelepi^ CD as the triangle AME to the 
parallelogram LG. 
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ELEMENTS 



PROP. IX. THEOR. 



SoUd parallelepipeds are to one another in ike 
ratw that is compounded of the ratios of the 
areas of their bases^ and of their altitudes. 



Let AF and GO be twoflolid paraHekiiHpeds, (rf 
the bases are the parallelograms AC and GK, imd the il- 
tttudes, the perpoidiculars let fall <m. the phmes of diese 
bases from Bny point in the opposite planes £F and MO^ 
the solid AF is to the solid 60 in a ratb compounded of 
the ratios of the base AC to the bttse 6K, and of the 
perpendiciikr on AC, to the perpendicfular on GK^ 

Case 1. When the insisting lines are perpencficnlar to 
the bases AC and GK, or when the solids are upright. 

In GM9 one of the innsung lines of the solid GO, taice 
GQ equal to A£, one of the insisting lin^ of the sbKd 
AF, and through Q let a plane pass parallel to theplane 
OK, meeting the odier mlsisting lines of Ihe uXA GO ia 





the points R, S and T. It is evident that GS is a solid 

a def. 5. 3. parallelepiped % and that it has the same altitude with 

Sup. AF, viz. GQ or AE. Now the solid AF is to the solid 

GO in a ratio compounded of the ratios of the solid AF 
bdef. la 5. to the solid GS ^ and of the solid GS to the solid GO; 
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but the ratio of the solid AF to the solid 6S, is the fiame ^^^ >n« 
with Uiat of the baae AC to the base 6K % beeauae their c^XsTsI^. 
altitudes A£ and 6Q are equal ; and the ratio of the 
solid GS to the sdid GO, is the same widi that of GQ 
toGM^; therefore, the ratio whidi is compounded ofd3.5.Sap. 
the ratios cf the soUd APto the soiid GS, and of the so- 
lid GS to the solid GO, is the same with <he miao which 
is compounded of the ratios of the base AC to the base 
GK, and of the aldtude AE to the altitude GM ^ But c F. 5. 
the r^bo of the solid AF to the solid GO, is that which 
is compounded of the ratios of AF to GS, and of GS to 
GO; theref<Mre, the ratio of the sdid AF to the solid GO 
is eQii^K>unded of die mtios of the base AC to the base 
GE, and of the akitude AE to the altitude GM. 

Case S. When the insisting hnes are not perpendicular 
to the bases. 

Let the parallelograms AC and GK be the bases as 
before, and let AE and GM be the altitudes of the two 
parallelepipeds Y and Z on these bases. Then, if the 
upright parallekmipeds AF and GO be constituted on 
the bases AC and GK, with the altitudes AE and GM, 
they will be equal to the paralIele|Mpeds Y and Z \ Now, d 7. 3. Sup. 
the solids AF and GO, by the nrst case, are in the ratio 
compounded of the ratios of the bases AC and GK, and 
of the altitudes AE and GM ; therefore also the solids 
Y and Z have to one another a ratio that is compounded 
of the same ratios. Therefore, &c. Q. £* D. 

Cob, 1. Hence, two straight lines may be found having 
the same ratio with the two parallelepipeds AF ana 
GO. To AB, one of the sides of the parallelogram AC, 
apply the parallelogram BV equal to GK, having an 
angle equal to the an^Ie BAD ® ; and as AE to GM, so e 44 I. 
let AV be to AX ', then AD is to AX as the solid AF f 12. 6l 
to the solid GO. For the ratio of AD to AX is com- 
pounded of the ratios 8 of AD to AV, and of AV togdef. 10. 5. 
AX ; but the ratio of AD to AV is the same with that 
of the parallelogram AC to the parallelogram BV h or h 1. 6. 
GK, and the ratio of AV to AX is the same with that 
of AE to GM ; therefore, the ratio of AD to AX is 
compounded of the ratios of AC to GK, and of AE to 
GM k. But the ratio of the solid AF tp the solid GO k E* 5. 
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SKnOMMbt is oompounded of the sane radoe ; therefore, ds AD to 
^^•"^^^^^^ AX, so is the solid AP to the solid GO. 

Cob. 2. If AF and 60 are two paralleleppeds, and 
if to AB, to the perpendicular from A upon DC, and to 
the altitude of the pai^elefnped AF, the numbers L, M^ 
N be proportional; and if to AB, to 6H, to the perpOK 
dicular mm G on LK, and to the altitude of the pa- 
rallelepiped GO, the numbers L, 2, m, n be pn^r* 
tional ; the solid AF is to the solid GO as L xM xN to 

For it may be proved, as in the 7th of the 1st of the 
Sup. that LxAlxN is to /xmxn in the ratio eom-^ 
pounded of the ratio ofLxMto/xm, and of the ratio 
of N to 71. Now the ratio of LxMto2xm is that of 
the area of the parallelogram AC to that of the paral- 
lelogram GK ; and the ratio of N to n is the ratio of the 
altitudes of the parallelepipeds, by hypothesis, therefore, 
the ratio ofLxMxNtoZxvTix^is compounded of the 
ratio of the areas of the bases, and of the ratio of the al- 
titudes of the parallelepipeds AF and GO ; and the ta* 
tio of the parallelepipeds themselves is shewn, in thid 
proposition, to be compounded of the same ratios ; there-^ 
fore it is the same with that of the product L x M x N to 
the product Ixfnxn. 

Cob. S. Hence all prisms are to que another in the 

ratio compounded of the ratios of their bases, and of 

their altitudes. For every prism is equal to a parallele- 

\ I. cor. 8. piped of the same altitude with it, and of an equal base I 
8. 8u^ 
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PROP. X. THEOa. 



Sklid paralkkpipedsy which have their bases and 
aUttvdes redprocaUy prcmortipnal, are equal; 
and paraUelepipeds which are equals Have their 

. basses and altitudes reciprocally proportUmaL 



Let AG and KQ be two solid parallelepipeds, of which 
the bases are AC and EM, ana the altitudes AE and 
KO, and let AC be to EM as EO to A£ ; the solids 
AG and EQ are equal. ' . 

As the base AC to the base EM, so let the straight 
Une KO be tq the straight line S. Then, since AC is tg 





EM as EO to S, and also by hypothesis, AC to EM as 

EO to AE, EO has the same r^tio to S that it has to 

AE •; wherefore AE is equal to S **. But the solid AG «n. & 

is to the solid EQ, in the ratio compounded of the ratios ** ^' ^ 

of AE to EO, and of AC to EM% that is, in the ratio c ft. s. Sufk 

compound^ of ^he ratios of AE to EO9 and of EO to 

S. And the ratio of AE to S is alto compounded of the 

JSame ratios^; therefore, the solid AG has to the solid dder.ia&' 

KQ the same ratio that AE has to S. But AE was 

proved to be equal to S, therefore AG is equal to EQ. 
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Sappkaim Aj^ain, if the solids AG and KQ be equal, the bne 
^^^^-^ XC IS to the base KM as the altitude KO to the altitude 
AE. Take S, so that AC may be to KM as KO to S, 
and it will be ehewn, as was done above, that the solid 
AG is to the solid KQ as AE to S ; now, the solid AG 
is, by hypothesis, equal to the solid KQ ; therefore, A£ 
is equal to S, but, by construction, AC is to KM as 
KO is to S ; therefore, AC is to KM as KO to AE. 
Therefore, &c. Q. E. D. 

Con. In the same manner, it may be demonstrated, 
that equal prisms have their bases and altitudes redpro- 
cally proportional, and conversely. 



PROP. XI. THBOR. 



Similar solid parallelepipeds are to one another 
in the triplicate ratio y^ their hwrnhgous sides. 

Let AG, KQ be two similar parallelepipeds, of which 
AB and KL are two homologous ades; the ratio of the 
soUd AG to the solid KQ is triplicate of the ratio of AB 
toKL. 

Because the solids are similar, the parallelograms AF, 
A del 9. a KP are similar % as also the parallelograms AH, KR ; 





therefore, the ratios of AB to KL, of AE to KO, and of 
ibdet L^ AD to KN are all eq^ual^ But the ratio of the solid 
AG to the sdid KQ is compounded of the ratios of AC 
to KM, and of AE to KO. Now, the ratio of AC to 
KM, because they are equiangular parallelograms, is 
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compounded* of the ratios of AB to KL, acnd of AD to Bppk Uh 
KN. Wherefore, the ratio of AG to EQ is oompouiid- TSfJ^ 
edof the three ratios of AB to KL, AD to KN» and A£ 
to KO ; and these three ratios have abready been proved 
to be ec^usl ; therefore, the ratio that is 
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the&Sy VIZ. the ratio of the aoM AG to the solid KQ is 
triplicate of any of them^; it is therefore triplicate of'*^*^***'^ 
the ratio of AB to KL. Therefore, similar soJid paral* 
lele{Mpeds, &a Q. £. D. 

Cor. 1. If as AB to KL, so KL to m, and as KL to 
m, 90 is i7t to n, then AB is to ?», as the solid AG to the 
solid KQ. For the ratio of AB to n is triphcate of the 
ratio of AB to KL ^, and is therefore equal to that of 
the solid AG to the soHd KQ. 

Cor. S. As cubes are similar solids, therefore the cube 
on AB is to the cube on KL in the triplicate ratio of AB 
to KL, that is, in the same ratio with the solid AG to 
the soUd KQ. Similar solid parallelepipeds are therew 
fcnre to one another as the cubes on their homologous 
rides. 

Cor. S. In the same manner it i& proved, thi^t similar 
prisms are to one another in the triplicate ratio^ or in the 
ratio of the cubes> of their homolo^us sides. 
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if two triangular 'oyramids^ which have equal 

-.* ^(^ ^'. bases a/nd altituaesy be cut by planes* that Wi 

paraUel to the^ basesi and at eqtial cUstands 

from them, the sections are equal to 09^ ani 

'other. 

. ' liCt AfiCi) and EFGH be two pyramids, . hs^v^ 
eqyal bases BDC and FQH, and equal altitudes, % 
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the perpendiculars AQ, and £S, drawn from A and £ 
upon the planes BDC and FGH : and let them be cut 
by planes parallel to BDC and FGH, and at equal alti- 
tudes QR and ST above those planes, and let the sec- 
tions be the triangles KLM, NOP ; KLM and NOP 
are equal to one another. 

Because the plane ABD cuts the parallel planes BDC, 
KLM, the common sections BD and KM are parallel *. 
For the same reason, DC and ML are parallel. Since 
therefore KM and ML are parallel to BD and DC, each 
to each, though not in the same plane with them, the 
b 9. 3. Sup. angle KML is equal to the angle BDC ^ In like manner 
the other angles of these triangles are proved to be equal ; 
therefore, the triangles are equiangular, and consequent- 
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ly wmilar; and the same is true of the triangles NOP, ^<^ ^^h 
FGH. • v.^^^ 

Now, nnce the straight lines ARQ, AEB meet the 
parallel planes fiDC and KML, they are cut by them 
I^ponionalhr % or QR : RA : : BE : KA ; and AQ : AR e le. r 
:: AB : AK S fiw the same reason, ES.: ET : : EF : EN; J^ 
tl^Mbfe, AB : AK : : EF : EN, because AQ is equal 
to ES, and AR to £T. Again, because the triangles 
ABCy ASX are inmilar, 

AB : AK : : BC : KL ; • and for the same reason^ 
EF : EN : : FG : NO ; therrfore, 
BC : KL : :,FGr : NO. And when four straight 
lines are proportionals, the amilar figures described on 
them are also proportionals^; therefore the trianele • 22. 9. 
JSCD is to the triangle KLM as the triangle FGH to me 
tnangle NOP ; but the triangles BDC, FGH are equal ; 
therefore, the triangle ELM is also equal to the triangle 
NOP'. Therefore, &c. Q. E. D. '*«. 

Cob. 1. Because it has been shewn that the triangle 
ELM is similar to the base BCD; therefore, any sec- 
tion of a triangular pjrramid parallel to the base is a tri- 
angle similar to the oase. ^ And in the tome manner it is 
shewn, that the sections parallel to the base of a polygo- 
nal pyramid are similar to the base. 

Cob. 2. Hence also, in polygonal pyramids of equal 
bases and altitudes, the sections parallel to the bases, and 
at equal distances from them, are equal to one another. 
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PROP. XIIL THEOR. 



A series {^prisms of the same altitvde may he 
circumscribed about any pyramid^ stick that 
the sum of the prisms shau exceed the pyramid 
by a solid less than any given solid. 

■ 

Let ABCD be a pyramid and Z* a given ^olid ; a se- 
ries of prisms, having all the same altitude, may /be cir- 
cumscribed about the pyramid ABCD, so duit xnw 9am 
shall exceed ABCD by a solid less than Z. 

Let Z be equal to a prism standing on the same base 
vrith the pyramid, viz. the 
triangle BCD, and having 
iar its altitude the perpen- 
dicular^ drawn from a cer- 
tain point E in the line AC 
upon the plauQ BCD. It , 
is evident, that CE multi* 
plied by a certain number 
m will be greater than AC; 
divide C A into as many e^ 
qual parts as there are uiuts 
in m, and let these be CF, ir 
FG, GH, HA, each of 
which will be less than CE. 
Through each of the points 
F, G, H let planes be made 3I 
to pass parallel to the plane 
BCD, making with the ddes 
of the pyramid the sections 
FPQ, GRS, HTU, which 
al. cor. 12. will be all umilar to one another, and to the base BCD*. 
8. Sup. From the point B draw in the plane of the triangle ABC, 
the straight line BK paralld to CF meeting FP produ- 
ced in E. In like manner, from D draw DL parallel to 




* The solid Z is not repvesented in the 6gure of this or the Mkm* 
ing Proposition. 
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CF, meeting FQ in L: Join EL, and it is plain^ that Book m.: 
the solid KBCDLF is a prism ^ By tlie same con- ^^*J|^yJ|*r^ 
struction, let the prisms PM, RO, TV be described. Al- g^p. ' ^ 
so, let the straight line IP, which is in the plane of the 
triaingle ABC, be produced till it meet BC in h ; and lei 
the line MQ be produced' till it meet DC in g : Join hg ; 
then hCgQPP is a prism, and is equal to the prism PM \ * 1- cor. % 
In the same manner is described the prisni mS equal to "^* 
the prism RO, and the prism qlJ equal to the prism TV. 
The sum, therefore, of all the inscribed prisms hQ, mS, 
and qU is equal to tiie sum of the prisms PM, RO, and 
TV, that is, to tjie sum of all the circumscribed prisms 
except the prism BL ; wherefore BL is the excess of the 
prisms circumscribed about the pyramid ABCD above 
the prisms inscribed within it. But the prism BL is less 
than the prism which has the triangle BCD for its base, and 
for its altitude the perpendicular from £ upon the plane 
BCD; and the prism which has BCD for its base, and 
the perpendicular from E for its altitude, is by hypo^ 
thesis e^ual to the given solid Z ; therefore, the excess 
of the circumscriEbea, above the inscribed prisms, is less 
than die ^ven solid Z. But the excess of the cu^um- 
scribed prisms above the inscribed is greater than thai: 
excess above the pyramid ABCI?> bfecause. ABCD is 
greater than the sum of th^ inscribed jNrisibs. Much 
.more, therefore, is the excess of the drcumscribed prisms 
ab9ve the Dyramid, less than the solic^ ^. , A series of 
pnsa^ of the same altitude has therrfore been rireuUk. 
scribed about the pyramid ABCD exceeding it by a sq- 
hd less than the given solid Z. Q, E. D. 
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PROP. XIV. THEOR. 

Pyramids that have equal bases and abitudff 

are eqiiol to one another. 

Let ABCD» EFGH be two pyramids that have equal 
bMes BCD, FGH, aud also eqiw altitudes, viz. the pef-* 
pendicuJars drawn from the vertices A and £ upon the 
planes BCD, FGH : The pyramid ABCD is equal to 
the pyramid EFGH. 

If they are not equal, let the pyramid EFGH exceed 
the pyramid ABCD by the solid Z. Then, a series of 





prisms of the same altitude may be described about the 
pyramid ABCD that shall exceed it, by a solid less than 
a 13. 3. z * ; let these be the prisms that have lor their bases the 
^P- triangles BCD, NQL, OKI, PSM.' Divide EH into 
the same number of equal parts into which AD is di- 
vided, viz. HT, TU, UV, VE, and through the points 
T, U and V, let the sections TZ W, UsX, V*Y be made 
parallel to the base FGH. The section NQL is equal 
b lt,s. to the section WZT »> ; as also ORI to XsU, and PSM 
^P* to Yo V ; and therefore, also the prisms that stand upon 
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the eqpud ■cctiong are eqiidl% that is, the pnam which Btiklii»- 
fltands on the hoe BCS^ and whidk is between die planes ^^xTcwTal 
BCD and NQL 18 equal to the prism wfaidi stands on the aLsapL 
base ¥QU^ and which is betwen the planes FGH a^ 
WZT ; and so of the vest, because they have the same 
altitude : irfierefiire, the sum of all the prisms df a c j' i h e d 
about thevyiamidrABCDisequai tothesumof all those 
dncribed anout the pjnmid £FGH. But the exoess of 
the prisms describea about the pjnunid ABCD abote 
die pjiamid ABCD is less than Z*; and dierefere, the dlS.S« 
excess of the |[»iflns described about the pyramid EFGH 
above the pyramid ABCD is also less than Z. But the 
excess of tne pyiamid EFGH above the pyramid ABCD 
is equal to Z, by hypothesis ;. diarefote^ the pyramid 
£F6H exceeds the pynmid ABCD, more than the 
prisms described about KFGH. exceed the same pjrnmi4 
ABCD. The pyramid EFGH is therefcnre greater than 
the sum of the prisms described about it, which is impos- 
sSile. The pjmmids ABCD» EFGH, therefore, are not 
nnequal, that is, they are equal to one another. Ther^ 
fixe, pyramids, ho. Q. E. D. 
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TOP- ^V. , ,THEOB. 

Everifmism having, a triangnlar base may he 
Siotaedrinto tkreepyrwmds thathBVi^trkMgiii- 
;' Uirhaiesi atS that are eqval to orfeAitot^. 

'e bfe a prism. <^ whicH the base ifl'tbe trutttgle 

■" ■■ , , '' [ iel DEF bfe the triangle opposite the ba^ : 

I ABCDEF may be divided into three equal 

lavihg triangular basts. '■ 

^, EG, CD ; and: \i6ckaa& ABSJ) U a^aMiU#i 

'Which AE h the diameter, the triai^'At)^ 

iSi-1. othti triangle^ASE : thewifore thebyr&niitfdf 

base IS the tnang^e ADE, iuid vertex the pcnHt 

'^♦•S. al'' to the pyramid, of ' ' ' tn ' 

^P- baseiathetriiiigleABE, ' ^ ' 

arid vertex the point C. But" the 

pyramid of which the' base is the j. 

triangle ABE, and vert«x the^iilt ^ 

C, that is, the pyramid ABCE is 

equal to the pyramid DEFC *, fi* ' 

they have equal bases, viz. Ibe tri- 

an^es ABC, DEF, and the same 

altitude, viz. the al^tude of the 

prism ABCDEF. Therefore, the 

three pyramids ADEC, ABEC, 

DPEG are equal to one another. 

But the pyramids ADEC, ABEC, J^ 

DFEC make up the whtJe piism 

ABCDEF ; therefore the prism ABCDEF is dmHea 

into three equal pyrwnida. Wherefore, &c. Q. E. D. ■ 

Cor. 1. From this it is manifest, that every pyrattAA 

is the third part of a piism which has the same bM^,'iii)d 

the same altitude with it ; for if the base (rf the prism'be 

any other figure than a triangle, it may be divided ibto 

pnams having triangular bases. . ■ i ' 

Coa. 2, Pyramids of equal altitudes we to oiie Another 

as thm bases ; because the prisms upon the same bases, 

l.cdT.as-and of the same al^tude, are° to one another as theif* 

s^ bases. 
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PROP. XVI. THEOR. 



If from any point in the circumference of the 
base of a c^Smekr^ « ^traigM line he drawn 
perpmdicuuir to the plane of the base, it wiU 
ve wheSy in; the cylindric superficies. 



Let ABGD be a cyliiuler, of whkh the bluse is the 
dorde A£B, DFC the ctide opposite to the base^ and 
•CtH. the axis; feoin E^ any- point in the circumferenee 
AEB, let EF be dranm perpendicular to the plane 6£ the 
drde AEB ; the straight line EF is in the superficies of 
the cylinder. 

r Let F be the point in which EF meets the plane DFC 
apposite to the base ; join EG and 
7H; ^n^^let AGHD be the rect- 

an^e^^ by|the revcjution of which jj^ J^ \n » li.d«f.^ 

tjieicyliM^i^ABCD is described. KF-x^^"'^ A Sup. 

. IfTcfwi iMause 6H is at right 
flJD^e^ |to ((|rA, the straight Hne 
whi|:h by Its revolution Ascribes 
the {circle IWEB, it is at tight an. 
0le4 tb y lithe straight lines in the 
j^ane qf' that circle i^hich meet it 
m G« fihd it is therefore at right 
aisles tib the plane of the circle 
AEB. fiM'EF is at right angles 
to the same plane ; therefore, EF 
and Gil are parallel ^ and in the 
same plane. And since the pl^uie through GH and £F 
cuts the parallel planes AEB, DFC, in die straight lines 
EG and FH, EG is parallel to FH«. The figure 
£GH¥* is:therefore a parallelogram, and it has the an^e 
EGH a right angle, therefore it is a rectangle, and is 
equal to the rectangle AH, because EG is equal to AG. 
Theref(»'e, when in the revolution of the rectangle Ati[, 
(he straight line AG coincides with EG, the two rect- 
angles AH and EH will opincide, and the straight Ene 
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A cylinder and' a j^Tf^lt^^pfii f^0iij^ [ 
' bases and altvtUaes^ are eqml to mie andm^] 

having equal bases, viz. the ciide JiGrE and%<^ |ijan 
gram EH, and having also eoual altitudes ; die cylinder 
ABCD is equal to the pandle^epped EP. ' 
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If not, let them be unequal ; and first, let the cylinder 
be less than the parallelepiped EF ; and from the paral- 
lelepiped EF let there be cut off a part EQ by a plane • 
PQ parallel to NF, eqyial to the cvlinder ABCD. Jn " 
the arcle AGB inscribe the polygon A6EBLM diat shall 
differ from the circle by a space less than the paralleto- 
ft cor. 1. 4r. mm PH % and cut off from the parallelogram EH, a part 
1, Sop. XiK equal to the polygon AGKBLM. The point R will 
fall between P and N, On the polygon AGKBLM let an 
upright prism AGBCD be constituted of the same alti- 
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nnjlie(nAAdm. cytiader, inl^A will ftiefieiM« be^ ktt Att'fcKk'to: 
4libicylifeder,fc^i!ittl^ tfaiuu^ ^ i^^S^-^ 

foiiit Am dui^BSpiii^ U>NF be aiade t0 pM, k^^^^^^ 
will cut off ibt pimtlel^ii{)ed BS e^ual* to tfeie 1^^ e t. coik «l 
A6BC, because its base is equal to that of the prism^ and^ ^^ 
ite aliitude is the same. But the prism AGBC is less 
than the qrlindet jy[BCD, and the cjrlttider ABGD is 
equal to the parallelepiped EQ, by hypothesb ; therefor^ 
\J^^ ]m tmA £% sod it is m)^ gitat^,. wbidi. is'ip. 
ppaiH^, Hhe cylmder ABCD, theiffi>9% is jm« ^ess 
tfaain tiie jMuraUelepiped' £F; andin thesamemaiiaer^H 
^wsm^^ b<^(Pbevii.iiQt. tct he gmtat Ihm £F^ > r Tboielwe 
llMQf jBunp equsl. Q. JES. P. 
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iWdjatiie'iand'a c^mder'Hiwe i^ stl^, 
'■Uie. sam dttitmfit the cone ig &^ &im 

fUlm^.. . < ..\- . .., i..,u: 

• • I . 1 ■ * ♦ • 

^itijj^^^tatmrASKXi^ audi the c^iiaci>rBFS& toie 
4b^ iMle>bage^ vw. ihe.xudb.BG!!), ttid the san^Altl- 
iudfl^fmifl. the pef^MicUBalar iroiii tb^iidbt A tqakni ^ 
]^«MiCD; ttfe oaM ABCD b Um^ third pwt of '&e'€t. 
&iiderBFK6. 
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If not, let the ame ABCD be the third part of ano- 
ther cylinder LMNO, having the tame altitude with the 
cylinder BFE6, but let the bases BCD and LIM be 
unequal ; and first, let BCD be greater than LIM. 






Then, because the drcle BCD is greater than the cir-. 
de LIM, a polygon may be inscribed in BCD, that shall 
f^4. 1. Sap. differ from it less than LIM does % and which, therefOTe, 
will be greater than LIM. Let this be the polygoo 
BECFD ; and upon BECFD let there be constituted 
the pyramid ABECFD, and the prism BCFKH6. 

Because the polygon BECFD is greater than the cir- 
cle LIM, the prism BCFKHG is greater than the cj. 
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Under LMNO, for they have the ^ame altitude, but the Af^MMki 
mum has the gietter >li^. tBut the mcwid ABECFD ^'"^'^^^^ 
IS the third part of the prism^ BCFKHG, therefore it is h 15. s. 

rtei; than t^e third part of the cylinder JLMNO* . l^oif^ ^^^ 
cone ABECFD is, by hypo^hens, the third pa^ of 
the (Cylinder LMNO';!therefore, the pyramidf ABECFD 
10; greater than the cone ABCD, and it is also Jess, be- 
cm^se it is inscribed in the cone, * which is impossible. 
Xbtreibie^' the ooDe.ABCD«s-not less than the third pfurt 
oCi^e'cylioderBEKG : And, in the same mana^, Igr 
etwimniimbiqg apolygoB t about tbiS' circle BCD» it ;as«|y 
Jb^>sbi0Kri}, that the cone ABCJ> is not- greater* thmi .toe 
th^ pwrt; of the cylinder BFKG ; tberefctfie^ it ^ f^qn^ 
^*t^ third pjart of that eyliQ^. Q^ £• D. 
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PROP. XJX. THEOR. 



If a Iff^ltsphere and a cane have equal hqs^s and 
cUtitiideSy a serifiS (f cylinders may 'be^nscrib^ 
edin\the hetttispJierey ar^d anati^ series may 
be described abdfd tke'fconcp ha'omg oil the 
same f altitudes wtfh one another ^ (iiid suck that 
their sum shall differ from the sum of the 
hemispheres and the cone^ by a solid less than 
any ^iven solid. 

Let ADB be a semj^rele, of j^hich the ,centre.is.C; and 
let CD be at Tiffhl angles to AB; let DB and DA be 
squares described on DC, draw CE, and l^t the figure 
thus constructed revolve about DC : then, the sector BCD, 
yhich is the h^of the semicircle ADB, will d^scjcihe<$t 
hemisphere having C for its centre % and the tri^^e a 7. def. s. 
.CpE will describe a cone, haying its vertex at^^C, ftn4 .®"P" 
mving'for Its b^e the circle** described by PE* ^qjual,tp b li.ddr.3. 
Wat 4*scribeclby BC, which is.thp p^ise pf Ihe h^rai- Sup. 
qphere. Let Vv be any given solid. A series of cyUiv 
aers may be inscribed'in'me hepiisphere ADB, anii ano- 
ther described ateut the cone ECI, so that their sum 
ishall difiPer from the sum of the hemisphere and the cone, 
t>y a solid less than the solid W. 
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Snpjpl^ent ' • Upon the base of the hemisphere let a cylinder be ooii- 

^**'"^'^^*^ stituted equal to W, and let its altitude be CX. Dmk 

CD into such a number of equal parts, that each d[ mm 

shall be less than CX ; let Uiese be CH, H6, 6F, aild 

PD. Through the pmnts F, G, H, draw FN, GO, HP 

Srallel to CB, meetm^ the circle in the points E, L ttd 
; and the straight hne CE in the points Q, R andS. 
From the points K, L, M draw Kf, Lg, Mb perpendScn* 
lar to GO, HP and CB ; and from Q, B and S, dniw 
Qq, Rr, 8s perpendicular to the same lines. It is en« 
dent, that the figure being thus constructed, if the ^Adfi 
revolve about CD, the rectangles Ff, Gg, Hh will dfr> 
c 14 del acribe cylinders * that will be circumscribed by the bemi- 
S> S^p. sphere BDA ; and that the rectangles DN, Fq, Gr, Hs 
will also describe cylinders that will circumscribe the cone 
ICE. Now, it may be demonstrated, as was done of the 
d la a prions inscribed in a oyramid \ that the sum of all the 
Siqp* CTtinders described wioiin the hemisphere^ is exceededby 
tne hemispbere by a solid less than the cylinder gene- 




A C 

rated by the rectangle HB, that is,' by a solid less tW 
W, for the cylinder generated by HB is less than W» lu 
'the same manner, it may be demonstrate, that the sum 
bf the cylinders circumscribing the cone ICE b gwatet 
than the cone by a solid less than the cylinder generated 
bjr the rectangle DN, that is, by a solid less than W. 
Therefore, since the sum of the cylinders inscribed in the 
hemisphere, together with a solid less than W, is equal to 
the hemisphere ; and, since the sum of the cylinders de- 
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scribed about the cone is equal to the cone together . w^th Bqo^ llf. .. 
a solid less than W ; adding equals to equals, the sum of ^"^T^^^ 
all these cylinders, together with a solid less than W« i^ 
equal to the sum of the hemisphere and the cone together 
vith a solid less than W. Therefore, the difference be^ 
^een the whole of the cylinders and the sum of the he- 
nui^bere and the cone, is equal to the difference of two 
solids, which are each of them less than W ; but this di& 
ference must also be less than W, therefore the difference 
between the two series of cylinders and the sum of the 
hemisphere and cone is less than the given soUd W. 
Q, E- D. 



PROP. XX. 

T/ie sanif things being stwvosed as in tfie last 
proposition, the sum of au the cylinders in^ 
scrwed in the hemisphere, and descr9)ed {dnrnt 
the cone, is equal to a cylinder, having the 
same base ana altitude xomithe hemispliere. 

Z^t the figure DCB be constructed as before, and sup* 
posed to revolve about CD; the cylinders inscribed in the 
nemisphere, that is, the cylinders described by the revo- 
lution of the rectangles Hh, 6^, Ff, tOfi|ether with those 
described about the cone, that is, the cylinders described 
by the revolution of the rectangles Hs, Gr^ Fq, and DN 
aie isqual to the cylinder described by the revolution of 
the rectangle DB. 

Let L be the point in which GO meets the drcle 
ADB, then, because CGL is a right angle» if CL be join- 
ed^ the drcles described irith the distances CG and GL 
are equal to the drcle described with the distance CL •* *• *^' ^ 
or GO ; now, CG is equal to GR, because CD is equal ^' ^"P" 
to DE, and therefore, also, the orcles described with the 
^stances GR and GL are together equal to the eirde 
described with the distance GO, that is, the drclea de- 
scribed by the revolution of GR and GL about the pcant 
6, are together equal to the circle described by the revolu** 
tion of 60 about the same point G; therefore also, the cy- 
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9ppfieaitot lindem that* stand upon th^ two first of these circles lia- 
'"^ "■ ' ving the cdmmon altitude 6H, are equal to the cylin- 
der which stands on the remaining circle, and which bas 
the. same altitude GH. The cylinders described by the 
revolution of the rectangles Gg and Gr &re thetefiire 
equal to the cylinder describea by the rectangle GP. 
And as the same mciy be shewn of all the rest, .tfierefbre 
the cylinders described by the rectangles Hh, Gg, Ff, 
and by the rectangles Hs, GR, Fq, DN, are together 
equal to the cylinder described by DB, that is, to the 
cylinder having the same base and altitude with the he* 
misphere. Q. £. D. 



PROF. XXI. 

Every sphere is two4hirds of the drcumscrihing 

cylinder. 



a 1& 3. 

Sup* 



Let the figure be constructed as in the two^ast pn^xv 
ations, and if the hemisphere described by BDC be not 
equal to two-thirds of the cylinder described by BD^ let 
it be greater by the solid W. -Then, as the cone de^ 
scribed by CDE is one-third of the cylinder * described 
by BD, the cone and the hemisphere together will exceed 




the cylinder by W. But that cylinder is equal to the 
sum of all the cylinders described by the rectangles Hh, 
b 20. 8. Gg, Ff, Hs, Gr, Fq, DN *» ; therefore the hemisphere 
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and the cone added together exceed the sum of all these Bookiit* 
cylinders by the given solid W : whidi is absurd, for it ^"*^v^*^ 
has been shewn % that the hemisidiere and the cone to- c 19*3. 
ffether differ from the sum of the cylinders by a solid less ^• 
uuin W. The hemisphere is thereuire equal to two^thitds 
of the cylinder described by the rectangle BD; and 
therefore the whole sfdiere is equal to two-thirds of the 
cylinder described by twice the rectangle BD, that is, to 
two-thirds of the circumscribing cyhnder. Q. £. D. 
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OF 



PLANE TRIGONOMETRY. 






TKiGoxoMETEY IS the appHjcadon oC Arithmetic itl 
Geometry ; or, piore pi:ed8ely9 it is theapplicatk>h 
ci immber to express the relations of the sides and angW 
of tiidilgles to one another. It thei^fore necesi^arilY sup- 
poses the elementary operations of arithmetic to be un- 
derstood, and it borrows from that science several of the 
mgnB or cfaametcrs which pectihairlv belong to itf Tkus, 
the ptoddct of twonuiAbeiB- A ana B, is either >deotiDted 
by A.B or! AxB 9 and ih^ pinoduciis df two or mbrerin. 
to one^ or into more than one, as of A+B ifeito C,'or of 
A4. B int6 C 4 1)5 ace eatpt^ued th n^: ( A + B) C,' 
(A + B ) (C + D), or sometimes thus, A+B x C, and 

A+T&xC+T>. 

The qtioUent of ode ntimbeVA;^ divided by another B, 
ii written 'thus,K~ » '^^ • ,' /. » i 

The sign vis used Ip figmfy the square ioot ; Tbvfi, 
V M is the square root o^-M> or \t is a number which, if 

multiidied into itself, i^ink)du<^^M^ S(>ji^sjW^* 
Is the ^uare root o|Mf+ JJ«, fee. The elemenUrf 
Plane Trigcmoiineiry, as-iaid down h«re, are divided into 
three sections, the first explains the princir^es; the se- 
cond de&vefs the rules of calculation : the third fpontains 
the construction of trigonometiical tables, together with 
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FLAKE TRIGONOMETRY. 

the investigation of some theorems, useful for extending 
trigonometry^ to the solution of the more difficult pro- 
blems. 



SECTION I. 



« « 



LEMMA I. 



>* 1 1 



'/ 



An an^le at the centre if a circle & to/durpM 
a7^gU& as the arch, of r^ich it st(ipM t^to w 
wAo& circwnferencL 



( • 



]Lel ABC be ati angle.auth^ c^nt»e of thc'€iircle^A<3F, 
MiMBi^ on Ae circumfiffenae iliC jffth^a^le^iitlW; w to 
four ri^t angles aa llw atdi A€ to the ^*tofeclr<^inte- 

renoe.ACFl it t\tm3 

Pro4uoe Afl till it mmt ^he d«le,il E^^tod draw VJ« 

p«irp004i!cUlaF to AE» 

. Then, because ABC ' 
ABD are two angles itt the 
centre of the cirde ACF, 
theanele ABC is to the 
ang^. Afil^fts the arch AC ^ 
to lie arch AI>, (88. 6.) ; *•' 
Mid' thetefeie also, the an^ 
^e ABC ' i$ to four times 
me angle A6D as the arch ^ 
AC u> four times the arch 
AD(4ft.> 

Bu^'ABDisa riffht angle, and therfefore four times 

the a^ AD i& e^OfCt to the whole circumference ACF^ 
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tbex«fbre thp a»gie ABC i» to.foor rigbt ai^lfis as thf 
arch AC to the whole drcumference ACF» 

CM. %qu£d angles at the centres of different circles 
'iHaiiS.tMibrdies which have die same ratb to their cir- 
'ei^fetferenoes. For, if the anrfe ABC, at 'the 'centre of 
the dn^ ACE, GHE, stand on th^ arches AC, GH, 
AC 18 to tl|e whole circOmfereik^ of the drcle ACE, as 
-Aie angl^ ABC to four -rtglit'airMles ; and the arch H6 is 
to th^ ii^hole circumference oi the drcle GHK m the 
«(me ra^o. Thereferc, fee. 



DEFINITIOKS. 



1. 



-t9 mo mrmgbt lines interseet one another in the centre 
: (of a drcle, the ai»^ of the circum&rt^c&iatercepted 

y benreen ^i^'is called the Measure of the angle which 
'udbey cpDtain. Thusi^ the arch AC is the measure of 
; th(e angle ABC. 

n. 

If ^e. drcumfeifence of a cir|;le be divided into 800 e(|ual 
p^rtf, each of these parts is call^ a Degree; and^ if a 
^^^ he divided inta 60 equd parts, each of these is. 
ca%4 a Minute ; and if a minute be divided into 60 
equal {Muts^ each of'than is called a Seefmd, bnd ao on. 
And as man/ degrees, minutes, Mccftkil, &c. as arc in 
an^ ardi, so many degrees, minutes, seconds, &is« are 

. igut to b!^ in die jngle meapired by that ar^ 

Coa. 1. Any jua(^ 18 to the. whole circumference of 
which it is a part, as the number of degrees, and parts of 
a de^ee contained in it, b to the number 860. And 
any Aiigls is to four 9gbt angles as tlie number of 4egi«es 



sip PLANE T£IO0i/bWi^^.' 

that an^, is to §60. ~ "^ 

Cob. S. Hence alsi^ the 'arches which measure the 

^MerUnd^ntataitt fbsmiae muDifm.oS4ieimtW^S^ 
trf a dem^ ■ Eor ths,iuie[JKa:<qf'>d«gme94|i«t^4^flf « 
de^^cottjEiuaea. iaaub Kt£ timo^»r{i)^^p»^^^^mo^ 
ratio to the number 360, th^ the angle whicB Uiej mea- 

The degrees, minutes, seconds, &c. cont^iied iaiikKj 
^rch or angle, are usudlv written as in this example, 
49'. Se*. £4". iS!"; that ii^ 40 degrees, 36 nunutes, 84 
IKl»i]dB,:aiid<(14i|lnids.>'' ■'"■ ■-' ■i'^!*! or-'i JiloiR-it^ orfT 
. ■ .:... /. -. . W:.., '^.a/ Nr,T..<M .r!' ■!., y-™ 
■■■■?'.', ■■!■:..- ,M-<, ,.>A/l'j-iB 
Two angles, which ate together equal to two d^t atu:leB, 
' WWo iliriAie8"f^d^ai&Wg^r ^iihl«o'teQi(9iian)&^ 
' -are-tiftfi^'tlMi9i^)^>Ieft<nMt^t>H wMli}ta:''Wfi ^ns 
.'■I'f I ,1,- ,■./ ;.-.,,>, ,.,no JnroT*; 

■ ■'■' " . • ■ ■ ■ '^' ' -. .UVt ■ ;.; >noii .v.ii<,^L,i » ii 



:, tj^iHties Of tb. arph _ , ^\ ^^'.^^y^- ^ ^^' ^ 




CoE. *• The wne of an ardi is half the chord of twice 
■'■mat-^r^iJ ihi9 iB evidwt by pBcd«^^/t^e)H^y 
' '^aiiy^artaitiKiltfUt'ttKidrcamferdwia. . ; ( 1.,d ..■ 

Hi't 'fcegmeiit DA' of the 'tfi&mrfter pasw^ thnap* A, 
one extremity of the arch AC, between the ane CD 



PUNK TMOONOHITaV. 
> and tlw punt A, i» called Um F«rml mw of the «cli 

"iB;*aad«iigteABe. : ■> ■ ',• 

„ii ,v,^. ,-. . ■■,,. -.1 VL ',,.„ . ;.'„..% 

Jlr-itHMlt'lilK ABttneUlu ll» ehtltlit'A, M« mun 
^'"Wm^'t]t«'fHe)lA€, ani neetjng the'dinnbtel* B0« 
" %ItH!h''[ftMM dueo^-Cllwotlwtcsttenuto.'isxdlKl 
'""tte9\MirMf4ttlw«Hih AC^orttftlK'aiB^AfiGj . 

Ohu T|iertl>ogaito(lwlC'nt^twgk»«l|ial|alhe 

.-'>r;, *»■ .:. .. iVM. '..; ,. •. .. : ,.. 

The BtraMit line Bfi, between &e cmtiCfauidijtlM n»K* 
mity of tbe taUeDt AB, is called Uie Stctmt of the 
1i AC, oe ofSe angle. ABC. 



m 



mitya 
arch A 

XIoB. io Drf 4, 6» 7. TlM «i», tangent, and seoaat of 

say ang^.ABC* mm iikeviae the^wte, tngnt>,jwd 

secant of its supj^ement CBF, 
It w iBaiuf<eat--frDm Def. 4. that CD is the tdne.Qf the 
.jW^gle^-CBF. ^ J>t CB _be wpdiice4 till i( meet the 

cucie agUB m: I ; and it is aim manifest, tiiitt' A^ is 

dwitail^t, dnd BE tlie secant, of tV.w^ AJ^I, or 
. €BF, fiuH Det^, ^• ' . , 

Coft. 6> D^i Aif'S, 6, 7. The ^ine, v^sed ane^ tangent, 
dwd secant of an arch,, 
Vhich is the measure of 
*i^ ff<ft^ eo^ ABC ik - 
tb the uOe, Ters«d sine, , 
tangent and secant, of 
an^oth^ arch which ift 
the measure of the same 
angle, as -the radius of ■■ 
the first arch is to the 
radius of the second. ■ ■ 

*le«'A0,"MI4 be measuiies W Ae MigU ABC« -acoording 
toDef.l.; CD the nne, DA the versed simvAIS^ the 
tangent, and BE tbe secant of the arch AC, acoordiug 
to Def. 4, B, 6, 7; NO the ^ne, OM the versed aae, 

'■■ MP the tangent, and BF tbe secant cf tbe. ac^ MN> 



m 
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A£, MP are paraUel, CIUI)K>i«Ma»ili;S>:*i0i4pilfB, 
imd A£ : MP : : rad, AB : racL BM, «1«o BB:BP:: 
AB : BM ; likewise becau&i BC ; BD ; : BN : BO, that 

ii jttmie^ A»4 4tor?%f >: )if . .tiMfP l»>f;xf>ftm^» 

versed sines of certain angles to a given radius, tbey 
1^ Wl^it tli« mri(i%iuf^tl&4ia»B, t ipiB»mrfca'ii£th» 
same angles to any radius whatsoever. .k ; 

In such tables, which are doUed Trigonoinetrical Tables^ 

series 10, IQQ, 1OO0» &«; ?hQ.U8^.»i4 poiMi^f^on 
of these Ubles ar^ ahOtf^tQ bp «X|4|U9^» .' . 



VIII. 



'» 



^e difference between, my abgle ^d a right angle^ 
btitween any ai^^.aniT ' •'" ' » - ^^ '^ ' ^ * 
^k 4ufldraii;t; i|^ c^ed - 

aiijl^, or t)f that arch, ' 
Thus, if fiJEI pe per-r / 
pendicular tp AB, the 
angle CBHis the com- * 
plement of the angle 
r^ABp, and the arch 
)H€J the complement 
rof AC J also the com- 
IpKsHepI ttf the obtuse 




* ifii-i > 




!IX. 



)'f ; 



'J».L 



I 



The m^e, tangent, or secant of tt^^ A^9V%X|)?^(;jAi. f^JT 
Wigle m joalled the Come, Cotangein%.^€i Co^c^nfV^ 
Ithat angle. V Thus, let CL qf;^I^'ii^y;| is[ffwj^4p 
iCL, be th^ iniHi of th^ angl^ QJ^ ^ , J^J^ t^tjnfl^^ 
jand BKj^osecanliof the san^aajrie; pj, gp Jfl)*}^ 
ithe coring HK the CQtaiig?iM>. a^<^^|[, ji^^^fi9(^^ 
rfthe^angleAga _: : ;>: 



^ .' * /.<■■) J ; 



I » f . 



nMm im09iff¥»^priiTt 
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.^^^«i|9llliiw4^lte cut^jept ^fjQ^y ai^le ABC ; t^ k, 

:iSttl4iA|fOx #01. ABap= l*^. 

w^.:ir:J i *■ ' ■ • ' .-. • ' ' .^ :■- 

FiMTy »n(to HK^ BA are parall^lj tke ang)e9 ^Kfi, A^C 
«X« «&ual, luid KHB, BAB are right angles ; the 
«05fySiii|^tti. BiAJBi KHB^ ar^ amikr, a^ tberefoj^ A£ 
Wi^ id^AA» flU BH dr BA u^ UK; 

CUld^i flPhe is^w » « wean jsopDction^ bett^een thi? 
cosine and secant of my-anf^ APO ; 'or '^ ' i > 

COS. ABC X sec. ABC = R^ 

ii»ee(i^^,«f«; pwaUe^j 9I)U (o BC or 6A, as BA 

PHQP, I. 



r'l 



Iri a right angled plane triangle, as the hypote^ 
nuse to eitmf qfthe sides^ so the radiue to the 
Mne iifthe angle qjoposite to ihat mde: and a^ 
either ^ th^ sides is to the ether side, soi^fhe 
radius to the tangent, of the angle opposite to 
f4^t^idih . . f 






Jjft ABC be a right angkd piftfie triapgte, of.«wliieb 
BC is^tlie hypotenuse. Erom the centre C^ ivjith «iyr ra^ 
dius Ci», Oescrihe the^ SA* DE ; draw DF ^ right 
andes to C£y aocUfi'om £ dvaw EG tquehpg tfa^ circle 
il^, a^d Hfieetwg CJ? m^jBtt; DF is the m^A and $:G 

^jW«F»^,<tf .#.50^ »«» ^ <^|Jbe a^^le C. 

- Tjie, t^o tr^apgles DFC, BAC are ^uiuigular^ be- 

je^use ihe aagl^ DFC, 

BACaTBriglrtaAgles;and >^3 

^e ahri*kl'0tt c6miii6h,' 

^hfei^^JH^ .CIl^vBA:; 

C»VDPibutCDlsthe 

Mdiiii^/aficE 1^^ the sine 

oflfeitogfeC^CPef.*.); 

thel^^tfeCBt'BArrR: 

an. C. 

Also, because EG ^ , F E A 

touches the circle in E, CEG is a right angle, and therefore 
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equal to the KO^e BAC ; and nnce the ui^le at C is 
tx>minoD to the triangles CBA, CGE, these tnan^e* are 
equiangular, wherefore CAi ABrrCEi EG; but CE 
is the radius, and £6 th^ tangent of the angle C ; tfaa«< 
five, CA : AB ;: R : tan. C. -..-.vr- 



CoB. % If th^ fmalogiet in this propostion, and in the 
above corollary be aritnmetioally expresaed, making the 

radius = 1, they give so. C 3; ^^^ ; tan. C =^7:> 

Bfc. C =: -^f^. Also, funce an. C =cos. B, because B b. 

the cQm[dement c^'C, cos.'B = =^, aA% for ^ same 

„ AC -■ . , 

reaaon, eo8.C = -=jT.- ■■ ■ - ■ '■-• ' 

Cob. 3. In eveiytrianglejif a pe^pen^nkr.baJwW- 
fnxn any of the aisles ai the 
cK^iofflte side, thf eepnenu of 
that sida are to one acHXher as 
the tangents of the ports ioW 
ivhioh me opposite angle is di- 
vieM by we ^eppeadiquhut. 
For, if m the triangle AQC, ^ 
AD.-be.drawn perpgndiicular >R , 'JVM-^f"" '" 

the base BC, each of the triangles CAl>r ABD ^^- 
right angled, AD : DC : : R : tan. CAD, and AD : DB 
: : R : tan. DAB ; therefore, ex lequo, DC : DB : : ta^ 
CAD : tan. BvVD. 





■ A'-- ' ■■ 




J^. . )VlIA 


^ 


"z'.^"- ','i^:- 


^ 


'"■-'ir''-'-'' V'' 












PRpf. IX< 



Tie sides of a plane triangle are to one anoth^ 
.,,j, Of t^e amesifthe opposite fivgks. 

Fn»n A any vt^h in the trian^ ABC> let -AP 
be diawn perpendicular to 
B C. A nd b^uae the trian^e 
ASO ^3 lidit Bh^ at 9, 
AB:AD^:R:aii.B;and, for 
the sameMMrat, AC : AD : : 
R : niy'C, H)d jnversely, 
AD : AG :^ : nii>C : R) 4lure- 
(oK^xaqxio uvrl^nelj, 
A ^ A CJ: : dn. C : tan. B. l^ 
th^'m^^iiunner, it tm^ be 
demoiuttAted, diat AB : BC : 




: aa. C : u. A. Tba^i 
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PROP. III. 



JleMfia tf the sinc^ of an^ two mt^ ^ « 
0rqi(^, %^ to the difference ly their ^m^' M^ 
tangent of half the sum of (he^ fir(^$Mjltiil, 
tavgcnt y^ hmfth&irdjfferenci}. \ ^ ' 



J.* 



M 



Let AB, AC, be two arches of a cvcle ABCIH kH E' W 
the centre, and AEG the diam^er which posses tbtD>^ A: 
sin. AC + sin. AB:sb. AC-^dn. AB:;taa. KAX3-f AB> 
tan. i (AC— AB.^ 

Draw BF parallel to AG, meeting the oirdie i^raoio 
F. Draw BH and CL perpendicular to AE, and they 
will be the sines of the amies AB and AC ; prodooeCL 

EC, DB* v»> • ^ ' »i- 

Now^ since EL from die centre is perpen<fioular to CD) 
it bisects the line CD in L and the aisch CAD in A : BL 

iBltibenfopecqaaltblXiV " ^ ^' 

or to the sme of the arch 

AC;andBHorLEbe. ',x<^» ^u-*i28ft ^_.i / 

ing the une of j\B^ DK 
is the sum qP the sines of 
the arches AC ^d AB, 
and CK is the difference 
of tlveirnnes; DtABalfioG 
is the sum of the arches 
AP and AByiiecause AB 
equal to AC, and BC 
IS their diflSerenoe. Now, 
in the triangle DFC, be- 
cause FE is perpendicu- 
lar to DC, (8. cor. 1.) DK : KC : : tan. DFK : tan. CFK,' 
but tan. DFE=tan. I arc. BD, because the angle DFK 
(W. 3.) is the half of DEB, and is therefore measured by 
half the arch DB. For die same reason, tan CFK = 
tan. ^arc. BC; and^^ consequently, DK:EC::tan Jarc. BD: 




tan. \ arc. BC. But DE is the sum of the anes of the 
arches AB and AC ; and KC is the difference of their 
sines ; also BD is the' sum of the arches AB and AC^ 
and BC the difference of those arches. Therefore^ &c. 
Q.E.D. 

CoR. 1. Because EL is the cosine of AC, and EH of 
AB^ FK is the sum of these cosines^ and KB their daf^ 
ference;fQrFK^if*B+EL = Eir + EL,andKB= 
LK±:EH— EL. Now, FK : KB : :tati. t*DK : tan; fiDK; 
aiid tan. PDKt=::cotan. DFK, because DPK is the com- 
plement of FDK ; thevefor^^ FK : KB : : cot^n. XHPK : 
tan. BDK ; that is FK : KB : : cotan. | arc. DB : tan. I 
arc. BC. The sum of the cosines 4>f two arches is ih^re* 
fore to the difierence of the same dosines, as the coti!^- 
g^i&rcff half tihte gum-of 'the 'archesT to^tfre tjtagertt of hktf 
their <£fference. * - ' ' yv> . 

.CpB. i. In the right ans^ed trkngle FKt), FK : CD t : 
K : ian. DFK. Now FK =. c6s_A& + cos AC, 1J:d = 
an. AB + sitt. AG, and tarfi. ItM:=±tan. J (ABCf AC^, 
tkeirdbire am*\AB4^ cos.. AJ&^ «ili; AB)-f(iahw-AQ : :Jkt 

tiU|.4)(AB +*A6). . ; 

In the same manner, by help of the triangle FKCf^ 4 
may be shown that cos. AB + cos. AC : sm. Ac«^siA. 
AB : : R : tan. ^ (AC— AB). 

Cor. 3. If the two arches ABi and AC be together 
equal to 90^, the tangent of half t&eir sum, that is, of 4^, 
i$ equal to the radius. And tlur^a^ BC being th^ esc- 
cies^ pf DC above DB, or aboj^e 9(r, the half of tfaef arch 
]^C will be equal to the excess of the half of DC abore 
the half of DB, that is, to the excess of AC above 4d^; 
therefore, when the 3um of two arches is 90, the sum of 
the sines of those arc)ies is to tfadr difference as the 
radius to the tangent; oi the difference between either'of 
them and 45^ 
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. , . . PROP. IV. .; .m : r ' 

l.k^TT'*' ' ' . I . ..: , I. . • I / r» :*. «.•*, 

7%£l sum of any two sides (^.a triangU ik wt^m' 
. differ eiiee^ usths taTigent^f kdf'^^sii^(^ 
theanglet apposite to those mks^i&fktf tam-^ 
gent ^Mfmeird^erence. *^' "J \:^ ' . ' '' 



J » 



Let ABC be any plane triangle ; 
CA + AB:,CA<t-AB: : tan. J (B+Q : tin. j (Br-C). 
f^cHT (S.) CA : A&^' '' ^- B : sin. C ; ^ 
and therefoxb (B. 5.^ ^ 

CA + AB ? GA— AB : : sin. & + sin. C : si^. B— sin. C, 
But* by the last, sin. B + «n. C : sin. B<«^sin; C : : 
tdB.. i (B.*|-<3>s teat TJr(ar^^ thwefla e iih a; (U. 5.j| 
CA + AB : CA— A9 r : tan. J (B +<}) : taii. J (B— G); 



•■s «.*«• » 



f 



/ » 
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Odwrwue, without the 8d. 



« • 



L,et ABjC be a triangle ; ^tll^^litn of AB and AC any 
two sides, is to the difference of AB and AC as th^ tan- 
gerit of Kalf the siitn of the angles ACB and ABC; to the 
tkii^eni rfhilftheii^ difl«r^nte. ' « « > • v ^ 

V 'About the centf^ A irith the rtefius^ AB^ thegrent^r of 
t}i9^^ii^<^ sides, describe A i^ir^le tneetiti|^BC pncidtkiM ^ 
D, and AC produced in £ and F. Join DA^ EBt FB ; 
and draw F6 parallel t0 CB, meeting £B in 6. 



t!/-~K> 
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Because the elcterior angle £ AB is equal to the two 
interior ABC, ACB, (8S. 1.); and the angle ]p;FB, at 
the circumference is equal to half the ande EAB at the 
centre (SO. S.) ; therefore £FB is half Uie sum of the 
angles opposite to the sides AB and AC* 

Agun, the exterior /tngle ACB is equal to the two in- 
terior CAD, ADC, imd therefore CAD is the difference 
of the angles ACB^ ADC, that is, of ACB, ABC, for 
ABC is equal to ADC. Wherefore also DBF, which is 
the half of CAD, or BF6, which is equal to DBF^ is 
half the difference of the angles opposite to the sides AB, 
AC. 

Now because the angle FBE in a semicircle is a right 
angle, BE is the tangent of the angle EFB, and B6 the 



tangent of the angle BF6 to tKe radiuft FB ; and fi£ is 
thei^ore to EG as the tangent of half the sum of the 
angles ACB, ABC to ikm im^eati^ii hUtfiheir differaice. 
Also C£ is die sum of the sides of the triangle ABC$ 
and CF their difference ; ^d becausi^ BC is jpamllfil to 
FG, 6E : CF : : BE: BG, (2. 6.) J tha;t. isj ffie sum of 
the two sides of the triangle ABC is to thdrdii(S»«nc»,tt 
the tah^nt of half the sum of the angle? . oppoafe^H^ 
those side» to- the tangent of half their emamiet 
Q.E.D. , ^^ 
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IfaperpedtMwlarbe drtvSn^-fitm any ungh of 
a triangle m the opposite sOh^ or bctse ; the 
sum qflhe s^r^snts^ the base^i^ to the sum 
of the other two^ sia^H^ the tria)u^ as the 
aifference of those sides H^the dffhrenee if 
the segtA&nis of the base. 

4 

For (K. 6.)^ the pectangle under the sun| and dilfei"^ 
ence of the segments of the base is equal to the rectaogki 
under the sian and di£Perence of the ades,^' and thereforei 
(16. 6.) die sum of the segments of tb6 base is to the 
sum of the sides as the difference of the sides to the di& 
ference of the segmenfs-ef- the bas^. Q^ £^ D/ " 
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tROP. VI. 

in any triangh Vwice the rectangle c&ntained 
|w. any two sides is to the difference between. 
the mm, of the squares of those sidess and the 
square of the base, as the radius to the cosine 
ijfphe angle included by the ttw sides. 

Let ABC be toy triangle, *AB.BC is to the difference 
between AB* + BC* and 4C« 
astadias to,cos B. 

Rtm A'draw AD peipen- ' 
mmmr'^ BC, and (1^. and 
^CJ^ilMi^erencd between 
M|f^ 9ii||H«i(||l»t$quare9 of AB 
and BC, ana the square on 
AC is equal to 2BC.BD. 

But BC.BA t BC.BD i 
BA9^BI>> : R i cos B, thefe- 

feie«l*>«fiC.BAj8BC.BD:.^R:c6sB. NowgBC.BD 

is * tfi0 *<ailference between 

AB»4JB€*«iid AC* ; there- A 

fote twice the i«ectangle - 

AB.BC is to thfe ffifference 

between AB* + BC*, and 

AC* as radius to the cou 

ane of ;B. Wherefore, &c. 

CoR. If the radius = 1,-ft- 
BDzs BA x cos B, (1.), and 

8BC.BA X cos B = 2BC.BDj and therefore when B is 
acute, 2BC.BA x cos B = BC*+ BA*— AC*, and adding 
AC to both; AC*+2cosBxBC.BA=BC*+BA*; 
and taking 2 cos B x BC.BA from both, AC*= BC*— 
2 cos B x^C*BA + BA*. Wherefore AC = V (BC* — 
2 cos B X BC.BA + B A*). 

If B is an obtuse angle, it is shewn in the same way 

that AC rs^/ tlJ(J^ + 2 cos A X BC.BA + BA*). 





58S *LANE TRIGONOMETitlf** 



^ROP. VII. 

Four times the rectangle contained bv any tm 
9j^s of a triangle, is to the rettammt cof^aity 
ed bytrvo straight lines, of whim one istk 
base or third side (fth^ triangle increased by 
the difference of the tu^o sides, and the othfr 
the base diminished by the difference qfjhe 
same sides, as the square of the radius to the 
squqre 4f the sine of half the angh iwkded 
between the two sides qftke triangle j. 

Let ABC be a triangle, of which BC is th« base, voi 
AB the greater of the two sides ; 4AB. AC : {QC. 
— AC)) X (BC ~ (AB — AC)) ; : R* : (sin ^ *^ 

Produce the Bide AC to B, so thai "" ^ 



m-: 



1- ^<: 



Ci 



'- » 



B 



F 



BD^ and draw AEy CF at right angles 
centre C, with the radius CD, describe 
GDH, cutting BD in K, BC in G, and 
produced in H. x i 

It is plain that CD is the difference of the 4 

Aerefore that BH is the base increased, and BG the 

diminished by the difference of the side^; it is dso 

dent, because the triangle BAD is isoscele^ thdl DB% 

the half of BD, and DP is the half of DK, wheref(»« 

DE— DF =± the half of BD-^DK, (ft 6.) that i^ EF= 

I BK. And because AE is drawn parallel to CF, a ade 

of the triangle CFD, AC : AD : : EF : ED, ^. 6.) ; and 

rectangles of the same altitude being as their bases 

ACAD : AD^ : : EF.ED : ED^ (1. &)> and therefore 

4AC.AD : AD« : : 4EF.ED : ED«, or alternately, 

4AC. AD : 4EF,ED : : AD* : ED*. 



PLAX£ TUldONOAlET&Tf'. 

feat mica 4EP = S!BK, 4EP.ED::= SBK.ED:=S$:D.BE 
-DB,BE = HB;BG; therefore, 4AC.AD i HB.BG : : 

AD* : ED* Now AD : ED : : K : sin E AC i= sin J BAG 
(I. Trig.) and AD* : ED* : : R» : (sin J BAC)* : tlieref'ore, 
(U.S.) 4AC.AD ; HB.BG : : R* : («n 1 BAC)*, or since 
AB = AD, 4AC.AB i HB.BG : : R* : (sin J BAC>*. 
Now 4AC.AB is four times the rectangle contained by 
the sides of the triangle ; and HB.BG is the rectangle 
contained by BC+(AB— AC) and BC—(AB— AC). 
therefore, &c. Q. E. D. 

CoE. Hence SVACAD: VHB.BG : : R : sin J BAC. 



ained hu any twti 
'ectangie contain- 
hick the one is the 
by the hose of the 

Slim of the same 
, as the square of 
the cosine of haff' 

the two sides if 



:h Be is the' base, 
TO aides ; 4AB.AC> : 
M R* ; (cos J BAC)». 
ius CB, describe^^the 

in L and M. I^o 
also lot AD::^AB~; 

BN, and let it'Meet 
irpendiciUar;. to BN, 

+BC; and that LN 
BD is bisected in E, 
to AE, and is there- 
iangles DAE, DNB 
DN = 2AD, BN = 
PN-2AR. 
x2 



PLANE TRIGONOMETEY. 

But because the triangles ABC and AED are equian- 
gular, AC : AD : ; AB ; AE, and because rectangles a£ 



. the some a1 
AD*:: AH. 
; : AD* : Al 
But 4ARJ 

therefore 4i 
AE::R:e 
4AC.AD : ] 
Now 4fA) 
^des A6 ai 
rectangle ti: 
base, and t! 
Therefore, ■ 

C0R.I.I_ 

Cob. 2. SincebyPiX)p.7. 4AC.AB :(BC+(AB— AC)) 
(BC— (AB— BC))::R*:{sin J BAC)*; and as has 
been now proved, 4AC.AB : (AB + AC + BC) (AB + 
AC — BC) : : R* : (cos J BAC)*; therefore ex wquo, 
(AB+AC + BC)(AB+AC— BC):(BC + (AB— AC)) 
(BC— (AB— AC)) : : (cos J BAC)' ; (dn J BAC)'. Sat 
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the cosine of any arch is to the sine, as the radius to the 
tangent of the same arch ; therefore, (AJB + AC + BC) 
(AB+AC— BC): (BC+(AB— AC)) (BC— (AB— AC)) 

: : R* : (tan. | BAC)^ ; and 

V (AB + AC -f BCJ (AB -f AC-B C)"": 
V(BC+AB— AC)(BC— (AB— AC)): : R: tan. J BAC. 



• ♦ 



LEMMA II. 

If thef^e be two unequal magnitudes ^ half their 
diffkrence added to half their sum is ^qual to 
the greater ; and half their difference taken 
from half their sum is equal to the less. 

Let AB and BC be two unequal magnitudes, of which 
AB is the greater ; suppose AC bisected in D, and AE 
equal to BC. It is mani- 
fest, that AC is the sum, X! ST 5 B C 
and EB the difference of 

the magoitudes. And because AC is bisected in D, AD 
is equal to DC ; but AE is also equal to BC, therefore 
D£ is equal to DB, and DE or DB is half the difference 
of the magnitudes. But AB is equal to BD and DA, 
that is to half the difference added to half the sum ; and 
BC is equal to the excess of DC, half the sum above 
DB, half the difference. Therefore, &c. Q. E. D. 

CoR. Hence, if the sum and the difference of two 
magnitudes be ^ven, the magnitudes themselves may be 
found ; for, to half the sum add half the difference, and it 
will give the greater ; from half the sum subtract half the . 
difference^ t^nd it will give the less. 
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SECT. II. 

OF THE RULES OF TRIGONOMETRICAL 

CALCULATION. 



The General IProblem which Trigonometry 
proposes to resolve is : In any plane triangle, of 
the three sides and the three angles, any three 
being given, and one of these three being a side, 
to find any qfthe other three. 

The things here said to be given, are understood to be 
^pressed by their numerical values ; the angks, in de- 
crees, minutes, &c. ; and the ades in feet, or any other 
known measure. 

The reason ci the restriction in this 'problem to thosp 
jcases in which at least one side is given, is evident from 
tihis, that by the angles alone being given, the magni- 
tudes of the sides are not determined. Innumerable tri- 
angles, equiangular to one another, may e:!d^ without 
the sides of any one of them being equal to those of any 
other ; though the n^os of their sides to one another wiU 
be the same in them all, (4. 6.). If, therefore, only the 
three angles are ^ven, nothing can be determined of the 
triangle but the ratios of the sides, which may be found 
by tngoDometry, as being the same with the ratios of the 
siiies of the opposite angles. 

For the conveniency of calculation, it is usual to divide 
the general problem intd two ; according as the triangte 
m&^ QX ha3 not| OQe of its angles a right angle. 



I 



FLAKE TftlGONOIilETHY. 
PBjOB. I, 

Xn a right angled triangle^ of the three side^ and 
three angles^ any txvp being given^ besides the 
Tight dngle^ ana one of those two being a side^ 
it is required tqjind me other three,. 

• It is eTident, that vhen one pf the acute angles of a 
right angled triangle is ffiven, the other is given, bein^ 
the ooikiplement of the former to a right angfe ; it is also 
evident, that the sine of any of the acute anglies is the oo* 
vme of the odier* 

This problem admits of ^^everal cases, and the solutioqs^ 
or rules for calculation, which all .de|>end on the 4r»t Pix). 
position, may be conveniently eiJiibiited in the fodrm of a 
TaUe ;• where the first column cont^m tjie things ^^m \ 
,the second, the things required ; and the thir^, the rul^ 
or prppprtions by which uiey are found. 



CB and B, the 
hypotenuse and an 
angle. 



OITK)(. 



AC and C, a 

^e, and one of 
the acute angles. 



BOUABT* 



AC. 
AB. 



SOLUTIOV. 



R : sin B ; : CB : AC. 
R : cos B : : CB : AB. 



1 
o 






BC. 
AB. 



CBandBA,the 
hypotenuse and a 
ade. 



AC and AB, the 
two ades. 



C. 
AC. 



v^ 



C. 
CB. 



Cos C : R : : AC : BC. 
R : tan C : : AC : AB. 



CB:BA::R:8inC. 
R : cos C : : CB : AC. 



AC: AB : :R:tanC. 
CosC:R::AC:CB 



8 

4 



5 
6 



7 
8 




^98 
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Remurkson the Solutions in the Table. 

In the second case, when AC and C are given to find 
the h3rpotenuse BC, a solution may also be obtained bj 
help oi the se(;ant» for C A : CB : : R : sec. C ; if, there- 
fore, this proportion be made, R : sec. C : : AC : : CB, 
CB will be found. 

In the third case, when the hypotenuse BC and the ade 
AB are given to find AC, this may be done other as di- 
rected in the Table, or by th e 47th of th e first ; for, ance 

AC* = BC«— BA*, AC = VBC«— BA*. This value of 
AC will be easy to calculate by logarithms, if the quand^ 
BC* — ^BA' be separated into two multipliers, which may 
be done; because (Cor. 5. 2.), BC ^~BA> = (BC + BA). 
(BC— BA). ThereforeAC=V(BC+BA)(BC— BA.| 
When AC and AB are given, BC may be found 
fr om the 47th , as in the preceding instance, for BC = 

V B A' + AC*. But, B A* + AC* cannot be separate in- 
to two multipUers ; and therefore, when B A and AC are 
large numbers, this rule is inconvenient for oomputadon 
by logarithms. It is best in such cases to seek first 
for the tangent of C, by the anal<^ in the Table^ 
AC : AB : : R : tan. C ; but if C itself is not re(][uirecl, 
it is sufficient, having found tan. C by this proportion, to 
talce from the Trigonometric Tables the cosdne that cor- 
responds to tan. C, and then to compute CB from th^ 
proportion cos. C : R : : AC ; CB. 
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PROBLEM II. 

Irv an oblique angled triangle^ of the three side^ 
and three angtes^ any three being given^ and 
one qftfiese three being a side^ it is required 
to find the other three. 

This problem b^s fpur cases, in each of which the so-, 
liition depends on some pf the foregoing propositions. 



CASEL 

Two angles A and B, and one side AB, of a triangle 
ABC, being given, to find the other sides. 



SOLUTIOK. 



Because the angles A and B are given, Cis also given, 
)bdng the supplement of A -f- B ; and, (?.) 
Sin C : sm A : : AB : BC ; also, 
SinC:sinB::AB:AC, 
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CASE II. 



Two sides AB and AC, and the ande B opposite to 
one of them being given^ to find the o^er angks A an4 
C, and also the other side BC. 



SOLUTION^ 

The angle C is found from this proportion, AC : AB : : 
ffn B : an C. Also, A = 180* — -B — C : and then, 
sin B : an A : : AC : CB, by Case 1^ 

In this case, the angle C may have two values ; for its 
fdne bang found by the proportion above, the angle be- 
longing to that sine may &mer be that which is found in 
the tames, or it may be the supptement of it, (Cor. def . 4.). 
This ambiguity, however, does not arise 6om any defect 
in the solution, but from a circumstance essential to the 
problem, viz. that whenever AC is less than AB, there 
foe two triangles which have the sides AB, AC, and the 
^gle at B of the same magnitude in each, but which are 
nevertheless unequal, the anffle opj^site to AB in the 
one, being the supplement of mat which is opposite to it 
in the other. The truth of this appears by describing 
from the centre, A with the radii^s AC, ^xi arch iater^ 




sectingBC in C and C; then, if AC and AC be drawn^ 
it is evident that the triangles ABC, ABC have the side 
AB and the angle at B common, and the ades AC and 
AC equal, but nave not the remainincc side of the one 
equal to the remaining side of the other, that is, BC to 
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BC'9 nor their other angles equal, viz. BC'A to BCA» 
nor BAC to BAC. But in these triangles the angles 
ACB, AC'B are the supplements of one another. For 
the triangle CAC is isosceles, and the angle ACC = the 
angle JVC^'C? ^^^^ therefore, AC'B, which is the supple- 
ment of AC'C, isalso the supplement of ACC or ACB ; 
and these two angles, ACB. ACB are the angles found 
by the compbtation above. 

From these two angles, the twp angles BAC, BAC 
iHU Bel foiind : the angle BAC is the suppl^ent of the 
two angles ACB, ABC, (32. l.),and therefore its sine is 
th^ same with the sine of the sum of ABC and ACB. 
SiitBA'C is the difference of the an^es ACB, ABC ; 
for it is the difFererice of the angles ACC and ABC'^ be- 
cau^ AC^C, that is ACC is equal to the sum of the 
angles ABC, BAC, (S2. 1.). dt^herefore to find BC, 
having found C, make sin C : sin (C^+B) : : AB : BC ; 
and again, sin C : sin (C — B) : : AB : BC. 

Thus, when AB, the side adjacent to the ^ven angle, is 
greater than AC, the side opposite to it, there are two 
triangles which ^tisfy the conditions of the que^tton. 
But when AC is greater than AB, the intersections C and 
C fall on opposite sides of B, so that the two triangles 
have not the same angle at B common to them, and the . 
solution ceases to be ambiguous, the angle required be- 
ing necessarily less than B, and therefore an acutp aiigle^ 



CASE III. 

Two sides AB and AC, and the angle A, betweea 
then), being ^ven, to find the otI>er angles B &nd Q^ 
^nd also the side BC. 



SOLUTION. 



First, make AB + AC : AB-^AC : : tan : J (C + B) : 
tan i (C — B). Then, since J (C + B) and f (C— B) 
are both given, B and C may ba found. For B =• 
HC + B) + I (C-B), and C = J/C + B) — J (C — B.). 
[Lcm. 2.). 
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To find BC. 



Having found B, make ^n B : «n A : : AC ; BC. 
But BC may also be f ound without seeking for the anglea 

B and C ; for BC = V AB«— 2 cos AAB.x AC +AC*, 
Prop. 6. 

This method of finding BC is extremely useful in many 
geometrical investigations, but it is not very well adapted 
ior computation by logarithms, because the quimtity un* 
der the radical sign cannot be separated into simple mul- 
tipliers. Therefore, when AB and AC are expressed by 
large numbers, the other solution, by finding the angles,; 
and then computing BC, is preferable. 



CASE IV. 

The three rides AB, BC, AC, being ^ven, to find 
the angles A, B, C, 



SOLUTION?. 



Take F such that BC : BA+ AC : : BA— AC : F, then 
F is either the sum or the difference of BD, DC, thc^ 
segments of the base, (6). If F be greater than BC, F 
is the sum, and BC the difference of BD, DC ; but, if 
F be less than BC, BC is the sum, and F the difference 
of BD and DC. In either case, the sum of BD and DC, 
and their difference being given, BD and DC are found. 
(Lem. 2.) 



fLAKK TRIGONOMtTUY. 

Thw, (1.) CA : CD : : R : COS C ; and BA * BD : : 
R : .008 B : wheiefore C and B are given, and conse>- 
quently A. . 
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SOLUTION It. 



Let Dbe the diff erenceof ilie sides AB , AC . Then (Cor.7.) 
2V ABIAC^: VTBC + D) (BC— D) : : H : sin J BAC. 



soiiurxoK jith 



L ^t S be the su m of thestdesBAand AC. Thei>(l.Car.8.) 
2 V AB.AC : V CS + BC) (9— BC) :: R:cos | BAC- 



sotimoN IV. 



S and D retainin g the significations abo ve, (2 Cor. S.) 
(S+BC)(S— BC): V (BC + D) (BC— D) ::R:tan | BAG. 



It is also oonvenient to reduce this last solution into 
another form, by putting P iov half the {)erimeter of the 
tiriapgle. Then S + BC =2P, and S— BC =2P— 2BC ; 
and therefore (S+BC) (S— fiC) = 2P (2P— 2BC) = 4P 
(P— BC). In like manner, BC + D r= 2P— 2AC, and 
BC— D = 2P— AB ; wherefore (BC+D) (BC— D) re 
( gP— aAC) (2 P— 2AB)=:4(P— AC) (P— AB). Hence 
V P(P— BC) : V (P— AC) (P— AB) : : R : tan J BAC. 

It may be observed of these four solutions, that the 
first has the advantage of being easily remembered^ but 



that thie others are rather more ejcpeditioue in ^ak9iila£<)ii« 
The second solution is preferable to the third, when the 
angle sought is less than a right angle ; on the other haM), 
the third is preferable to the fiiecond^ when the angle 
sought is greater than a right an^le ; and in extreme cases, 
that is, when the angle sought is very acute or very ob- 
tuse, this distinction is very material to be considered. 
The reason is, that the dnes of angles^ which are nearly 
= 90°, or the cosines of angles^ which are nearly = 0^ 
vary vety little for a contnderable variation in the oorre^ 
spouding angles, as may be seen from looking into the 
tables of sines and cosines. The consequence of this i% 
that when the sine or cosine of such an angle is ^given,- 
(that is^ a sine or cosine nearly equal to the radius,) the 
angle itself cannot be very accurately found. If, for in« 
stance, the natural sine .9998500 is g^ven, it will be im- 
mediately percdved from the tables, that the an^ corre< 
spcmding is between 89° and 89°, V ; biit it cannot be 
found true to seconds, because the sinei^ of 89° and of 
89°, 1', differ only by 50 (in the two last places), whereas 
the arches themselves differ by GO seconds. Two arches^ 
therefore^ that differ by 1", or even by more than 1"^ 
have the aam^' site in the tables, if tliey fali in the last 
degree of the quadrants 

The fourth solution^ which finds the angle froiii iUs 
tangent, is not liable to this objection ; nevertneless, when 
an arch approaches near to 90, the vairiations of the 
tangents become very great^ and too irregular to allow 
the proportional parts to be -found with exactness, so that 
when the angle sought is extremely obtuse, and its half 
of consequence very neai* to 90, the third solution' is the 
best. 

It may always be known, whether' tihe an^e toiight i^ 
greater or less thatiff right angle by the square of the side 
opposite to it being gteater or less than the squares of the 
other two sides. • 

It may be useful- to have all the solutiohs of the ob- 
lique angled triangle reduced to a fohn purely arithme- 
tical, not requiring the inspection of a diagram, and 
-brought together in one- table, , . * . 

Let A, B, C, be the angles of the triangle^ and a, k o 
the sides respectively oppooite to them. 
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6rfiiCi 



1. 



A. B, and d 



B^UOSt* 



•Mmmmmf 



2. 



S, 



4. 



by Cj and B. 



■ L . I < m l ' * I * 



by Cy and A. 



% by c. 



c, 

a, 



m^t*^ 



A, 



B, 

C, 

a. 



-k4M 



B, 
C. 



tOLVTlOV* 



= 18(>—A— B 

sin A 

« = ., — ^xc. 



4 = 1: 



sm C 
^B 



sm € 



X€* 



sin C =- X sin B. 

o 

A=18Chr-B— .G. 
sin A^ , 

sm B 



C+B=:180— A, 
tan J (C^B)=: 

£llJtanHC+B7, 

a=j^x6,-also, 
sin Jtl 

a = V c*-26c cos A+6'. 



tan_5A = 



V(JP— *)(p— 4 



S86 
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SECTION III. 



Construction of trigonometrical tables^ 

In all the calculations perfortned by the preceding rules^ 
tables of fiines and tangents are necessarily employed, the 
construction of which remains to be explained. 

These tables usually contain the smes, &c. to ^rery 
minute of the quadrant from 1' to 90°, and the first thing 
required to be done is to compute the sine of 1', or of the 
least arch in the tables. 

1. If ADB be a circle, of which the centre is C, DB 
any arch of that circle, and the arch DBE double of DB i 
and if the chords DE, DB be drawn, and also the per- 
pendiculars to them from C, viz. CF, CG, it has beett 




demodstriited, (8. 1. Sup^ that CG is a mean tot($of- 
tional between AH, half the radius, and AF the line 
made up of the radius and the perpendicular CP. Now 
CP is the cosine of the arch BD, and CG the coane of 
the half of BD ; whence the coane of the half of any arch 
BD, of a circle of which the radius i= 1, is a m^m pro- 
portional between J and I + cos BD. Or for the greater 
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genei*auty9 supposing A = any arch, cos. ^ A is a meaii 
proportional between } and 1 + cos A, and therefore 

(cos J A)* = I (1 4-cos A), or cos J A = V|(l + cosA). 

2. From this theorem, (which is the same that is de- 
monstrated 8. 1. Sup., only that it is here expressed tri- 
gonometrically), it is evident, that if the cosine of any 
arch be given, the cosine of half that arch may be foundL 
liCt BD, therefore, be equal to 60% so that the chord 
BD r: radius, then the cosine or perpendicidar CF was 
shewn (9. 1. Sup.) to be = }, and therefore cos J BD, or 

cos 80° = V «(1 + 5) == V I =^^5- ^^ "*® s*™^ manner, 

cos lS°=VKI+oos30°),andcos7%80'=VS(l+cosl5°), 
&c. In this way the coane of 8% 45'^ of 1°, 52', 30% 
and so on, will be computed, till after twelve bisections 
of the arch of 60", die cosine of 5r. W\ 03'"'. 45v is 
found. But from the cosine of an arch its sine may be 
found \ for if, from the square of the radius, that is, from 
1, the square of the coane be taken away, the remainder 
is the square of the sine, and its square root is the sine 
itself. Thus, the sine of 62"; W. 03"". 45v is found- 

3. But it is manifest, that the sines of very small arched 
are to one another nearly as the arches themselves. For 
it has been shewn, that the number of the sides of an 
equilateral polygon inscribed in a circle may be so great, 
that the penmeter of the polygon and the circumference 
of the drcl6 may difTer by a Ime less than any given line, 
or, which is the same, may be nearly to one another in 
the ratio of equality. Therefore their hke parts will also 
be nearly in the ratio of equality, so that the side of the 
polygon will be to the arch which it subtends nearly in " 
the ratio of equality ; and therefore, half the side of the 
polygon to haH the arch subtended by it, that is to say^ 
the sine of any very small arch will be to the arch itself 
nearly in the ratio of equality. Therefore, if two arches 
are both veiy small, the first will be to the second as the 
sme of the first to the sine of the second. Hence, from . 
the sine of 52". 4«4"'. 03"". 45v. being found, the sine of 1' 
becomes known t for, as 62". 4f "* 03"". 45^. to 1, so is 
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the sine of the former arch to tlie ^ine of the latter. Thus 
the sine of 1' is found =0.000£90888d. 

4. The sine of 1' being thus found) the sines of 2', of 
3', or of any number of minutes, are found by the fol- 
lowing proposition. 



THEOREM. 



Let AB, AC, AD be three such arches, that BC the 
difference of the first and second is equal to CD the dif- 
ference of the second and third ; the radius is to the co- 
sine of the common difference BC as the sine of AC, the 
middle arch, to half the sum of the sines of AB and AD, 
the extreme arches. 

Draw CE to the centre ; let BF, CG, and DH per- 
pendicular to AE, be the sines of the arches AB, AC, 
AD. Join BD, and let it meet CE in I ; draw IK per- 
pendicular to AE, also BL and IM perpendicular to 
DH. Then^ because the arch 
BD is bisected in C, EC is at 
right angles to BD, and bi- 
sects it in I ; also BI is the sine, 
and EI the cosine of BC or 
CD. And, since BD is bisect- 
ed in I, and IM is parallel to 
BL, (S. 6.), LD is also bisect- 
ed in M. Now BF is equal 
to HL, therefore, BF 4- DH 

= DH+HL = DL + ^LH= . ^ ^^ 
2LM+2LH=2MHor2KI; A F GK 

and therefore IK is half the sum of BF and DH. But 
because the triangles CGE, IKE are equiangular, CE: 
EI : : CG : IK, and it has been shewn, that EI=cos BC, 
and IK = J (BF + DH); therefore R : cos BC : : sin AC j 
I (sin AB + sin AD). Q. E. D. 
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Cor. H^&Ge, if the pomt :B eoindde with A> . _, 
R : cos BC : : an BC : | »n BD, that is, the radius is to 
the coeine of any arch, as the ^e of the arch is to.hldf 
th0 Aai» of twice thf . arch ; ch: if any arch= A) | sin SArs 
sin.A X oos A, or sin SA ±= 2 sin A X cos A. 
.. .ThcrdEbre sJso, sin 3^ = 2 sin 1' x cos 1' ; so that from 
the sine and cosine of one minute the sine of 9fis found/ 

Again, 1^ S', 3' being three such arched ihat tbiedit 
feretkse between the first and second is the same as be« 
tweea the second and third, R : cos 1' : : sin !^ : 
I (an 1' + sin 3), or sin 1' + sin 8'= 2 cos 1' x sin 2', 
tod taking sin 1' from both, sin 3' =: 2 cos 1' x sin d' — 
an 1. ' 

In like manner, sin 4s' = S cos 1' x sin ^— sin 2', 

sin 5^ == 3 cos 1' x sin 4'— sin 8', 
an S' = 3 cos 1' X an 6' — sin 4', &c. 

Thus a table containing the sines for every minute of 
the quadrant miky be computed; and as the multiplier, 
cos 1^ remains always the same, the calculation is easy. 

For cdraputing trie sines of arches that difier by more 
thati 1' the method is the same. Let A^ A + B, A+3B 
be three such arches, then, by this theorem, R : cos B : s 
m (A -f B) : J (sin A + sin (A + 2B)) ; and therefore 
making the radius 1, 
an A + 6in( A + 3B) = 8 cos B x sin ( A -4- B), 

or sin (A + 2B) = 2 cos B x sin (A + B)— sin A. 

By means of these theorems, a table of the sines, and 
consequently also of the cosines, of arches of any nunv- 
her of degrees and minutes, from to 9(y,* may be con- 

an A. 
structed* Then, because tan A-=: - ■ • ; ; the taMe of 

cos A 

tangents is computed by dividing the ane of any arch by 
the cosine of the siame arch. When the tangents have 
been foUnd in this manner as far as 45% the tahgente for 
the other half of the quadrant may be fbund more easily 
by another rule. For the tangent of an arch above 45" 
being the co^tangerit of an arch as much under 46'' ; and 
the radius being a mean proportional between the tan* 
ffent and co-tangent of any arch, (1. Cor. def. 9 )» it fol- 
lows, if the difference between any arch and 45° be call- 

y2 
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ed D^ that tan (45^— D) : 1 : : 1 : tan (45'' + D), so that 

Lastly, the secants are calculated from Cor. S. def. 9'9 

where it is shewn that the radius is a mean proportional 

between the cosine and the secant of any arch, so that 

\ 

if A be any arch, sec A= r. 

•^ cos A 

The versed sines are foimd by subtracting the codnei 
from the radius. 

5. The preceding Theorem is one of four, which, when 
arithmetically expressed, &re frequently used in the ap 
plication of trigonometry to the solution of problems. 

IfTio, If in the last Theorem^ the arch AC=: A, the arch 
BC=f B, and the radius EC=1, then AD=A+B, and 
AB = A — B ; and by what has just been demonstrated^ 

1 : cos B : :'sin A : J sin (A + B) + J sin (A — B), 

and therefore 

sin A X cos B = J sin (A + B) + § sin (A— B). 

2(fo, Because BF, IK, DH are paraQel, the straight 
lines BD and FBt are cut proportionally, whence FH, 
the difference of the straight lines F£ and HE, is bi- 
sected in K ; and therefore, as was shewn in the last 
Theorem, EE is half the sum of FE and HE, that is, of 
the cosines of the arches AB and AD. But because of 
the similar triangles EGC, EKI, EC : EI : : GE : EK ; 
how, GE is the cosine of AC, therefore, 

R : cos BC : : cos AC : J cos AD + J cos AB, 

or 1 : cos B : : cos A : ^ cos ( A + B) + J cos (A — ^B) ; 

and therefore^ 

cos A X cos B = J (»s (A + B) +. J cos (A — B). 

Stioj Again, the triangles IDM, CEG are equiangu- 
lar, for the angles KIM, EID are equal, being both 
right angles, and, therefore, taking away the angle EIM^ 
the angle DIM is equal to the angle EIE, that is to the 
angle ECG ; and the angles DMI^ CGE are also equals 
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being both right angles^ and theref(»*e, the triangles IDM, 
CGE have the sides about their equal angles proportion- 
als, and consequently, EC : CG : : DI : IM ; now, IM 
is half the difference of the oosmes FE ai^d EH, there- 
fore, 

R : sin AC : : sin BC : ^ cos AB — J cos AD, 

or 1 : sin A : : sin B : ^ cos (A — B) — J cos (A + B) ; 

and also, 

sin A X sin B = ^ cos (A — B) — J cos (A + B). 

4fo, liasdv, in the same triangles ECG, DIM, EC : 
EG : : ID : DM ; now, DM is hdf the difference of the 
«ines DH and BF, therefore, 

K : cos AC : : sin BC : | sin AD — J sin AB. 

or 1 : cos A : : an B : J sin (A+ B) — J sin (A— B ) ;^ 

and therefore, 

cos A X sin B = J sin (A + B) — j sin (A — B). 

6. If therefore A and B be any two arches whatsoever, 
the radius bemg supposed 1 ; : 

I. an A X cos B = i sin (A + B)+ i sin (A— B). 

II. cos A X cos B = ^ cos (A — B) + ^ cos (A + B). 

III. sinAxsinB = icos(A— B) — Jcos(A+B). 

IV. cosAxsinB=:^an(A+B)-^ian(A— B). 

From these four Theorems are also deduced other four. 

For adding the iSrst and fourth together, 
nn A X cos B + cos A X sin B =r sin (A + B). 

Also, by taking the fourth from the first, 
sin A X cos B — cos A X sin B = sin (A— B). 
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Again, adding the second and third, 
cos A X COB 5 + sin A X sin B = cos (A — B) ; 
And, lastly, subtracdng the third from the second, 
COB A X cos B — sin A X sin B = cos (A + B) . 

7. Ag^Ht sipce by the first of the itbpve theorems, 
siiiAxco&B=;^8in(A+B)+^siii(A-^B),ifA+P=S, 

• S4-D S D 

and A— -B=:D, then(Lem.«.) A=:-— -,and 8= ^ ; 

whereibre, an "t^ . x cos . ^ = I an S+ i sin p.' 

But as S and D maybe any Arches- whatever, tQPre]s^e 
the former notation, they may bp called ^ a^4 % which 
also express any arches whatever : thus, 

. A + B A— B , . A . 1 • Ti 

sm ■ V^ X cos — gr-- = I sm A + I an B, or 

^ . A+B A— B . A . . T, 

2 sm — ^ — X cos -— r; — = sku A+ an B, 
2 ,8 

In the same manner^ from Theor. 2. i& derived, 

A4- B A--»B' J 

g cos ^^ X COS — ~ = cos B+cos A. From tjhe S^> 

A-4- B A— B 

g sin ■ ^ ■ X sin -— — - = cos B — cos A; and from the 

A.i. o A+B . A— B . . . ^ 

4th, 8 cop -4-^ — X sill: — --^ = an A— -an g. 

In all these theorems, the arch B h supposed less than 

A. ........ 

Theorems of the same kind with respect to the tan- 
gents of arches may be deduced from the preceding. Be- 
cause the tangent of any arch is equal to the sine of the 

arch divided by its cosine, tan (A+ B) = — .... ^; . 

'^ ^ cos (A+B) 

But it has just been shewp, that 

sin (A+ B) = sin A X cos B + cos A x sin B, and that 

cos (A+ B) = cos A X cos B-^ sin A X sin B ; therefore 
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/ A . Tfc\ an A X cos B + cos A X sin B i v . 

tan(A+B)= r t> ■ - — x ' — t5> and divi- 

^ ^ cos A X cos B — sm A x sin B 

ding both the numerator and denominator of this fraction 

by cos A X cos B, tan ( A + B) c= =- j-t ^. 

^ 5 V -r y 1— tanAxtanP 

T 1*1 4r f s. Ti\ ^" A. — tan B 
In like manner, tan (A — B) = =-— r =r- 

' ^ ^ 1 + tan A X tan B 

9. If the theorem demonstrated in Prop. 3. be ex- 
pressed in the same manner with those above, it gives 

sin A + sin B _ tan |(A + B) ^ 

sm A — sin B "" tan ^ (A — B)* 
Also by Cor. 1. to the 3d, 

cos A + cos B _ cot \ (A + B) 

cos A— cos B "~" tan \ (A — B)' 

And by Cor. 9,. to the same proposition, 

sin A + sin B tan J (A-|- B) . ,» . , 

^ — -L-^ ' QX since K is here 

cos A + cos B K ' 

^ , - sin A -I- sin B . i /a . t>x 
supposed = 1, ^5^^^-j-^^g = tan \ (A + B). 

10. In all the preceding theorems, R the radius is 
supposed = 1, because in this way the propositions are 
most concisely expressed, and are also most readily ap- 
plied to trigonometrical calculation. But if it be required 
to enunciate any of them geometrically, the multiplier B, 
i?hicb has disappeared, by being made = 1, must be 
restored, and it will always be evident from inspection in 
what terms this multiplier is wanting. Thus, Theor. 1, 
2 sin A X cos B = sin (A + B) + sin (A — B), is a true 
proposition, taken arithmetically; but taken geometri- 
cally, is absurd, unless we supply the radius as a multi- 

f)lier of the terms on the right hand of the sign of equa- 
ity. It then becomes 2 sin A x cos B == R (sin (A + B 
+ sin (A — B)) ; or twice the rectangle under the sine 
of A, and the cosine of B equal to the rectangle under 
the radius, and the sum oi the sines of A + B and 
A — B. 
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In general the number of Unear muUiplierSy that is, of 
lines whose numerical values are multiplied together, 
must be the same in every term, otherwise we will com- 
pare unlike magnitudes with one another. 

The propositions in this section are useful in many of 
the higner branches of the 'Mathematics, and are 
foundation of what is called the Arithmetic of Sines. 
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SPHERICAL 
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PROP. I. 

Jfa sphere he cut by a plane through the centre^ 
the section is a circle^ having the same centre 
with the sphere, and equal to the circle by the 
revolution of which the sphere has been de- 
scribed. 

FOR all the straight lines drawn from the centre to the 
superficies of the sphere are equal to the radius of 
the generating semicircle ; (Def. 7. 8. Sup.) Therefore 
the common section of t;he spherical superficies, and of a 
plane pas^ng through the centre, is a line, lying in one 
plane, and having all its points equally distant from the 
centre of the sphere ; therefore it is the circumference of 
a circle, (Def. 11. 1.), having for its centre the centre of 
the Inhere, and for its radius the radius of the sphere ; 
. that IS, of the semicircle by which the sphere has been 
iSescribed. It is equal, therefore, to the curde, of which 
that semicircle was a part. Q. E. D. 



r 
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DEFINITIONS. 



I. 



Any circle^ which is a section of a sphere by a plane 
through its centre, is called a great circle of the spnere. 

Cor. All ffriMt circles of a sphere are equal ; aiid any 
two o( tkem oisect one another. 

They are all equal, having all the same radii, as has 
just been shewn ; and any two of them bisect one another : 
for, as they have the same .centre, their common section 
is a diameter of both, and therefore bisects both. 



II. 



The poleof agreat circleof asjAere is a point in theso- 
perficies c^ the sphere, from which all straight lines 
diri^ien to the circumference of the circle are equal. 



III. 

A spheric^^ P^^l^ i^ au angle on the superficies of a 
sphere, conU^ped by the arches of two great circles 
which int<ersect ope another ; and is the same with the 
incUnation of the jdanes of these great circles. 



' IV. 

A spherical triangle is a figure, upon the superficies of a 
sph^e, comprehended by three arches of three great 
circles, each of which is Jess than a semicircle. 
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Pl^OP. II. 

The arch of a great circle, betiveen thepok and 
the circumference of another great ctrck, is a 
^piadra/nt. . 

• 

Let ABCD be a great circle, and D its pole ; if DC, 
an arch of a circle, pass through D, and meet ABC in 
C, the arch DC is a quadrant. 

X-et the circle, pf which CD is ah arch, meet ABC 
again in A, asd let AC be • r^* 

the fommofk seetipp of the ^J^ 

f)L|]|e9 gf tfee^e gre^t eireies, 
which will pass through E, 
th0 centre pf the sphere : 
Join DA, DC. Because 
AD = DC, (Def. 2.), and A* 
equal straight lines, in <jie 
same circle^ cut off equal 
arches, (28. 3.) the arch AD = the arch DC ; but ADC 
is a semicircle, therefore the arches AD, DC are each of 
them quadrant^. Q. E. D. 

CoB. 1. If DE be drawn, the aiigle AED is ^ right 
angle ; and DE being tlji^r^fore at right wgl^ ^ every 
line it meets with in the plane of. the circle ABC is at 
right angles to th^t plan^, (4*. 2* Sup,) Therefore the 
stTjEfight ^ne drawn fron; t)]e pole of any great drcle to 
the ceptr^ pf tl^e sphere is at right angles to the plane of 
that circle 1 a^d eqnvermly, a straignt line drai^n from 
the ipent^f of the spWe perpendicular to the plane of any 
great ordei p^e^ets the superficies of the spb^e in the 

p?le of ilfmt ciriclev 

' •• . * * 

CoB. 2. Tl\e pircle ABC has two poles, one on each 
side of its plane, which ^xe the extremities of a diameter 
of the sphere perpendicular to the plane ABC ; and no 
©ther ppints but these two can he poles of the circle ABC. 



^^ 
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PROP. III. 

IftJie pole of a great circle be the same with the 
intersection of other two great circles ; the arch 
of the first mentioned circle intercepted between 
. the other two is the measure of the spherical 
angle which tJie same two circles make with one 
another. 

Let the great drcles BA, CA on the superficies of a 

sphere, of which the centre is D, intersect one another in 

A, and let BC be an arch of another great circle, of which 

^ the pcAe is A ; BC is the measure oi the spherical an^ 

BAC. 

Join AD, DB, DC ; since A is the pole of BS^ ; AB^ 
AC are quadrants, (^.), and the 
angles ADB, ADC are right 
angles ; therefore (4. def. 2. 
Sup.), the angle CDB is the in- 
clination of the planes of the 
circles AB, 'AC, and is (def. 3.) 
equal to the spherical angle 
BAC ; but the arch BC mea- 
sures the angle BDC, therefore 
It also measures the spherical B 
angle BAC. ♦Q. E. D. 

CoR. If two arches of great circles, AB and AC, 
which inters€»ct one another m A, be each of them qua- 
drants, A will be the pole, of the great circle which passes 
throu^ B and C, the extremities of those arches. For, 
since the arches AB and AC are quadrants, the angles 
ADB, ADC are right angles, and AD is therefore per- 
pendicular to the plane BDC, that is to the plane of the 
great circle which passes through B and C. The point 
A is therefove (Cor. 1. ^.) the pole of the great circle 
which passes through B and C. 

* When in any reference no mention is made of a Book, gr of the 
Piane Trigonometry, the Si^hcrical Trigonometry is meant. 
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PROP. IV. 



If the planes of two great circles of a sj^here he 
at right angles to one anothery the eirctmfe^ 
renceofeam of the circles parses through the 
poles of the other ; and if the circumference 
xfone great circle pass through the poles of 
another y the planes of these circles are at right 
angles. 

Let ABCD, AEBF be two great circles, the planes of 
which are at right angles to one another ; the poles of the 
circle AEBF are in the circumference ACBD, and the 
poles of the circle ACBD i» the circumference AEBF. 

From G the centre of the sphere, draw GC in the plane 
ACBD perpendicular to AB. Then, because GC in the 
plane ACBD, at right an- 
gles to the plane AEBF, 
IS at right angles to the 
common section of the 
two planes, it is (Def. 2. 
2. Sup.) also at right an- 
gles to the plane AEBF, ^ 
and therefore (Cor. 1. %.) 
C is the pole of the circle 
AEBF ; and if CG be 
produced to D, D is the 
other pole of the circle 
AEBF. 

In the same manner, by (irawing Gil in the plane 
AEBF, perpendicular to AB, and producing it to F, it 
is shewn that E and F are the poles of the circle ACBD. 
Therefore, the poles of each of these circles are in the 
circiimference of the other. 

Again, if- C be one of the poles of the circle AEBF ; 
the great circle ACBD which passes through C is at 
right angles to the circle AEBF. For, CG being drawn 
from the pole to the centre of the circle AEBF is at right 
angles (Cor. 1. 2.) to the plane of that circle ; and there- 
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fore, every plane passing through C6 (17. S. Sup.) is at 
right angles to the plane AEBF ; now, the plane ACBD 
passes t&ough C6. Therefore, &c. Q. £. D. 

CoR. 1. If of two great circles, the first passes through 
the poles of the second, the second also passes through 
the poles of the first. For, if the first passed through the 
poles of the second, the plane at the first must be at right 
angles to the plane of the second^ bj the second part of 
this proposition ; and therefore, by the first part of it, 
the circumference of each passes through the poles of the 
other. 

Cor. 3. All great circles that have a common diame- 
ter have their poles in the circumference of a circle, the 
plane of which is perpendicular to that diametel*. 



PROP. V. 

In isosceles spherical tricmgles the angles at the 

base are equal. 

Let ABC be a spherical triangle, having the side AB 
equal to the ade AC; the spherical angles ABC and ACB 
are equal. 

Let D be the centre of the 
sphere ; join DB, DC, DA, 
and from A on the straight lines 
DB, DC, draw the perpendi- 
culars AE, AF ; and from the 
points E and F draw in the 
plane DBC the straight lines 
EG, FG perpendicular to DB 
and DC meeting one another 
in G : Join AG. 

Because DE is at right an-D 
gles to each of the straight lines AE, EG, it is a right 
angle to the plane AEG, wbich passes through AE, EG 
(4. 2. Sup.) ; and therefore,.every plane that passes through 
DE is at right angles to the plane AEG (17. 2. Sun.) ; 
wherefore, the plane DBC is at right angles to the plane 
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AEG. For the same reason, the plane DBC is at right 
angles to the plane AF6, and therefore AG, the common 
section of the planes AFG, AEG is at right angles (18. 2. 
(Sup.) to the plane DBCj and the angles AGE, AGF 
are consequently right angles. 

But, since the arch AB is equal to the «rch AC, the 
angle ADB is equal to the angle ADO. Therefore the 
trianffles ADE, ADF, have the angles EDA, FDA 
equa^ as also the aisles AED, AFD, which are right 
angles ; and they hasve the side AD common, therefore 
the other sides are equal, viz. AE to AF, (26. 1.), and 
DE to DF. Again, because the angles AGE, AGF are 
ri^t angles, the squares on AG and GE are. equal to the 
square of AE ; and the squares of AG and GF t0 the 
square of AF. But the squares of AE and AF are equals 
therefore the squares of AG and GE are equal to the 
squares of AG and G]^, and taking away the common 
square of AG, the remaining squares of GE and GF are 
e<)iial, and GE is therefore equal to GF. Wherefore, in 
the triangles AFG, AEG, the ade GF is equal to the ' 
side GE, and AF has been proved to be equal to AE, and 
the base AG is common, therefore, the angle AFG is 
equal to the angle AEG (8. I.). But the angle AFG is 
the angle which the plane ADC makes with the plane 
DBC (4. def. 2. Sup.) because FA and FG, which ajre 
drawn in these planes, are at right angles to DF, the 
common section ot the planes. The angle AFG (3. def.) 
is therefore equal to the spherical angle ACB ; and, for 
the same reason, the angle AEG is equal to the sphericid 
angle ABC. But the angles AFG, AEG are equal. 
Therefore the spherical angfes ACB, ABC are also equal* 
Q. E. D* 
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PROP. VI. 

If the angles at the base of a spherical triangle 
be eqttaU the triangle is isosceles. 

Let ABC be a spherical triangle having the angles 
ABC, ACB equal to one another ; the sides AC and AB 
are also equal. - 

Let D be the centre of the sphere ; join DB, DC, DA, 
and from A on the straight lines DB, DC, draw the per- 
pendiculars AE, AF ; and from 
the point8( E, and F, draw in A 
the plane DBC the straight 
lines EG, FG perpendicular to 
DB and DC, meeting one ano^ 
ther in G ; join AG. 

Then, it may be proved, as 
was done in the last proposi- 
tion, that AG is at right angles 
to the plane BCD, and that 
therefOTe the angles AGP,D 
AGE are right angles, and also that the angles AF6, 
AEG are equal to the angles which the planes DAC, 
DAB make with the plane DBC. But because the sphe- 
rical angles ACB, ABC are equal, the angles which the 
planes DAC, DAB make with the plane DBC are equal, 
(3. def.) and therefore the angles AFG, AEG are also 
equal. ' The triangles AGE, AGF have therefore two 
angles of the one equal to two angles of the other, and 
they have also the side AG common, wherefore they are 
equal, and the side AF is equal to the side AE. 

Again, because the triangles ADF, ADE are right an- 
gled at F and E, the squares of DF and FA are eqoal to 
the square of DA, that is, to the squares of DE and EA; 
now, the square of AF is equal to the square of AE, there- 
fore the square of DF is equal to the square of DE, and 
the side DF to the side DE. Therefore, in the triangles 
DAF, DAE, because DF is equal to DE, and DA com- 
mon, and also AF equal to AE, the angle ADFis equal 
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to the anffle ADE ; thoefore also the ^arches AC and 
AB, which are the measures of the angles ADF and 
ADE, are equal to one another ; and the triangle ABC 
is isosceles. Q. £. D. 

« 

Any two sides of a spherical triangle are greater' 

than the third. 

Let ABC be a spherical triangle^ any two sides AB^ 
Be are greater than the third si£l AC. 

Let D be the centre of 
the sphere ; join DA, DB, 
DC. 

The solid angle at D is 
contained by mree plane 
angles ADB, ADC, BDC;])^ 
any two of which, ADB, 
fiDC are greater (20. % ^^^^ 

Sup.) than Uie third ADC ; ^ * 

and therefore any two of the arches AB, AC, BC, which 
measure these angles, as AB and BC, must also be 
greater than the third AC. Q. E. D. 

PROP. VIIL 

'the three sides of a spherical triangle are less 
than the drctmference of a great circle. 

Let ABC be a spherical triangle as before, the three 
sides AB, BC, AC are less than the circumference of a 
gceSA circla 

Let D be the centre of the sphere ; The solid angle at 
D is contained by three plane angles BDA, BDC, ADC^ 
which together are less than four right angles (21. 2. Sup.) 
therefore the arcs AB, BC, AC, which ai*e the measures 
of these aisles, are together less than four quadrants deiw 
scrilied with the radius AD, that is, than the circuuife* 
renee of a great circle. Q. E. D. 




^ 
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PROP. IX. 

in a sj^herical triangle the greater angle is op- 
posite to the greater side ; and conversely. 

Let ABC be a spherical triangle, the greater angle A 
is apposed to the greater side fiC. 

£et the angle BAD be 
inade equal to the angle 
B, and then BD, DA will 
be equals (6^, and there- 
fore AD, DC are equal to 
BC; but AD, DC are 
greater than AC(7.)> there- 
fore BC IS greater than -^ ^ 
AC, that is, the greater ^^ " 
iEingle A is opposite to the greater side BC. The con- 
verse is demonstrated as Prop. 19. 1. Elem. Q. E. D. 




PROP X. 

According as the sum of two of the sides of a 
spherical triangle is greater than a semicifch 
eqtud to it, or T^s, each of the ifUerior angles 
at the ba^e is greater than the ea^tericr and 
opposite angle at the base, equal to it, or less ; 
arid also the sum of the two interior angles ai 
the base greater than two right angles^ eqv4h 
to two right angles^ or less than two rigU 
angles. 

Let ABC be a spherical triangle, of which the, sides 
are AB and BC ; produce any of die two sides as AB^ 
and the base AC, till they meet agai^ in D ; then, the 
iffch ABD is a semicircle^ and the. spherical angles at A 



^ 



rfll be equal to ^/^ \ ^ 

BCD, that is, A\ \ ^ 

at angle at the >^ \. ^^ D 

;1 to the0Xte« ^"^^^^^.. ^ ^^^'^ ^^^^'^ 
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Mid D are equal, because ench of them is the inclination 
of the drcle ABD to the cirde ACD. 

1. If AB, BC be equal to a setnieirde, that is, to AD. 
BC ^1 be equal to ' 

BD, amd therefore (6.) ^ .,.,,^^ 

the angle D, or the * y^^^^ ^""^^ 

angle A will ' 
the angle B 
the interior 

base equal _ ^^ 

rior and opponte. C 

2. if AB^ BC together he greater than t, temidrcle, 
that is greater than ABD, BC will be greater than BD ; 
and therefore (9.)) the angle D, that is, the angle A, is 
greater than the angle BCD. 

8. In the same manner it is shewn, if AB, BC toge-. 
tfaer be less than a semimrcle, that the angle Ais less than 
the angle BCD. 

Now, since the angles BCD^ BCA are equal to two 
light angles, if the angle Abe greater than BCD, A and 
ACB together will be greater Uian two right angles. If 
A be ec^f\ to BCD, A and ACB together will be equal 
to two right angles ; and if A be less than BCD^ A and 
ACB wiU be less than two right angles. Q. E. D. 



* PROP. XI. 



If the angular paints of a spherical triarigle he 
made the poks of three great circles, these 
three circles by their intersections wUlform a 
triangle, which is said to he supplemental to 
the former ; and the two triangtes are such, 
that the sides of the one are the supplements 
of the arches which measure the angles of the 
other. 

Let ABC be a spherical triangle ; and from the points 
jA, B, and C as poles, let the great, circles FE, ED, DF 
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be described, intersecting one another in F, D, and £; 
the sides of die triangle FED are the supplements of the 
measures of the ao^es A, B, C, viz. FE of the angle 
BAG, DE of the angle ABC, and DF of the angle 
ACB : And again, AC is the supplement of the angk 
DFE, AB of the angle FED, and BC of the angle EDf . 

Let AB produced meet DE, £F in G, M ; let AC 
meet FD, FE in K, L ; and 
kt BC meet FD, DE in N, H. 

Since A is the pole of FE, and 
the circle AC passes through 
A, EF will pass through the 
pole of AC (1. Cor. 4) ; and 
nnce AC passes through C, 
the pole of FD, FD wifl pass 
through the pole of AG ; there- ^'KV^^ TN^* 

fore Uie jxile of AC is in the bVi \L 

point F, in which the arohes ^^*'^>. ^_ ^ -^jj ^ 
DF, EP intersect each other. 

In the same manner, D i& the pole of BC, and E the 
pole of AB. 

And since F, E are the poles of AL, AM, the arches 
FL and EM (2.) are quadrants, and FL, EM together^ 
that is, FE and ML together, are ec[ual to a semicirck. 
But once A is the pole of ML, ML is the measure of the 
angle BAG, (3.), consequently FE is the supplement of 
the measure of the angle BAG. In tRe same manner, ED, 
DF are the supplements of the measures of the angles 
ABC, BGA. 

Since likewi^ CN, BH are quadrants, CN and Bfl 
together, that is, NH and BC together, are equal to a 
semicircle ; and since D is the pole of NH,^ NH is the 
measure of the angle FDE, therefore the measure of the 
angle FDE is the supplement of the side BC. In the 
game manner, it is shewn that the measures of the angles 
DEF, EFD are the supplements of the sides AB, AC, in 
the triangle ABC. Q. fe. D. 
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PROP. XIL 



The three angles of a spherical triangle are 
greater thap, twOy ana less than six^ right 
angles. 

The measures of the angles A, B, C, in the triangle 
ABC, tpgether with the three sides of the supplemental 
triangle D£F, are (11.) equal to three^ semicircles ; but 
the wree ades of the triangle FDE are (8.) less than 
two semidrcles ; therefore the measures of the angles A, 
B, C are greater than a semicircle ; and hence the angles 
A, B, C are greater than two right angles. 

And because the interior an^es of any triangle, toge- 
ther with the exterior, are equal to six right angles, tne 
interior alone are less than six right angles. Q. E. D. 



PROP. XIII. 



Jf to the circumference of a great circle, frofn a 
pointy in the surface of the sphere, which is not 
the pole of that circle, arches of great circles he 
drawn; ike greatest of these ar/ches is that which 
passes through the pole ofthefirst-mentioned 
circle, and the supplement of it is tJie least; 
and of the other arches, that which is nearer to 
the greatest is greater than that which is nu/re 
remote. 

Let ADB be the circumference of a great circle, of 
which the pole is H, and let C be any other point ; 



v^ 
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through C and H let the semidrcle ACB be drawn meet^ 
ing the circle ADB in A and B ; and let the arches CD, 
C£, CF also be d^cribed. From C draw CG perpen- 
dicular to AB, and then, because the circle AHCB wnich 
passes through H, the pole of the circle ADB, is i^t right 
angles to ADB, CG is perpendicular to the plane ADB< 
Join GD, GE, GF ; cfA, CD, CE, CF, CB. 

Because AB is the dia^ 
meter of the drcle ADB, 
and G a point in it, which 
IS not the centre, (for the 
G^xtre is in the point 
where the perpendicular 
from H meets AB,) there- 
fore AG, the part of the J^ 
diameter in which the 
centre is, is the greatest, _ 

X7. 8.), and GB flie least ,E 

of all the strught lines that can be drawn from G to the 
circumference; and GD, which is nearer to AG, is 
greater than GE, which is more remote. But the tru* 
angles CGA, CGD are right angled at G, and therefore 
AC* = AG« + GC«, and DC«=DG* + GC*; but 
AG* + GC»:^DG« + GC* ; because AG:^DG,; there- 
for AC'p^DC^ and AC:;:^DC. And bemuse the 
chord AC is greater than the chord DC, the arch AC is 
greater than the arch DC. In the same manner, siaee 
^D is greater than GE, and GE than GF, it is shewn 
that CD is greater than CE, and fcE than CF. Where- 
fore also the ardi CD is greater than the arph CJBy and 
the ardk CB greater than the arch CF> avd CF than 
CB ; that isy of all the ai^hes of ^eat circles drawn from 
C! tp the circumference of the arcle ADB, AC which 
passes through the pole H, is the greatest, and CB its 
supplement is the least ; and of the others, that which is 
nearer to AC the greatest, is greater than that which is 
mor^ remote. Q. E. D. 
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PROP. XIV. 

In a right angled spherical triangle, the ^ides 
containing the right angle itre y^the same qfi 
fection with the angles opmsUe to them, that 
is, if the sides be greater or less than guadrantSp 
the opposite anglesmll be greater or less than 
right apgies, and conversely. 

Let ABC be a sf^erical triangle, right angled 9X A, 
any side AB will be of the aame affection with the opfOr 
j^te angle ACB. 

Produce the arches AC, AB, till they meet agmn ia 
D, and bisect AD in E. Then ACD, ABD are semil 
circles, and AE an arch of 90°. Also, because CAB iff 
by hypothesis a pght angle, the plane of the circle Aw 
is perpendicular to 
the ji^ane of the 

cirdb ACD, so that 
the pole of ACD is 

in ABD, (cor. 1.4.), 

and is therefore the iv 

pobtE. Let EC be 

an arch of a great 

circle pasupg thro" 

EandC. 

Then because E 

is the pole of the 

wde ACD, EC is a 

(2.) quadrant, and 

the plane of the 

drele EC (4) is at ^ 

right angles to the 

plane of the drcle 

ACD, that is, the 

spherical angle ACE 

is a right angle ; and therefore, when AB is less than AE, 

the angle ACB, being less than ACE, is less than a r^t 

angle. But when AB is greater than AE, the angle ACB 

is greater than ACE, or than a right angle. In the same 

way may the converse be demonstrated. Therefore, &c. 

Q. E. D. 





r / 
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PROP. XV. 

If the two sides of a right angled spherical tri- 
angle about the right an^le he of the same of 
fection, the ht/jpotentise mtU be less than a qiui^ 
drant ; and 'ffihey be of different (xffectionj the 
hypotenuse wiU be greater than a quadrant. 

Let ABC be a right angled spherical triangle ; accord- 
ing as the two i^des AB, AC are of the same, or of diffe- 
rent affection, the hypotenuse BC will be l^s^ or greater 
than a quadnmt. 

The construction of the last proposition remaining, 
Usect the semicircle ACD in 6 ; then AG will be an arch 
of 90^9 and G will be the pole of the circle ABD. 

1. Let AB, AC be each less than 90^ Then, because 
C is a point on the surface of the sphere, which is not the 
pole of the circle ABD, the arch CGD, which passes 
through G the pole of ABD is greater than CE, (IS.), 
and CE greater than CB. But CE is a quadrant, as 
was before shewn, therefore CB is less than a quadrant. 
Thus also it is proved of the right angled triangle CDB, 
(right loij^ed at D,) in which each of the sides CD, DB 
is greater than a quadrant, that the hypotenuse BC is 
less than a quadrant. 

% Let AC be less, and AB greater than 90^. Th^, 
because CB falls between CGD and CE, it is greater 
(IS.) than CE, that is, than a quadrant. Q. E. D. 

Cor. 1. Hence, conversely, if the hypotenuse of alright 
ajDfled. triangle be greater or less than a quadrant, the 
sides will be of different or the same affection. 

Cob. 2. Since (14.) the oblique angfes of a right angled 
spherical triangle have the same affection witli die oppo- 
site sides, therefore, according as the hypotenuse is 
greater or less than a quadrant, the oblique angles will 
|be of different, or of the same affection. 
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Coiu 3. Because the sides are of the same affection 
with the oppodte angles, therefore when an angle and 
the ^de adjacent are of the same affection, the hypote- 
nuse is less than a quadrant ; and conversely. 
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In any spherical triangle^ if the jperpendicu- 
lar upon the hose from the opposite angle fall 
mithtn the triangle^ the angles at the ha^e are 
of the same affection; and if the perpendictt^ 
tar fall without the triangle^ the angles €tt the 
base are of different affection. 

Let ABC be a spherical triangle, and let the arch CD 
be drawn from C perpendicular to the base AB. 

. 1. Let CD fall within the triangle ; then, unce ADC, 
BDC are right angled spherical triangles, the angles A, 
B must each be of the same affection with CD, (14.) 





B » 



2. Let CD fall without the triangle ; then (14.) the 
angle B is of the same affection with CD ; and the angle 
CAD is of the same affection with CD ; therefore the 
angle CAD and B are of the same affection, and the 
angles CAB and B are therefore of different affections. 
Q. E. D. 

Coa. Hence, if the angles A and B be of the same af- 
fection, the perpendicular will fall within the base ; for if 
it did not, A and B would be of different affection. And, 
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if the angles A nod B be o| different affection, the pex^ 
pendieular wiU fail without the triei^e ; for if it (fid 
not, the angles A and B would be of the nme affecticm, 
contrary to the BupposiUon. 



PROP. XVII. 

If to the base of a spherical trtanffk a perpen- 
dicular he' drawn Jrom the opposite anffte, 
which either faUs within the triangle, or is 
the nearest of the two that fall wimout : the 
least of the segments of the base is a^aceni 
to the least of the sides of the trianffle, or to 
the greatest, according as the sum qfthe sides 
is less or greater than a semicircle* 

Let ABEF be a gre^it circle of a sphere, H its pole, 
and GHD any circle parsing throu^ H, which therefore 
is perpendicular to the circle ABEF. Let A and B be 
two points in the circlei ABEF, on opposite sides of the 
point D, and let D be 
nearer to A than* to B, 
and let C beany point in 
the circle GHD, between jj^ 
H and D. Through the 
points A and C, B and 
C, let the arches AC and^j 
BC be drawn, and let 
thembe produced till they 
meet the circle ABEF in 
the points E and F, then 
the arches ACE, BCF 
ape semicircles. Also 

ACB, ACF, CFE, ECB are four spherical triangles 
contained by arches of the same circles, and having the 
same perpendiculars CD and CG. 

1. Now, because CE is nearer to the arch CHG than 
CB is, CE is greater than CB, and therefore CE and CA 
are greater than CB and CA, wherefore CB and CAare 
less than a semicircle ; but because AD is by supposition 
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less than DB, AC is also less than CB^ O^O) ^^ there- 
fore in this case, viz. when the perpendicular falls with- 
in the triangle, and when the sum of the sides is less 
than a semicircle, the least segment is adjacent to the 
least side. 

^ Again, in the triangle FCA the two sides FC and 
C A are less than a semicircle ; for, since AC is less than 
CB, AC and CF are less than BC and CF, Also, AC 
is Im than CF, because it is more remote from CHG 
than CF is ; therefore in this case also, viz. when the per- 
pendicular falls without the triangle, and when the sum 
of the sides is less than a semicircle, the least segment c^ . 
the base AD is adjacent to the least side* 

8. But in the triangle FCE the two rides FC and CE 
are greater than a semicircle ; for, since FC is greater 
than CA, FC and C£ are greater than AC and CE* 
And because AC is less tlian CB, EC is greater than 
Cf^ and EC is therefore nearer to the perpendicular 
CH<^ than CF is, wherefore EG is the least se^ent of 
the base, and is adjacent to the greater side. 

4. In the triangle ECB the two sides EC, CB are 
greater than a semicircle ; for, since by supposition CB is 
greater than CA, EC and CB are greater than EC and 
CA. Also, EC is greater than CB, wherefore in this 
case, also, the least segment of the base EG is adjacent 
to the greatest side of the triangle. Therefore, when die 
isum ofthe rides is greater than a semicircle, the lea3t 
segment of the base is adjacent to the greatest ride, whe- 
ther the iperpendicular fall within or wiuiout the triangle : 
and it has been shewn, that when the sum of the rides is 
less than a semicircle, the least segment of the base is ad- 
jacent to the least of the rides, whether the perpendicular 
faU within ov without the triangle. Wherefore, &c. 
Q. E. D. 
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PROP. XVIII. 



Jn right angled spherical triangles^ the sine of 
either oftfie sides about the right angle is to 
the radius of the sphere, as the tangent of the 
remaining side is to the tangent of the angle 
opposite to that side. 

Let ABC be a triangle, having the right angle at A : 
and let AB be either of the sides ; the sine of the.ade'AB 
wiU be to the radius, as the tangent of the other side AC 
to the tangent of the angle ABC, opposite to AC. Let 
D be the centre of the sphere ; join AD, BD, CD, and 
let AF be drawn perpendi- 
cular to BD, which there- 
£ote will be the sine of the 
arch AB, and from the 
point F, let there be drawn 
in the plane BDC the 
straight line FE, at right 
angles to BD, meeting DC 
in E, and let AE be join- 
ed. Since therefore theD 
straight line DF is at right 
angles to both FA and FE, 
it will also be at right 
angles to the plane AEF 

(4. 2. Sup.) ; wherefore the plane ABD, which passes 
through DF is perpendicular to the plane AEF (17- 2. 
Sup.), and the plaAe AEF perpendicular to ABD : But 
the plane ACD or AED is also perpendicular to the same 
ABD, because the spherical angle B AC is a right angle : 
Therefore AE, the common section of the planes AED, 
AEF, is at right angles to the plane ABD, (18. 2. Sup.), 
and EAF, EAD are right angles. Therefore AE is the 
tangeni of the arch AC ; and in the rectilineal triangle 
AEF, having a right angle at A, AF is to the radius aa 
AE to the tangent of the angle AFE, (1. PI. Tr.); but 
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AF is the sine of the arch AB, and A£ the tangent of 
the arch AC ; and the angle AFE is the inclination of 
the planes CBD, ABD, (4. def. S. . Sup.), or is equal to 
the sj^erical angle ABC : Therefore the sine of the arch 
AB IS to the radius as the tangent of the arch AC to 
the tangent of the o{^X)6ite angle ABC. . Q. £. D» 

CoR. Since by this proposition, an AB : B : : tan 
AC : tan ABC ; and because K : cot ABC : : tan ABC :. 
B (1. Cor. def. 9. PL Tr.) by equality, sin AB : cot 
ABC : : tan AC : R. 



PROP. XIX, 

In tight angled spherical triangles^ the sine of 
the hypotenuse is to the radius^ as the sine of 
either side is to the sine of the angle opposite 
to that side. 

Let the triangle ABC be^ri^ht angled at A, and let AC 
be either of the sides ; the sine of the hypotenuse BC 
will jbe to the radius as the sine of the arch AC is to the 
sine of the anffle ABC. 

Let D be the centre of the sphere, and let CE be 
drawn perpendicular to DB, which will therefore be the 
sine of the hypotenuse BC ^ 
and from the point £ let 
there be drawn m the plane 
ABD the straight Une £F 
perpendicular to DB, and 
let CF be joined : then CF 
will be at right angles to the Qt 
plane ABD, because, as was 
shown of £ A in the preced- 
ing proposition, it is the J5 
common section of two planes, DCF, ECF, each'perpen- 
dUcular to the plane ADB. Wherefore CFD, CEF are 
right angles, and CF is the ane of the arch AC ; and in 
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die triangle CEF hnimg the ririit angle CFB, CE is to 
the radius, as CF to the sine of the ai^le C£F, (1. PI. 
Tr.) But, dnoe CE, FE are 4t right Angles to DEB, 
-which is the common section of the planes CBD, ABD, 
die Angle CEF is equal to the inclin^on of these planes^ 
(4. def «. Sup.), that is, to the qpherieal angle ABC. 
Therefore the sme of the hypotenuse CB, is to the radi- 
us, as the sineof the nde AC to the ^ne crf'tbe ofpoite 
angle ABCi Q. £. D. 

PROP. XX. 

In right angled spherical triangles, the cosine 
of the hypotenuse is to the raaitts, as the co^ 
tangent of either of the angles is to the tan^ 
gent of the remaining angle. 

Let ABC bci a spherical triangle, having a right anglcf 
at A, the cosine of the hypotenuse BC is to the radius as 
the cotangent of the angle ABC to the tangent of the 

angle ACB. 

Describe the circle DE, of which B is the pole, and 
let it meet AC in P, and the drcle BC i» E ; and siflw 




the circle BD passes through the pole B of the circle 
DF, DF must pass through the pole of BD, (4.) And 
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since AC is peipendicular to BD, the plane of the circle 
AC is perpendicular to the plane of the circle fiAD^ 
and theierore AC must also (4.) pass through the {)ole of 
BAD ; idiardbce, the pole of the ckde BAD is in the 

gjint P, where the circles AC, DE btersect. The arche$ 
A, FD are therefore <]^uadrants, tiHd likewise the ftrches 
BD, BE. Therefore, m the triiUigle CEF^ right angled 
at the point E^ CE is the oomplen^t of BC, the hypo- 
tenuse of the triangle ABC ; EF is tlie complement of 
the ardi ED, the meamire of the angle ABC^ and FC j 
the hypotenuse of the triangle CEF, is the complement 
of AC, and the arch AD, which is the measure of th^ 
angle CFE, is the complement ol AB. 
. But (la) in Ae triangle CEF, sin CE : R : : tanEF 2 
tan SCF) that is, in the trumgle ACB, cos BC : R : : 
cot ABC : tan ACB. Q. E. D« 

Con. Because cos BC : R : : cot ABC : tan ACB, and 
(Cor. 1. def. 9. PI. Tn) cot ACB : R : : R : tan ACB^ 
^x aequo, cot ACB : cos BC : : R : cot ABC; 
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PROP. XXJ- 

In right angled spherical Ui^ff^ 
tfan angLe is to the radius^ ^ thf}^^gfg^i^ 
the side a^ojcent to that angle ii^t^4fi^A|8^- 
gent of the hypotenuse. "^ r^\i 

The same constructicm wmtkvmg i. lu t^t 
CEP, sm FE: R : : tan CE: tan CFE<l8.)g Wt^fl, 
cos ABC ; tan CE = cot BC, and tan CFS |ss^t^^|^9 
therefore cos ABC : R : : cot BC : cot AB^ N^Qij^i^^Yj^t 
cause (Cor. 1. def. 9. PI. Tr.) cot BC : R : : R : tan JBC, 
and cot AB : R : : R : tan AB, by equality inversely, 
cot BC : cot AB : : tan AB : tan BC ; therefore (11. 5.) 
cos ABC : R : : tan AB : tan BC. Therefore, &c. 
Q. E. D. 










CoE. 1. From the demonstration it is manifest, thai 
the tangents of anjr two arches AB, BC are redprocally 
proportional to their cotangents. 

Cor. 2. Because cos ABC : R : : tan AB : tan BC, 
and R: cot BC : : tan BC : R, by equality, cos ABC : 
cot BC : : tan AB : R. That is, the coane of any of the 
oUique angles is to the cotangent of the hypotenuse, as 
the tangent of the side adjacent to the apgle is to the ra- 
dius. 
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PBOP. xxii: 



In riffkt angled spherical triangles^ the cosine of 
eitner of me sides is to the raditis, as the cosine 
qf the Hypotenuse is to the cosine of the other 



The same construction remaimng: In the triangle 
CEF, sin CF : R : : idn CE : sin CFE, (19.); but sin CF= 
cos CA, sin CE = cos BC, and* sin CFE = cos AH; 
thatsfoire, cos CA : R : : cos BC : cos AB. Q. E. D. 



PROP. XXIII. 

In right angled spherical triangles^ the cosine of 
eitner of the sides is to the raditis, a^ the co- 
sine of the angle opposite to that side is to the 
sine of the other angle. 

The same construction remaining: In the triangle CEF, 
an CF : R : : an EF : sin ECF, (19.) ; but ^n CF =cos C A, 
ain EP = cos ABC, and sin ECF = sin BCA ; therefore, 
cos CA : R: : cos ABC : an BCA. Q. E. D. 
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PBOP. XXIV. 



I4i wb^rkal triang^Sy xfihether ri^ht anff(f((( j^ 
(mUqy^ angled, the nnes qfthe sides, (k^ej^o- 
port^imcdM the^^v^ flfthe angl^^opfffmf^ to 
them. ' V'^ 

First, Let ABC be a light angled triangle, havmg a 
right ai^je at A ; therefore, (19») the sine of the hypoter 
nuse 1SCis io the radius, (or the sine of the 'ri^t 'angle 
at A,) as the sine of the ' 

side AC to the sine of the 
angle B. And, in like 
manner, the sine of BC is 
to the sine of the angle A> 
as the sane of AB to the 
sine of the angle C; where- 
fore (11. 6.) toe sine of the ly" 
side AC is to the sine of 
the angle B, as the sine of AB to the sine of the angle C. 

Secondly, Let ABC be an oblique angled triangle, the 
sine of any of the sides BC will be to the sibq of AC, any 
of. the other two, ,as the fflne of the fuigle A oppositeto 
PC, is to tl)e sine of theaogle B oppoAte po AQ, Through 
the point C,. let thene be maiwii an ;arch of a great tande 
CD perpendicular to AB ; and in the right angled tri- 






B D A 

angle BCD, sin BC :^R : : an CD : sin B, (19.); and in the 
triangle ADC, sm AC : R : : an CD: sin A ; wherefore, 
by equality inversely, sin BC : sin AC : : sin A: sm R 
In the same manner, it may be* proved that an BC : 
sin AB : : sin A : sin C, &c. Therefore, &c. Q. E. D. 



i 



SPHEBICAL TRIGONOMETRY. 



871 



tnOP. XXV. 

Ih (^^Ait \higled spherical trkmglesy a perpcfir 

^'tffcttmr arm being draamfrom any of the 

'^ tikgU^^ upon the opposite side^ the cosines of the 

angles at the base are proportional to the sines 

of the segments of the vertical angle. 

)uet ABC be a tmngl^, and the arch CD perpendicu- 
lar to the base B A ; the cosine of the angle B will be to 
the cosine of the angle A^ as the mm of the angle BCD 
to the one of the angle ACD. 

For having drawn CD perpendicylar to AB, in the 
i^ angled triangle BCD, (23.) cos CD : R : : cosB : 
an *SliCB ; and m the right angled triangle ACD, 
cos ClX: R : : cos A : sin ACD ; therefore (11. 6.) 
cos B : sin i)CB : : cos A : i^n ACD, and alternately, 
cosB:cosA::anBCD:rinACD. Q.E.D. 



PROP. XXVJ. 

T%e^ same things remaining^ the cosines of the 
sides BC, CAt are proportional to the cosines 
qfJBI), DAi the seg^nents of the base. 



For in the triangle BCD, (22.), cos BC : cos BD 
COS DC : .B, and in the triangle ACD, cos AC : cos AD 
cos DC : R; therefore (11,'5.> cos Bfc : cos BD 
ccfe AC : cos AD, and alternately, cos BC : cos AC 
COB BD: cos AD. Q. E. D. 

Aa % 
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Sl>H^ilICAL T»t601fOlilt'Hi¥, 




PROF. XXVII. 

The same eonstrudtion renudmng, the sines^ (f 
BD, IXA, the. segments of the base, are m 
procaUyproj^imeiltoi^m 
A\ the angks at the base, ^ * v '\ ^^*- - ^^ 

In the triangle BCD, (18.), 8irtBD:R:rMn^^.ti^B; 
and in the tringle ACD^ (an AS :;B :r^.laiii^^ tskA; 
^m^refym, bveoQality uiYereely^ain P!{> ;^^4lP ^.itm^'^ 
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1 ^ t :lJiji^'B 


B I> A 




I. 

pROP.xxvm. 


. ; V.:.- ij 



e\ 



^1 1 f 



The sarne mastructioii remain^n^, tht fcpii^/^ 
the segments of the vertkdi angle are V;^i<^g- 
cgliy proportimal to th^ tanger^s qf '^ 




; JBo^use (8tL), C06 BCD : R ; : tanCD: ttofilS^ and 
^y <^ ACD s R : : Uul .€D : tan AG, .by.«qu9%iP' 
iteKsely, cos BCD : cm ACD : : tan A€ ; tan BC. .04£il>«^ 
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SpHERJ^AL TWOONOM^&TllX. -8!^$ 



PROP. XXIX. 

aravm a perpermicui^ ipJb^ (w^dic sid^, or 

base, the rectangle contained by the tangents 

a qfr hs^4he sum, and (^ ha^ ths d^erence of 

. / iAe» segments of the hase %s eqml to ike net- 

^iMglef^i^imkiined by the tangents of hsdf the 

sum, and of half the differ en^^e qf4ke fwo sides 

^the trio/a^, 

Xet ABC be a spherieal triai^Ie, and let the arch CD 
B ^^eaimfrom theaiig|le G at rignt angfes to the base' AB.; 
tan Y/bDTT AD) x tau \ (BD-tAD) = tan i (BC + 
AC) ^H^n \ (BC— AC). 

Let BC ^a^ AC = 6 ,- BD = w, AD = n. BeciEiuse 
(26.) cos a : cos & : : cos «».: cos n^ (E. 5.) cosa + cosjt: 
cos a — cos h : : cos m + cos n : cos m — ■ cos n. But 
(1, Cor:^. PI. Trig.), cos a + cos6;cos o — cosfi:: 
cot I ^a + 6) : tan I (a *r- 1i), fR^ ^so, cos m + cos n : 
cos m — cos n : : cot J (wi + n) : tan J (w — w). There- 
fpre,,01. 5.) cot \ (a ^ ft)^ tani,(a— J) : : cot \ (m +:^^: 
tan .^ (tw-tw). And because rectangles p( the same, ^ti- 
tiid'i* are as their bases^ tan'^ (g, + 8) X cot | (a,+ b) : 
tm| (o + h) X taa j (a— i) : : tan \ (rfi + «)'x Cot J 
{m + n) : tan | (m + n) x tan |^ (wi— w). Now, the first 
and ,thiid terms of this proportion are equal, beifAg ^h 
equ^ la ^the- square of thft rkdius, (1:- Cor. PL Trig*.), 
tnn^fore the retn^utun^ two are equal, (9j S.)or taA | 
(«» + n) X tan J (m — ») = tan J (a^+ 6) x tan J (a +b) ; 
that is, tan J (BD + AD) x tan J (BD— AD) = tan J 
(BC + AC) X tan i (BC— AC). Q. E. D. 

CoR^ 1. Because the sides of equal rectangles are reci- 
procally proportional, tan J (BD + AD) : tan J (BC -^ 
AC) : : tan J (BC— AC) : tan J (BD— AD). 



374 S^HEEICAL TRiaoNoiaLrteYk 

Con. ». Since, when the perpendicular CD.fiiU4(l»itfiin 
the triangle, BD + AD = AB, the base; an^vlMj^.CD 
falls without the triangle BD— AD = AJ. %re^, in 
the first case, the proportion in the last corcJ]iiUry ^e^mnes, 
tan J (AB) : tan J (BC + AC) : : tan J (BC^^SC) : 
tan J (BD— AD) ; and, in the second ctee, * bicc^frtj^by 
inversion and alternation, tan ^ fAB) t Wi H^I^'H^ AC) 
: : tan 5 (BC— AC) : tan J {BD + A|>)>\ " >vV\ \vvm 




SCHOLIUM* 
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The prece£ng proposition, which is very useful in 
Spherical trigonometry, may be ^easily rememb^Hs^ fix>m 
its analogy to the proportion in planl^ tri^nmietiy, that 
the rectangle under half the sum, ajf^ Jbi^ the 13i^^nce 
of the sides of a plane triangle, is equal to the rec^^e 
under half the sufn, and half the difference of the seg- 
ments of the base. See (K- 6.), also 4th Case PI. Trig. 
We are indebted to Napier for this, and the two follow- 
ing theorans, which are so well adapted^ to calcmlatiaiftrby 
Logarithms, that they must be considered as threli^ofitte 
hiost valuable projpositions in TrigononttVy, ■*■ ^K^) rAi 
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PROP. XX3t. , / . ,^^ 



If a perpendictUar be dravon fi:oifria7^,a7i^te ^a 
spnencal triangle to tko.eppc^ite side cf, &^^, 
tke sine tjf the sum of the angles M ihc ba$eiis 



sfamacAij tjuigonoicetey. Bf3^ 

' ^ hAlf tkf hd^'to the tangent of half the dif 
'• renke of its segments, when the perpendicm 
^fblU^ within; out as the tangent ofhaJftTie 
\ base to the tqmgent of hc(ljthe sum (^ the 
, • ^egmmtSf when the perpeniUcular falls with* 
^ out the triangle : And the sine o^ the sum of 
the taso sides, is to the sine of their difference 
as the co4angent of half the amgle contained 
% the hides, to the tangent of half the differ- 
ence of the angles which the perpenC^cuhr 
makes with the same sides^, when it falls with- ^ 
in, or to the tangent of half the sum of these 
angles, when itfidls without the triangle. 

^ I^ ABC be a spheri<^l triangle^ and AD a perpencK- 
ctolar to the base BC ; sin (C + B) : an (C — ^B) : : tan | 
BC : tan J (BD— DC), when AD Ms within the tri- 





4Uielet' but sin (C + B) t sin (C— B) : : tan i BC i tm 
I (BD + DC), when AD fdls without And agaj\J, 
sin (AB + AC) : sin (AB—AC) : : cot | BAC : tan 1 
(BAD— CAD) ; when AD falls within ; but when AD 
falls without the trian^e, an (AB + AC) : an (AB- 
AC) :: cot i BAC : tan J (BAD + CAD). . 
For, in the triangle BAC, when AD is withm the tri- 
angle, tan B : tan C : : an CD : an BD (87.),, wid there- 
ftH«, (E. 5.), tan C + tan B : tan C— tan B : : an BD + 
an CD : sin BD— an CD. Now, (by the annexed Lem- 



n€ 



sfM9»ilPi^^fiA0¥P|f|imir, 



f. 



CCrnPS W ffR BP *>Wi OPrfuW BAtt8i^»43P ^^^y; 

fore, because ratios whioll /ir«.eq«^)tQ thft4(uim jnitui, ^ 
egpf^ to qp rop^Ji^ft ,(11,^), >n, (G;4-/.i^ f l9ni(QrtlB) 

,■ ', ■ • , • . «;/.»♦ '' '^ft* ^ J'"'* 

K ' • ■' '^ » ••■ '■■"■' '4ntKH^t' lit.! 



/I --■*', 




I \ f 



l!. <uVi I 




\V Agini, Wheti AD k.iritl»oatiflle\tnwglej\^^^ 
5 -iitan AC^y. sion C© {.fii». ""^ • '^** "" '^■*"""*"""*'"' 



angle ACB fey the letter C), taa B : tan Owrr, 
nn CD : »n BD ; therefore, tan (180°— C) + fa 
tan a80»-^C>— tan B : : sin BD + an CD : an BD- 

rin' CD. N6i»^, ttrf (it(i>.iiicy¥m-'mtithHU(yi^}-^ 

U^^ : : ^n {l8(r~(C-TB)} '(,^^;{W 
^ ' S* 




The second part p( fiie pronosition is iieittdfifew- 
monstrated. Because^(18fe.)^Un l^t^i (M!) {^Iate-eA»t 



cos BAD, tan AB + tan AC : tan AB— tafi AC : : 
cos CAD + cos BAD : cos CAD^-cos BAD. But (Leffi- 
ma,) Ian AB + tan Ad : tan AB— tan AC : : sin (AB + 
AC) : sin (AB-AC), and (l.cor. 3. PL Trig.) cosCAD+ 
cos BAD : cos CAD— cos BAD : : cot 5 (BAD +CAD) : 
ton i (BAD— CAD). Therefore (11.5.) an (AB + AC): 








I 

i 

1 


\ 


a 


\. 


LEMMA. 



SVAKIiitfAii T&IGONOMETEV. $77 

I 

m (Afi-A0y: ftfbt 1 0ftAI>+CAD) rtan \ (BAD-CAD). 

l>^W|^^h^'A0Utwlt}un the triangle, BAD + CAD = 

S»0, .^^er^okf di -( AB + AC) : sin (AB— AC) : : 

m. f ®AC Jtaft I (BAD— CAD). 

(^BD^^Q«rDl(!l^hd!ktAellriaiigle,BAD-CAD==BAC, 
and AereH^M £iir1[iiQ 4- AC) i ain (AB— AC) : : 
cot I (BAD+CAD) : tan \ BAC ; or because 
cot } OSAD+CAD) : tan J BAC : : cot J BAC : 

tan \ (BAPH- CAD), sin (AB + AC) : an (AB— AC) : : 

cot JjftACJtan I (BAD + CAD). - Oyherefore, &c. 

The sum of the tangents of any two arches^ is to 
''*^Aj*lf^^r(J«w g/^><it^V tangents, as the sine of 
'^^^m'mk^' m c^^ekes, to me sine of their dUi 

- taJtAairffB teWO^i:^hps, tan A+tan B: tanA— tanB:: 

ril9v(A +;B) : W CA— B). , 

" . For, by § 6. pa^e $4fO, sin A xcos B +cos Axsin B= 
Mn (Aj^ ll)^in4.tK^ all by cos A cos B, 

WAi^ 4i^.4y.Jf^+B) -that.'is.because '^ = 
t«A' <^*^ cps,ii^p<copB . cos A 

f(^^m A;+^« ^.f ^ofeA^cosB - 
^ ''In iilHmif^ TfttkYiti^-^t is brdved that tair A~tan B = 
A B' Therefore tan A rt-tao Br ; tan A— tan B : : 

«if/(4^):Wi(Anil?)v'Q-^4; . 
-hO/' >^^,.r . < I ■ » / *. ' '•-. • * , .- 

(([/)+ (1/ H; ■ ' . U/ - . .: 
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i [ ffiV 

5rA^ itTi^ ofhidfthe stiM of hiiyiwo Sii^^\>i 
spheHcal imngle istathe «fei* ifiSy^Hi 
diff^erivllbe, as the tufi/gMt^fntdipifkkM^^ 
jacent t& these an^es istbthe tknj^enf<ffka^ 
the difference ^ the istde^ opposite fbrtkem: 
and the <^ne of Acdf the sum of the isame 
angles is to the cosine of half their difference ^ 
as the tangent of hayj^ the side adjoceiit to 
them, to the tangent qf half the sum ^ the, 
sides opposite. , 

' Let C + B=28, C— B=3D, the hise Bt=4B, ind 
the difference of the segments of the base^ or BD-^ji^CD 
= 2 X. Then, because (80.) an (C +*B) : dn (C-^fi) ; • 
tan } BC : tan J (BD— CD), sin 2S : sm 21) : : tan B: 
tan X. Now, sm 2S=:sin (S + S) = 8 sin S xi^w S, 
(Sect. III. cor. PL Tr.) In the same manner, sin 2I)= 
SsinDxcosD. ThereforerinSxcosS: sinD-xcosD:: 
tall B: tan X. 





A gaaikf in the spherical triangle ABC it h^ been pmy- 
ed, t hat sin C+sin B : sin C— sm B : : sin AB+sin AC : 
sin A B-sin AC, and since sin C + sin B= 2sin J (C + B) X 
eos i (C— B,) (Sect. III. 7. PL Tr.) = 2 sin S x cos D ; 



and ran C--Hnn B=^dcos2(C + B)xani (C— B) =r 
2 COB 8 X fiin D. Tkere^xe 2 $b^ x cos D : S cos S x 
£dn D : : son AB + sin AC : sin AB— ^ran AC. But 
(f ^^1^;. ^{Cr.) sin ^B + «n AC : ^n AB— sin AC :^z 

eljurf.t«i (AB + AC) and A to J (AB— AC). There- 

i^xe' mxAxpojk IXiff^S x* in I> : ; tan S r.tan A* . Sjipcte 

.^ tlEtn>X 'suiPxcodD jtw A cos SxfijiiD 

then B»=^-» — 5 o 5 ana- =- — s t\5 

jv ! tanuB xWi S X COB S- tanx^ .,sui>.xc!»9i3 

!_'* 1^- !_!* 1 il ■ 1 tan X tan A. 

(sin 8)* X cos S X cos D~(sin S)* ' 

n won X tan J (BD— DC) tan5(AB+AC) . ^ . 

^ , tan X tan A (tan A)^ ^ ^ tan X 
mmso- — kXt — u^ar ff ■ ' ^/j . But-— tgx 
u^ tan 9 ,tan,;s itaiijB)2 tan, 3 , 

taAlA. (BtaB)* s (tan A)2 , (^in D)2 , . 

* ^ v ' ci\i ' whence x h ci^t- — jt4 ; and 

tans (am S)* (tan B)* (wn 6r • 

tan A sin D • c • Tk ^ ti ^ * *u\. • 

- — t7=-= — s> orsmS:amD::tanB:tan A that *5^ 
tan B sm S /▼-? ^ 

sin 5(C+B):sb KC— B) : : tan I BC.tan J (^.B— AC); 
6^[iqh js the first jpart of thj^ propositioiL 

1: . . * tan A ^s Sxsin 1> . ., tan Z 

Again, since - — ~ ^ .J^ — *> or inversf ly - — - = 
^ • tan 2^811)' SxcosjD' .. ^.-.tan^ 

sin Sxcosl) , . . Ian X an DxcosI> , « . 

^ — ^— t\; ^^^ ^i*ce rzr^ = -r— s ^ *» therefore 

cosbxsinD < tilil B mnSxcosS- 

iL .'!.• r .- tan X tans (cos D)* 
by muluplicauon^^gjjp^ X ^-^j^=:|^.. 

( i . . ... 



1^ OTJjWa^CiVL TmQ0^O}/^ff.%. 

But It was already shewn that :^ ^ =: — 7- — w^rm — , 

•^ tan B (tan B)* ' 

, ^ I tan X tan s (tan s)' 
wherefore also^— g x ^;;^= ^^;^. 

Nr^^'<^=(^^'."^ j'i?^. been d,ew.|. 

«.!. A. (w«D)» (tan El? , ' . coeD 

Therefore, ^^^^J* = ^-^„ and conseau^tl^^^^= 

^, orcosS:cosD::ianB:tan £3 thatiscQ.s^(C-^]B): 

cos 5 (C-^B) r i tan 1 BC : tan 5 (AB+ AC); HHftdi% 1 
second part of the piopositibil. Therefore, &c. QM£." 

Coa. 1. By applyiag this proposition to the trungle 
auppiomontal to ABG (H.), twdiry e onaideri n g, -tharae 
imne iirane4(&M<of the mm dr lialf tk*^ di^%iience of the sup- 
!^eni«iMiiof twa'arcAb^ ii^ tb^ tame with^ sin^MlMe 
^iUib bir half the Aflfepence of the lii^es iheipselves ; and 
th^t'^the same u triie of the ixAiiies^ and^of Um laugBnu^i 
lif ^li^ the milii or^half the dilferetiGe ot^e supplementsj 
of two^hfe§; but tihat thb tangent of half tne'liiif^- 
)lie|it'ofatf arch is the same with the libtailg en t erf h alfi 
idnrardr itself ; it wiH folhfw, thjtt the^iQ^df hdfftBesOm 
j«f IdtiT two sddes of a spherical triiiingte, is to.^he siiv^jpf 
;6a)f^eir difference, as the cotangent df ' half the^ati^e 
toiktiuned between them, to the tangent bf half the (Ef- 
,t^t€t^dtt^e angles opposite to'IKenfi Sad also that tSe 
fCdi^iie fif half the sum of these sides is jtb th^ cqsine-oT 
!h4lf tb^e differiyice, as the cotangent of half the' angle 
Cdntained^ between them, to the tangent of half the ^^ 
;drthe^gl^» oppo^te to them* /, : '^ 

CoR. S. If therefore ^ B, ^ bethe thrcs angles of a 
flpheiical trian^c^ Ji, ii^_c the sides o|^>oaite.Jo,jhfiiiL.=^^' 

I. sin 5 (A + B):sin | (A— B):: tan ^c: tan} (nu-^). 

II. cos } (A+B) : cos } (A— B) : : tan J c : tan } (a+i). 

III. an 5 (a + 6) : sin J (a— ft) : : cot }C:tan}(A— B). 

IV. cos l(a + b) : cos J (a — ft) : : cot }C:tan}(A+B). 
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PBOBLEM r. 
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inarigM angled spherical trictn^yofthe three 
\mdes and Oiree angte9,am two bezng giveur 
hesidSek the f'ight angi^ to find the other three. 

' ^Tfaii^ 'probt^ has'nxteen caseis, the solutions of whicb 
^ .^ntaf9e4^i(i4he^fQ]|pwiM taj^le, where ABC vi«iiy 
spji^c^ triiuigle right i»ngl^ at A. 



il^^rMomv.i..- 



i i b if.. ' p ' "" 



U^j 









!■ 

AB, 
B. 



ioaiNfev« 



')*'y» 



AC 
AS. 
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J I 



» i l l / Ml JIJUJ 
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B I m BC : I sin B :eiD AA (18) 
R ; 0Q» B : : Ian BC : tm AB,<Jil>i 8 
B^: 006 BC : : tan B :c<A C^ (Se> .S 






» .'.I '•• 



B ; mAC : : tanC.; ta^B»( I ^. 4 
(Qos C : R: : taiiAC : tanBC,(213^ 6 
R;c»s AC : : m C> flwB, (j»). 6 



'AC and B. 

lU M 'I 



"T* 



AB. 

BC. 

C. 



■ n y i.pii * ni ^i H' 



i«Vi^>i^i*< 



tan B : tan AC : : R : sb AB, (18). 

^siaB : sin AC.: : R: sinBC, (19)« 

cosAC:cosB::R:^C, {9&y, 






» I I 'M I 



Aic'&a BC 



<UlJi 



It 



AB. 

B. 
C. 



ABaodAC. 

. '■.• - A^r.. . 
II II I III t 



B-and C-.<> 

(■{ ■ ■■■ 



BC. 
B. 

C.' '" 



AB. 

AC:. 

BC. 



^s AC:co8 BC : rR-.^jo^AB, (22). 
an B^C : an AC ;: R ;j^B^.fl' 
tan BC : tan AC : : R : co$ Clh 



R:oo8AB::co8AC:cosBC;, (SS). 
an AB : R :: tan AC : tai^ B»(18). 
^ AC : R : : tan AB : taii C, (18). 

■I 111 iWJM'i'i^i ■ II ' '<i W 



sin B : oosC : : R: cos AB, (28). 
on e Hses B : : R". ko^ AC, (M). 
tan B loot C : : R : eoe SC» 0)9> 
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TABLE for determining the affections of the Sides, and 
Angles found by the preceding Rul^ i 



1 1 »*ti^i 



ii III. 



iHi»»»« 4 



AC and B of the same affection^ {14j 

If BC^9(r» AB aad B of the same affection, other* 
. wise different, {Corr4&) 

If ;BC.t:rgO^, C and B of the same affection, others 
mse di^rent, (15) 



fa- « >■ 



1 

■8 



1 

AB ^and C are of the same affection, 0-^*) 

If AC and C are of the same affection, BC-«^90° ; 

otherwise'BCp^9(y', • {Car. 16-) 

B and AC are of the same affection, ' (14). 



.41 

V V 

<6I 



*■ *" f t* '■ » M 



"— r 



I I I ,yy>OB^»^ l »■ » ■■■■■; I 



• n. 

r8 

1)9 



Aikbiguous. 
Anibiffuous. 



ViTjien BC-j:r90°, AB and AC pf the samq; otfe^r- 
,., wise of i^Ufer^nf affection^. ., ,i ; . (l&) 

AC^f^^Br<^thQ«ameaiSe$;tion« r Xl^*) 

;^|i^a ]^Q«<:90'i AC aod C o£ tile same; otherwise 
6f different affection, . (CQr%15*)]iS 



10 
11 



■^ 



T^ 



• > .• 



B{j^^^ when AB and AC are of the. same afik- 
^(jion,;^V ; ^ :..:...... (1. Cor. 16.) 

B tdnd Ac i)£.tha same affection,. ... (14) 

C and AB of th^ scutne affpetion, (14.) 



13 
14 
14 



■ I \.> . 1 « t . 

AB a^d C of th^ s^ine ^eotipQ^ (14.) 

AC ^nd B -ef the same infection, (14.) 

When B and C are of the same affection, BC-^OO^, 

otherwise, BC::?-90°, (15.) 



<-' ^ m * • 



15 
15 



1 
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The cases mitt^ted ambigaous ai^ those in whieh the 
thifig sought has rWo values, and may either be equal to 
a oeitMi angiei eft to th^ suprfenrent of that an^e. Of 
these there are tlirfie, in ^ ot which the things giv^ are 
a-ttde, andh the-angle opposite to it; and accordingly, it 
is easy to shew^ that two ri^ht angled spherical triangles 
may always be found, that nave a side and the angle op- 
{>offlte to It the same in both, but of whi^^h the remmning 
ffldes, and the remaining angle of the one, ar^ the sup- 
plements of the remaining sddes and the' remaining angle 
of the other, each of each* 

Though the affection of the arch or an^le found may 
ki ^11 the other cases be detettnined by the rules in^t 
pec^dof the preoedkig tables, it is of use to remark, that 
^ [these rules, except two, may be reduced to one, viz. 
That when the tiling Jbujid by the rules in the ^rei table 
|i eiikerta tangent or a cosine; and when, ^the tangents 

""Cosines emphyed in the compttkUion cf Uy one oftwf be- 
}S'to an obttise amgk, tiie wangle, required is also' ebr 




!htiB, in the 15th case, when a>s AB is found, if C be 
obtuse angle, because of cois C, AB must be obtusd ; 
' uT eitner ~xf <m?' \j be oDtusc, oKj' is greater 
90^, but if B and C are either both aeuti;, or bdth 
lae, BC is less than 90°. " 
. It is evident, that this rule does not api^y when that 
iwlttch is found is the sne of - an arch ; and this, besides 
fthei three ambiguous leases, happens also in other two, 
viti the 1st and 11th, The assbi^ity is obviated, in these 
two cases, by this rule, that the s^des of a spherical right 
angled triangle ai^ of the same affection with the oppo* 
fSte angles. 

j- Two rules are therefbre sulRcHsnt to remove the ambi-^ 
euky in all the cases of the right angled triangle, in whidi 
U ban possibly be removed. - ' 
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It may be usefiil to express the some sobitknt u in 
the annexed table. Lei Abe at the riffht ande as in the 
figure, and lei the side oppoMte to it be a; let i be the 
ittde c^posiie to B» and c tne side opponte to C. 



•ITIV. 


tOUOBT. 


tOLUTIOll. 

fa 


1 

i 
s 

"4 
1 

6 


a and B. 


ft. 

c. 
C. 


sin & = sin a X nn B. 
tan c =: tan a X cos B. 
cot C =r cos a X tan B. 


dandC. 


c. 
a. 
B.^ 


tan c=:8in6 x tan C. 

tan ft 

tana=: — 7^> 

cos C 

oosB — cosft X sin C. 


A and B. 

• 
\ 


c. 
a. 

c. 


tan ft 

sin c = 2 — s- 

tanB 

sin ft 

sin a =: -: =;• 

sin B 

. cosB 

sm C = 7- 

cos 6 , 


7 
8 

9 


a and ft. 


B. 

c. 


cos a 

oosc = r* 

cos ft 

sin ft 

8"*B= •„ • 
Rin a 

.-, tanft 

cos€ = : 

' tan a 


10 

u 


b and c. 


a. 
B. 

C. 


cosa=oosftxcosc. 

tan B =;= -: 

sin c 

^ ^ tan c 

tanC = -r--T. 

sin ft 


18 
14 

14 

15 
15 

!5 


B and C. 


c, 
b. 

1 

a. 


cosC 

cos C = -; =. 

Sin B 
cos B 

cos ft — .„ 1^* 

sin O 

cotC 

cos a = ; — 5. 

tanB 



^mwi*^ TJNi^vPwtntr^ 



ill M •'iionrii' 



'tTifr:jmmm^ 



mree sides a m^thtee an ^b-s , g tij w:es.a 



given. It t^eqiiirsi tojmdthe QtJier three. 

' ' '(..-■ . '■'.■'. 

$1 1 this Tabtt,.tiBe tafamnoes<c 4/), (c. 5,), tc. are to 
1 be. a nw D a the proeeding Talj) g,-^i^^.);-fertg^fac 
]*D]iOationH m'B|flltiSta'TrigonOinetry., 




Let fall thi perpepdicular 

" dy froni the linfenown 

angle, not requb-ed, on 

Ha®: j ^. I '* ■■'-! 

, : cos A : ; tan AC . . uui 
AO* (c. ig.)l tJierefore 
BD is klnown ' ' 



BU : sm 'AU': ;|TSr3". 
t>&-B, (^7.)l E|and A 
are of thej same dr differ- 

as AB IS {greater or 1^ 



Tifc -Tr 1 1 1 1* iTprp ™i(iirii'lii T . 

fjQ from on^' of the 
known ankles on the 
■'AB. p ■' 
: cos A :': tan AC : l<ui 
AD, (c. aV; therefore 
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TABLE continued. 



OITtH. 



flOVOHT. 



80LUTI0X. 



8 



The side 
BC. 



Two angles 

AandACB, 

and 

AC, 

the side V^- 
tween them. 



From C the eiLl^emhy of 
AC n^xt the «de eov^t, 

let fall the perpendicularj 
CD on AB. 
R : cos AC : : twi A : cot 
ACD, (c. S.) ; tb^refor^ 
BCD is knownji and cos 
BCD : cos ACD : : tan 
AC : tan BC, (2&), W 
is less or great^ ;^n 8|0°3, 
according as me angles 
A and BCD are of the 
same, or different afle&i 
tion. 



4 



The third 



angle 



B. 



\^\ fall U^e perpendiculai 
CD fron^ one of the given 
angl^ qn the oppos^ 
side AB. 

Q^ : pos AC : : tan A : cot 
ACD, (<f. 8.) ; ther^ore 
the angle BGi) w given, 
and sin ACD ; sin BCP 
: : cos A : C£i6. B, (2^.) } 

1 B and A are of the same 
or different affection, ac-r 
cording ^& CD falls with- 
in or without the trian^e, 
that is, a(?cordinff as ACB 
is greater isr ws thaa 




B B 




SPHEBICAL TRIGONOMETRY. 
TABLE continued. 



TwQoieles 
ACmdBC. 

MMtlU) 

Dwle A' 



The angte 

oj^jodteto 

the other 

pvea side 

AC. 



The angle 

ACB 

oont^nedby 

thecal 

^ea 

AC and EC. 



an H, [X4). The auc- 
tion erf" B is ambiguou. 
uiJaes it can be detei 
mined by this rule, that 
according as AC+BC is 
greater or less than iaO°^' 
A+B is also greatei 
less than ISC', (10). 



From ACBthe angle souffht 
draw CD perpendiciSar 
to AB ; then R : cos AC 
: : tan A ; cot ACD, (c. 
3-) ; and tan BC : tan 
AC ; : cos ACD ; cas 
BCD, (28.) ACD it 
BCD = ACB, and ACB 
is ambiguous, because of 
the amraguous sign - 



Let fall the perpeudicular 
CD from the angle C„ 
contained by tlw ^Ten 
^des, upon the side AB. 
R : cos A : : tan AC : tan 
AD(c.2.); co9AC:cos 
BC : : cos AD : cos BD, 
(26.). AB = AD dz 
BD, wherefore AB is am- 
biguous. 
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TABLE continued. 



8 



OITtH. 



SOUGHT. 



Two angles 



A, By 



and a* Ade 



The side 
BC 

opposite to 
the other 

given 
angle A. 



SOLOTIOK. 



Sin B : sin A : : wn AC : 
sine BC. (24.) ; the affec- 
timit of. BC is uncertaiB, 
exoept ¥^hen it can be de- 
tamuQiedbylhis nile, that 

I* _i Aft Tf% _-^ 



IS 



The side 



according its ^ + B 
greater or lelss tlmn I W, 
AC + BC, is also greater 
or less than 180^^ (10.) 



AB 

adjacent to 
the given 
opporite to langks A, B 



AC 



dtie of theih,. 



From the unknown ai^gle 
Cy draw CD perpendicu- 
l^r to AB ; wea B : cos 
A : : tan AC :' tan AD, 
(c. 2.); tanB : t»n A:: 
sin AD: sin BD. BD is 
ambiguous, aad th^^ore 
AB = AD db BD mat 
have four vaJasass^ fsoEoe d 
which will be excluded bj 
this condition,- that AB 
must be less than 180^. 



Id 



B 



'the third 
atigle 
ACB. 



'mmmti 



From the angle required, 
G, draw CD peipendicii- 
lar to AB. 

R : cos AC ; : tan A : cot 
A€D, (c. 3.), 008 A : CJQS 
B::anACD;anBCD, 
(25.). The affection d 
BCD is uncertain, and 
therefore ACB = ACD 
±: BCB,^ha8 four valves^ 
some of which saay be ex- 
cluded by the cooditipn, 
that ACB is ien thi^ 



18(r. 



> 1 



*i i*«l 
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TABLE continuecL 



•. H 



11 



12 



oiYiir. 



The three 
ades, 

AB,AC 
and 
BC. 



i;be (three 
.^.angles 

A, B, C. 



■OUGHT* 



One of 

the 
angles A. 



tm^i^'^m''''^^ 



One of 

the sides 

BC. 



flOKUTIOH. 



From C one of the angles not re- 
quired, draw CD perpendicu- 
Jbtr to AB. Find an arciiE such 
that tan | AB : tan J (AC + 
BC) : : tan 5 (AC— BC) : tan 
I E ; then, if AB be greater 
than E, AB is the sum, and 
E the difference of AD and 
DB ; but if AB be less than 
E, E is the sum, and AB the 
difference of AD, DB, (290 
In either case^ AD and DB 
are known, and tan AC : tan 
AD : : R : cos A. 



Suppose the supplements of the 
three ^ven angles. A, B, C, to 
be a, 6, Cj and to be the sides 
of a spherical triangle. Find 
by the last case, the angle of 
this triangle opposite to the 
»de ^z, and it will be the supple- 
ment of the side of the given 
triangle oppo^te to the angle 
A, that is, of BC, (11.) ; and 
therefore BC is found. 



In the forcing table, the rules are given for ^uscertain- 
^ng the affection of the arch or angle found, whenever it 
can be done : Most of these rules are contained in this 
one rule, which is of general application, viz. that when 
the thing Jbund is either a tangent or a cosine^ cmd of the 
tangents or comies employed in the comjmtation ofit^ either 
one or three belong to dtuse an^ks^ the angle found i^ 
oho obtuse. This rule is particukrly to be attended to in 
cases 5. and 7. where it removes part of the ambiguity. 

It may be necessary to remark with res^)ect to the 11th 
case, that the segments of the bi(^ computed there are 
those cut off by the nearest perpendicular ; and also that 
when the sum of the sides is less than 180°, the least seg- 
ment is adjacent to the least side of the triangle ; others 
wise to the greatest (17.). 
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The last table may alao he cowreniently expressed in 
the following manner, denoting the side opposite to the 
angle A, bv a^ to B by 6, and to C by c } and also the 
segments of the base, or of opposite angle, by x and ^. 



I f 



S 



Two sides 

6 and c^ and 

the angle 

between 

them A. 



3 



5 



OITIM* 



SOUSVT. 



6 



Angles 

A and C 

«id 

side b. 



Sides 
a and b 

and 
angle A, 



B 



a 



B 



B 



C 



SOLUTldX* 



I ■■■! 



Find x^ so that 

t9lniZ^=3tan&X(ios A; th^ 

^ sin A^xtan A 
tan B=— » — T"-" — r— 
sm(c^--H(r7) 



Pind a? as above, 

^1 cos fix cos.(c— 4r) 
then cosaz: '^ "^ ^• 



cos 9 



Piud x^ so that 
cot ^=cos b X tan A : then 
ttt^ixeosiT 



tan a=: 



cos (C-*— ^) 



Find x^ as above, 

, -r, cosAxsinfC — w) 
then cos B=: ^, — ^^ ^. 



sin x* 



sm 



B sin 5 X sin A 



sm a 



Find an arc ^, so that 
cot *r=cos 6 X tan A : then 
^ cos ^ X tan b 
tan a 



Find an arc Xj so that 

tan oT^tanixcos A; and 
another ^, so that 

cos a X cos X 
cos y=>- 



c::^xdzt/. 



cos 6 
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TABLE continued. 



OITBir. 



8 



The angles 

AandB 

and the 

side b. 



10 



11 



a^ by €. 



12 



A^ B) C. 



BOUGHT. 



a 



a 



80LUTI0)r« 



. ^ sinbxsm A 

sin ai= ; — 

sm 



Find a, so that 

tan ir=tan (xcos A ; and y, 

so that 

sino^XtanA. 
sin y=z » 

^ tanB. 

Find ^, so that 

cot ^=cos b X tan A ; and 

also y, so that 

sin j^'xcos B 
sm y=z- 



C=arty. 



cos A 



Find dy so that tan chz 
tan I (a+b) x tan | (a — 6), 



tan 



rru ^ A tan (I c+d) 
Then cos A= 11— JL-Z. 

tan 6 
If a is less than b, d is to be 



taken from | c. 



Change the angles into sides, 
as directed Case 12, in the 
preceding table. j 
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APPENDIX 



TO 



SPHERICAL 



TRIGONOMETRY, 



CONTAINING 



>7API£H^S itULSS OF THE CI&CULAK FABTS, AND SOME 

OTHER THEOREMS. 



THE rule of the Circular Parts, invented by Napier, 
is of great use in Spherical Trigonometry, by re- 
ducing all the theorems employed in the solution of right 
angled triangles to two. These two are not new pro- 
positions, but are merely enunciations, which, by help of 
a particular arrangement and classification of the parts of 
a triangle, include all the six proportions, with tnrir co- 
rollaries, which have been demonstrated above, from the 
IjSth to the 28d inclusive. They are perhap the hap^ 
piest example of artificial ipemory that is known. 



DEFINITIONS. 



I. 



If in a spherical triangle, we set aside the right angle, and 
consider only the five remaining parts of the triangle. 
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viz. the three sides and the two oblique angles^ then 
the two sides which contain the right angle, and the 
complements of ^ie ctlh^ tittee, tmoiAyf ik tte two 
angles and the hypotenuse, are called' the Circular 
Parts. 
Thus, in the triangle ABC tidit angled at A, the circu- 
lar parts are AC, AB with tne complements of B, BC, 
and C. These parts are called circular ; because, when 
they are named in the nattisal orda* of their succession, 
they go round the triangle. 

11. 

• 

When of the iive circular parts any one is taken, for the 
middle part, then of the remaining four, the two winch 
are immediately adjacent to it, on tlie right and left, 
are ^called thd adjacent parts ; and the other two, each 
of which is separated from the middle by an adjacent 
part, are callol opposite parts. 

Thus in the right angled triangle ABC, A being the 
right angle, AC, AB, Otf*— B, 90"— BC, 90°— C, are 
the circular parts, by Def. 1. ; and if any one as AC be 
reckoned the middle part, then AB and 90°— C, which 
are contiguous to it on different sides, are called adjacent 




EArts ; and 90^— B, 90^— BC are the opposite part*. In 
ke maniier, if AB is taken for the middle^ pai^ AC and 
90P— B are the adjacent parts ; 90°— BC, and 90°— C 
are the 'opposite. Or if 90^— BC be the middle part, 
90°— B, 90°— C are adjacent ; AC and AB o][q)osite, &c. 
This arrangement being made, the rule of the circular 
parts is contained in the following proposition. 
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PROPOSITION. 

In a right wrigted spherical triangle, the rect- 
angle voider the radius and the sine of the 
mmdle parti ^ equal to the rectangle under the 
tangmts tfthi ndf^eM parts ; or to the rect- 
angUwmtr the cosines of the opposite parts. 

The truth of the two theorems included in this enua* 
ciation may be easily proved, by taking each of the five 
circular parts in succession for the middle part^ when the 
general proportion will be found to coincide with some 
one of the analo^es in the table already given for the re- 
solution of the cases of right angled spherical triac^Ies. 
Thus, in the triangle ABC, if the complement of the hy* 
potenuse BC be taken as the middle part, OO^-^-B^ and 
90° — C, afe the adjacent parts, AB and AC the oppo- 
site. Then the general rule ^ves these two theoreans, 
R X cos BC=oot B X cot C ; and Rx cos BC = cosAB x 
CDS AC. The former of th^ coincides with the oor, to 
the SOth ; and the latter with the S2d. 

To af^ly the foregoing general proposition, to resolve 
any case of a right angled spherical triangle, consider 
which of the three quantities named (the two things given 
and the one required) must be made the middle term, in. 
order that the other two may be equidistant from it, that 
is, may be both adjacent, or both opposite ; then one or 
other of the two tiieorems contained in the above enun- 
ciation will give the value of the thing required. 

Suppose, ibr example, that AB and BC are given, to 
find C ; it is evident that if AB be made the middle part, 
90^ — BC and 90^— ^C are the opposite parts, and thenefore 
RxrnAB=:sinCxsinBC, for anC = cos(90^ — C)^ 
and cos (90^ — BC) :;= saii BC, and consequently 
.^ -^ sin AB 

sm BC 

Again, suppose that BC and C are given to find AC ; it is 
obvious that 90°— C is in the middle between the adjacent 
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parts AC and (90^— BC), therefore R x cos C= tan AC x 

cot BC, or tan AC = ^^ tir* =oos C x tan BC; because 
' cot BLf 

OS has been shewn above, ^ ^m = tan BC. 

' cot BC 

In the same way may all the other cases be resolved. 
One. or two trials will always lead to the knowledge of 
the part which in any ^ven case is to be assumed as the 
middle part ; and a utUe practice will make it easy, even 
without such trials, to judge at once which of them is to 
be so assumed. It may be useful for the learner to range 
the names of the five circular parts of the triangle round 
the circumference of a circle, at eoual distances from one 
another, by which means the micldle part will be imme- 
diately determined. 

Thus, supposing A at the right angle of the triangle 
ABC, and the sides, to be denoted by the small letters 
corresponding to the capi« 
tals that are placed at tne 
andes opposite to them, 
and arranging the circular 
parts as m the annexed 

figure, it is at first sight \ , j OO^^c 

evident from the two things 
given, and the one required, 
which of the three is to be c? 
assumed as the middle part, ^^ 

and whether the remaining ^ 

parts are adjacent or oppo- 
site. 

Thus, if the side b and the angle C are given to find 
the angle B^ it is evident that if 90 — B be the middle 
part, 90 ^C and b are the two opposite parts, so that 
sin (90— B)=r cos 6 x cos (90— C), or cosB= cos 6xsinC, 
and thus from b and C,' the angle B is found. It is the 
s^me in other cases ; and it is evident that no three of 
these five quantities can be assumed, but that one of 
them must be in the middle, and the other two eithei: 
adjacent to it or opposite. 

Besides the rule of the circyJar parts, Nafier derived 
from the last of the three theorems ascribed to him ftbpvc, 
(Schol. 29.), the solutions of all the cases of oblique 
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gled triangles. These solutions are as follows : A, B» C» 
\ denoting the three angles of any spherical triangle, and 
a, 6, c, the sides c^yposite to them. 

I. 

Gi'^'en two ndes &, Cy atid the angle A between them« 
To find the an^es B and C. 

tani(B-C)=cot J Axg^^|=|. (31.) cor. 1. 
t«.J(B+C) = ootJAxg+g=|. (31.)cor.l. 

1*0 find the third side a. 

sin B : sin A : : sin ft : sin a. 

N. B. b is supposed the greater side# 



II- 

Given the tn^o sides b^ c^ and the angle B opposite to 
one of them. 

To find Cy and the angle opposite to the other side. 






sin i : sin £? : : sin B : sin C. 



To find die contained angle A. 
cot J A = IM |(B-C) X ^|^i|. (8X.)«>r.l. 

To find the third side a. 
ttn B : sm A : : an & : sin a# 



i 
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III. 
Given two angles A and B, and the ude c between them. 

To find the odier two sides a, d. 

tanj(a-i)==taii4«x^|^^y (81.) 
t«nU« + ft) = tanicxgj^=§. (8V) 

To find the third aibgle C 
sin a : »n c : : sin A : sin C. 



0. „ .i, II,. *» f. 



IV. 

Given two angles A and B, and the side a, opposite to 
one of them. 

■ 

To find b the side opposite to the other, 
sin : A sin B : : sin a : stn A. 

To find Cf the side between the given {ipgles.* 
tan J c=tan !(«-*) x^l^. (81.) 

« To find the third angle C. 
sin a : Mnc ; : nn A : siu C. 

The other two cases, wl\en the three lides are given to 
find the angles, or when the thtee angles are given to 
find the sic&s, are resolved by the 99th, (the first of 
Napiee's Propositions), as in the table already given for 
the cases of the oblique angled triangle. 
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Tliere ane ofchor aolutioiis of the u^ when ike tbr^e 
sides are given, which are o£tm very conv^oknt in a^i^ 
culation, but which depend on two pvopoiutonf npt yet 
demonftarated. - Ths dcfnoDstrations of tn»Be propof^^op^ 
follow, and are purposely given in an aoalyti^ fo^v^^ to 
exemplify the use c^ th^ ari&raetic of tfie sines^ in tlie 
investigations of trigonometry. 

I, To fine} the value of the »ine or cosine of an angli^ 
of a spherical triangle, In terms of the sines pr conioes of 
the thrpe sides. 

Let it be required to find 
the value of the sine or co- ^.-^^ 

sine of the angle B of the 
spherical triangle ABC in 
terms of the anes or co^ 
sines of the sides AB, BC, 
AC. 

From A let fall- the per- ^ 

pendicnl^rr AD, and (26. ^ ^ 

%)h. Trig.) cos AB : cos AC : : cos BD : cos DC : : 
cp» BD-oos (BC--BD). Now, cos (BC— BD) = 
cos BC X cos BD 4i sin BC x sin BD, therefore cos AB : 
^ AC : : 006 JBD : 90$ BC x oos BD + ski BC X ^Q BD 

::l:oosBC + fiinBCx^^2^, dividing both tenn3 

cos DlJ 

]m fm BD^ But - ^^° faV\ =gtaa BD, and therefore co^ AB 

cos BD 

: cos AC :.: 1 : cos BC + sin BC x tan BD. 

Now, (21. Sph. Trig.), cos B : 1 : : tan BD : tan AB, 
therefere tan ^I) = cos B x tan AB, and subsutu- 
ting this value of tan BD in the above proportion;^ 
903 A? : <?os AC : : 1 : cos BC + sin BC x cos B x 
\J9^ AB, Therefore, multiplying extremes and means, 
cos AC = cos AB (cos BC + sin BC x cos B x tan AB). 

But cos AB X tan AB = cos AB x ^"^5 = «n AB, 

90s AB 

therefore cos AB x cos BC + sin AB x sin BC x cos B = 

Cos AC. Henoe sin AB x an BC x cos B = cos AC-— 

co8Afixco»BC.aDdoo8B= ^ ^^"^ ^ ^ ^^ 
^ Sin AB X sin BC 
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Thus, the oosiiie of B is eimressed in torma of the oo^ 
sines and ones of the three siaes. 

This theorem may be expressed more eommodiously, 
by putting a, b, c, for the sides opposite to the angles A, 
B, C respectivdy. It is then 

Tft cos 6— -cos a X oos c 

cos B = * . 

sm a X sm i: 

By this theorem the anffle B may be found from the 
sides Of by c; but the caKsuIation is not well adapted to 
logarithms, because the numerator consists of two terms. 
It will be better, therefore, if the formula can be changed 
into another, where the numerator is formed by multipli- 
cation or division, not by addition or subtraction. 

nT*- 1 5 ^1. * 1 -n 1 cos i— cos ax COST 
. It IS plain, that l---cos B = l-" ; s— ^ — 

'^ sm a X sm ff 

sin a X sin c— cos b + cos a x cos c 

t= . ; i.,' 

Sin a X sm c 
Now sina X sin c -f cos a X cos c=;;:oos (d — c), (PL Trig- 

p. 3i2X therefore 1 —cos B = «» (a— c)~cosft -g^^. 
*^ ^ sm a X sm c 



cos?(a-c) — cosJ=2 sin |(ft— ^a+r) x sin ^'(a+i-^),tfnd 

therefore 1-cos B = 2si°l,(^-?+c)^f'^Hft-f«-^). 

sm a X sm c 

Now 1-— cos B = Versed sine of B, therefore, vers B ^^ 

2 sin i (ft— »a + c) X sin j (ft^-g— ^g) . 

sin a X sin c 

This theorem is very conveilieftt for logarithmic cal- 
culation ; but as the versed sines are not always found in 
trigonometric tables, it may be of use to reduce the ex- 
{)ression into, one containing only sines, co^es, and taii-> 
gents. 

III. Because i (1 — cos B) = sin i B*, B being any 
arc, (PL Trig. Sec. 8. § 1.), an i B« = 
sini(ft-a-h.)xmn|(ft + a-c) ^ sin J B = 



V 



sm a X sin c 
sin i (b — a t^ c) x sin j (b + a — c) . 
sin a X sin c 
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This theorem, in words, is to the side opposite to the Book I. 
^mffle required^add the difference of the other two sides ; ^^" 
am firom the same side subtract that difference. Mul- 
tiply the sine of the half of the first of these arcs by the 
mne of half the second. Divide the product by the pro- 
duct of the sines of the two sides that contain the angle 
sought. The square root of the quotient is the sine of 
hall the angle required. 

|V. In the same manner it may be shewn, that 

co8*B= / sin hi^ :f c + 5) X sin ^ (g + c—b) 
^ V sin a X sin c 

V. If the value of sin J B in No. Ill, be divided by 
the value of the cosine of the same angle in No. IV., it 

will be T"^, or tan | B 

cos J B' * 

sin I {b-^a + c)x sin l(b + a — c) 

sin J (a + c +i&) xsin J (a + c — 6)' 

These three theorems are very convenient in calcula- 
tion. Which of them may be used with the greatest 
advantage in any particular instance, will be determined 
by the m>servations on the corresponding case of plane 
triangles^ to be found above, p. 833, 334. 
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NOTES 



ON THE 



FIRST BOOK OF THE ELEMENTS, 



DEFIN1TI017S. 



IN the defimtions a tew chuiges have been mad^ of Book i. 
wfakh it is necessary to give some acooimt. One of ' 
these changes reqiects. the first defimdon, that of a point, 
which Eudid has said to. be, ^ That wfaodi has iki parts, 
^ or whidi has no magnitude.^ Now, it has been' ob- 
jected to this definitioD:, that it contains only a< negative, 
and that it is not convertible, as every good demiition 
- ought certainly to b& That it is not. convertible is evi- 
dent ; for though every poist is une:ittended, or without 
ma^nitude^ yet every thing unextoided, or without mag- 
nitude, is not a point* To this it is impossible to repl^, 
and ther^re it becomes necessary to ctiange the d^ni- 
tion altogether, which is accordingly done hcffe, a point 
b^ng denned to be, thai which haspofition bui not ma^-^ 
4iiksde. Here the affirmative patt inehidea all that is 
eSB^ilial to a point, and the native part excludes everjr 
thing thai is not essential to it. I am mdebted for this 
d^nition to a friend, by whose judicious and learned rb« 
marks I have often profited. 
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After the second definition^ Euclid ha» introduoed thfi 
fUlowing, ** the extremities of a line are points.^ . 

Now, this is certftinly not >a definition^ but an b^ 
renee firon the definitions of a point and of a line. That 
which tenninatts a line can have no breadth, as the line 
in which it is has none ;« and. it can have no leiigtb, as 
it would not then be a termination, but a part of that 
which it is supposed to terminate. The termination of 
a iine can tbeseefore have no magnitude; and, having 
nerassarily position, it is a point. But as it ia jdain, 
that in all tnis we are drawing a conaeq^uence from two 
definitions alr^y lud do>wn, and not giving a new defi- 
nition, I have taken the liberty of putting it down.a^ a 
ooroUary to the second definition, and haye added^i <iiai/ 
the inier^ection^ qf om Une,w^ another or^, fpi^^ ^ 
tlus affords a good illustration of the nature pi » Vfipld 
and is an inference exactlj of the same kind with ,m^ 
preceding. The same thing neaxiy ha9 been do^e wifn 
' the fburm definition, where that which Euidiid gave.aaa 
separate definition is made acoDoUary to thfi ibiutb,.he- 
causeit is in fact an inference deduesd from oompariog 
the definitions of a superfiicies and , a line. 

As it is impossible to explain, (he relation 9f a siipei!^ 

fides, a line fmd a point to one another, and tothe .9^ 

in whidi they all onfliBate, better than Dr Simson ^m 

done, I shall here add, with very little change^ the ill^ 

. tratidtf given by that excellent gacaneter. i - .. ,.^^ 

• ^ It is necessary to consider a solid, that is,.i^ «ftagD(i- 

tuder which has lengthy breadth and^'thicknest^ in q^^ 

« to understand aridittlie ddKnitieii9X>f ajpomliy lii)^ ^m 

.superficies ; for these all arise £r<an a fio^d,.4^u^.imstyp|l 

.it: The boundary, or boundaiies which cionUH9^,« ^pli^ 

rare caQed oupemtesy tar tha boundary which is,coppi# 

HD^ two s6lid» which wce^^$Kai§ii0UByOir,whif^hAy 

aelid <into two contiguous pants^ is called ^LsuTCir^df|f 

'TbD% if vBC€rF be> one of ■. the boundiaies. which .conjt^ 

the sohd ABCDEFGH, or wkiik is the !fxmmo^:k9m' 

dary of this solid, and the solid BKLCFNMG, an4. is 
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therefore in the one as well as the other 8(Jid, it is called Book h 
a superficies, and has no thickness : For if it have any, 
this e thickness must either be a part of the thickness ci 
.the solid AG, or. the solid BM, or a part of .the thickness 
of each of them. It cannot be a part of the thicknesd of 
the solid BM ; because, if this sohd be removed from the 
solid AG, the superficies BCGF, the boundary of the 
solid AG, remains still the same as it was. Nor can it 
be a part of the thickness of the sohd AG ; because, if 
this be removed from the sohd BM, the superficies BCGF, 
the boundary of the soUd BM, does nevertheless remain ; 
therefore the superficies BCGF has no thickness,* but 
only length and breadth. 

** The boundary of a superficies is called a hoe ; or a 
line is the commcm boundai^ of two superficies that are 
contiguous, or it is that which divides one superficies i&- 
to two contiguous parts : Thus, if BC be one of the 
boundaries whidi contain the superficies ABCD, or 
which is the common boundary of this superficies, and 
of the superficies KBCL, whidi is contiguous to it, this 
boundary BC is called a line, and has no breadth : For, 
if it have any, this must be part either of the bfeadth of 

the superficies ABCD, or IT G ^ 

ofthe superficies KBCL, ^ ' "~^ 

c(t part of each of them. 
It 'i* not part of the 
breadth of the superficies ^ 
KBCL ; for, if this su- 
peificies be removed from 
the superficies ABCD, 
the i line BC which is the 
boundary of the superfi- 
cies'' ABCD remains the 
jhkbttf as it was. Nor can A 

ffifr bueadtfa 'that BC is sopposcd to. bave^ be a part of 
^e bmdth of the superficies ABCD ; because^ if $ikis 
Db femdnred from the superficies KBCL, the li»e BC, 
*MSdY is the boundary of the soperfibies. KBCLy does 
ii^eMielesi^ remain: Thevefarethe' line BC has no 
Ureadth. * And' because the line 9C is in' a siqperfidea, 
^Uidf^4}iat a superficies has nor ihidkBess, ais /nasi.'sbewu ; 
liN^tforie ^ line has neither breadth > nor tbiekttelNV htt t 
only len^h.' • r . ♦ r , . 
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^Mikf'i. << lYie bomidilty ci a line i» cidled a poi<i^ ora pabt 
is the eommoti boundaiy or extremity oi two lines thit 
are contiguous : Thus^ if B be the extremitj ctf the fine 
AB9 or the common extremity of the two lines AB, KB, 
this extremity is called a point, and has no length : Fer^ 
if it have any^ this length must either be part of the Uaagih 

of the line AB, or of the H G n 

line KB* It is not part ^ 

of the length efKB; for 

if the line KB be removed 

from AB, the point B, ^ 

which is the extremky of 

the line AB, remains the 

■atne aa it was: Nor i» it 

part of the length of the 

tkie AB; for, if AB be 

semoi^ from the line 

KB, the point B^ which is ^ 

the extremity of the line KB, does nevertheless remain r 

Therefore the point B has no length: And because a point 

is in a line, atia a line has neither breadth nor thickness, 

therefore a point has no length, breadth nor thicknesa 

And in this manner the definitions of a point, line, and 

superficies, are to be understood.^ 




III. 

Elpclid has defined a straight line to be a line which 
(as we translate it) ^' lies evenly between its extreme 
points.^ This definitinn is obviouslk faulty, the w<»d 
evenly standing as much in need 0/ an explanation as 
the word straight, which it is intended to define; In* 
the original, however, it must be confessed, that this in- 
^Kcuracy is at least I^ striking than in our translatios; 
for the word which we render evenly is 1^, equaOy^ zsA 
is aeeordinirly translated ex camo and emuditer by Cam- 
mandine and Gi^gory. T?e definitioVtherdbi^, is, 
that a straight line is one whidi lies equally between its 
extr^aie pomts ; and if by this we understand a line that 
Ues between its extreme points, so as to be related ex* 
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actty alike to the space on the one side of it, aad to the ^ ^^^ ^ 
space on the other, we have a definkimi that is perinjMs a 
httle too metaphysical, but which cartainly eontains m it 
the essential character of a straight line. That Euclid 
took the definition in this sense, however, is not oortmn, 
because he has not attempted to deduce from it am^ pro- 
perty whatsoever of a straight line; and indeed it snould 
seem not easy to do so, without employing some reason- 
ings of a more metaphysical kind man he has anywhere 
adfnitted into his Elements. To supply the defects of his 
definition, he has therefore iutrodnced the Axiom, that 
tzoo 8tr(mght lines cannot enclose a space ; on which Axiom 
it is, and not on his definition of a straight line, that fai» 
demonstrations afe founded. As this manner of proceed^ 
ing is certainly not so regular and scientific as that of lay* 
in^ down a definition, from which the properties of the 
thing defined may be logically deduced, I have substi- 
tuted another definition of a straight line in the room of 
Euelid^s. This definition of a straight line was suggested 
by a i^maErk of Bosoovidh, who, in his Notes on the Phi^ 
lose^faical poem of Professor St»y, says, '^ Rec^am lineam 
^* rectse congruere totam toti in inmiitum productnm ei 
^ bina puncta unius binis alterius congruant, patet ex ipsa 
^ admodum clara rectitudinis idea quam habemus.**^ 
Supplementum in lib. 8. § 550. Now, that which Bos- 
covich would coni^der as an inference from our idea of 
straightness, seems itself to be the essence of that idea, 
and to afford the best criterion for judging whether any 
given line be straight or not. On this principle, we have 
given the definition above. If there be two Unes zehich 
edmidt cokuAde in two points, mthout coinciding dkoge^ 
ther, each of them is caBed a straight line. 

This definition was otherwise expressed in the tw9 
former editions ; it was said, that Unes are straight linea 
which cannot ccnncide in part, without coinciding altoge* 
ther. This was liable to an objection, viz. that it de- 
fined straight lines, but not a straight line ; and though 
this in truth is but a mere cavil, it is better to leave no 
room for it. The definidon in the form now given, is 
also more i^ple. 

From the same definition, the proposition which Eu« 
did gives as an Axiom, that two straight lines cannot 
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Book 1. incloae a space, ibUpwB as a necessary oonseqtieBoe. Foiv 
if two lines inclose a space, thcrjr must intersect one bm^ 
other in two points, and yet, m the interpediate port, 
must not coincide, and therefore by the definition thej 
art not straiffht lines. It follows in the same way, that 
two strai^t lines cannot have a common segment, or can- 
not coincide in part, without coinciding altogether. 

After laying down the definition of a strai^t line, as 
in the first Editioii, I was favoured by Dr Reid of Glas- 
gow with a perussd of a MS containing many excellent 
observations on the first Book of Euclid, such as might 
be expected from a philosopher distinguished for the ae^ 
curacy as well as the extent of hif knowledge. He there 
defined a straight line nearly as has been done here, viz. 
'< A straight line is that which cannot meet another 
'^ straight line in more points than one, otherwise they 
** perfectly coincide, and are one and the same.^ Dr 
Reid also contends, that this must have been Euclid^s 
own definition; because in the first proposition of the 
eleventh Book, that author argues, '^ that two straight 
^^ lines cannot have a common segment, for this reason, 
** that a straight line does not meet a straight line in 
** more points than one, otherwise they coincide.'' Whe- 
ther this amounts to a proof of the definition above ha- 
ving been actually Euclid's, I will. not tiE^ce upon me to 
decide; but it is certainly a proof that die writings of 
that gjeometer ought long since to have suggested this 
definition to his commentators ; and it reminds me, that I 
might have learned -from these writings what I have ac- 
knowledged above to be derived from a remoter. aouj9ce. 

There is another characteristic, and obvious property 
of straight lines, by which I have often thought that ^v 
might be very conveniently defined, viz. that the pbsi- 
ti(Hi of the whole of a straight line is determined by tbe 
position of two of its points, in so much that, whoi (wo 
points of a straight line continue fixed, the line itself can- 
not change its position. It might therefore be said, that 
a straight line is one in which^ if the position of tWQ 
pomts he determined^ the position of the whole luie is d^t 
termined. But this definition, though it amount in fa<;t 
to the same thing with that already giv«i, is rather more 
abstract, and not so easily made the foundation of rea- 
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9Qmttg. I therefbre tkought it best to lay it aaide, loid Book h 
to aAa/ft the definitum given in the text 



V. 

The definition of a plane is given from Dr Simpson, 
£uclid''a bei^g liable to the same objections with his defi- 
nition of a straight line ; for he says, that a plane superfi- 
cies is one which " lies evenly between its extreme hnes.*" 
The defects of thb definition are completely removed in 
that which Dr Simson has given. Another definition dif- 
ferent fnMQQi both might have been adopted, viz. That 
those superficies are called plane, which are such, that if 
three points of the one coincide with three points of the 
other, the whole of the one must coincide with the whole 
of the other. This definition, as it resembles thaf of a 
ftra^ht line, already given, might, perhaps, have been 
introduced with some advantage ; but, as the purposes of 
demonstration cannot be better answered than by that in 
the text, it has been thought best to make no farther al- 
teration. 



VI. 

In Euclid, the general definition of a plane an^e ts 
{daced before that of a rectilineal ande, and is meant to 
comprehend those angles which are formed by the meet- 
ing of other lines than straight lines. A plane angle is 
said to be '"^ the inclination of two lines to (xie another 
*' which meet together, but are not in the same direo* 
** tion.'** This definition is omitted here, because that 
the angles formed by the meeting of curve lines, though 
they may become the subject of geometrical investigation, 
certainly do not bdon^ to the Elements ; for the angles 
that must first be considered, are those made by the h>» 
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^ook I* tel^sectkm of straight lines with ooe another. The aaffles 
~ ' formed by the contact or intersection of a straight fine 
and a circle, or of two circles, or two curves of any kind 
with one another, could produce nothing but perplexity 
to beginners, and cannot possibly be understood, till the 
properties of rectilineal angles have been fully explained. 
On this ground, I am of opinion, that in an elementary 
treatise, it may fmrly be omitted. Whatever is not use- 
ful, should, in explaining the elements of a science, be 
kept out of sight altogether ; for, if it does not assist the 
progress of the understanding, it will certainly retard it 






AXIO.MS. 

Among the Axioms, there have been made only two 
alterations. The 10th Axiom in Euclid is, that " two 
straight lines cannot inclose a space ;^ which having 
become a corollary to our definition of a straight line, 
ceases of course to be ranked with self-evident propor- 
tions. It is therefore removed from among the Axioms, 
and that which was before the 11th, is accounted the 
10th. 

The ISth. Axiom of Euclid is, that ^^ if a straight line 
meets two straight lines, so as to make the two inte- 
rior angles on the same side of it taken together less 
'^ than two right angles, these straight lines being con- 
** tinually produced, shall at length meet up(»i that side 
<^ on which are the angles which are less than two ri^t 
'^ angles.*" Instead of this proportion, which, though 
■^^ true, is by no means selMvident ; another that ap- 
peared more obvious, and better entitled to be accounted 
an Axiom, has been introduced, viz. ^^ that two straight 
** lines, which intersect one another, cannot be both pa- 
<' rallel to the same stiaight line.*" On this sulgect, 
however, a fuller explanation is necessary, for whidi see 
the note on the S9th Prop. 
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Book I. 

PROP. IV. and VIII. B. I. 

The fourth and eighth, propositions of the first book 
are the foundation of all that follows with respect to the 
comparison of triangles.' They are demonstrated by 
what is called the method of supraposition, that is, by 
layii^ the one triangle upon the other, and p^oTing that 
^ey pojust ooindde. To this some Qbjecdons have been 
loode, as if it were ungeometrical to suppose one figure 
to be removed from its place and applied to another fi- 
gure. ^^ The laying,^ says Mr Thomas Simpson in, hi^ 
Elements, ^^ of one figure upon another, wnatever evi- 
'^ dence it^ay afford, is a mechcmical con^deration, and 
<< depends on no postulate.'" It is not clear what Mr 
Simpson meant here by the word mechamcdl; but he 
probably intended only to say, that the method of su- 
praposition mvolves the idea of motion, which belongs 
rather to mechanics than geometry ; for, I think it is im- 
possible that such a Geometer as he was could mean to 
assert, that the evidence derived from this method is like 
that which arises from the use of instruments, and of the 
same kind with what is furnished by experience and ob- 
servation. The demonstrations of the fourth and eighth, 
as they are given by Euclid, are as certainly a process of 
pure reasoning, depending solely on the idea of equality, 
as established in the 8th Axiom, as any thing in geome- 
try. But, if still the removal of the triangle from its 
place be coni^dered as creating a difficulty, and as in- 
elegant, because it involves an idea, that of motion, not 
essential to geometry, this defect may be entirely reme- 
died, provided that, to Euclid'^s three postulates, we be 
allowed to add the following, viz. That if there be two 
equal straight Knes, and if amy figure whatsoever be con- 
stituted on the one^ a figure every way equal to it may be 
constituted on the other. Thus, if AB and DE be two 
equal straight lines, and ABC a triangle on the base AB, 
a triangle DEF every way equal to ABC may be sup- 
posed to be constituted on D£ as a base. By this it is 
not meant to assert that the method of describing the 
triai^le DEF is actually known, but merely that the 
triangle DEF may be conceived to exist in all respects 
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Bhokl. eauid to the triangle ABC. Now, there is no truth 
wnatsoever that is better entitled than this to be ranked 
amonff-the Postulates or Axioms of geometry; for the 
straignt lines AB and D£ being every way equal, there 
can be nothing belonging to the one that may: not also 
belong to the other. 

On the strength of this postulate the fourth Fropoin- 
tion is thus demonstrated. 

If ABC, DEF be two triangles, such that the two 
sides AB and AC of the one are equal to the two £D, 
DF of the other, and the angle BAC, contained by the 
ades AB, AC of the one, equal to the angle EDF, con- 
tained by the sides ED, DF of the other ; the triangles 
ABC and EDF are every way equal 





On AB let a triangle be constituted every way equal 
to the triangle DEF ; then if this triangle coincide with 
the triangle ABC, it is evident that the projpositicxi is 
true, for it b ec^nai to DEF by hypothesis, and to ABC, 
because it coincides with it ; wherefore ABC, DEF are 
equal to one another. But if it does not cmncide with 
ABC, let it have the position ABG ; and first suppose 
G not to fall on AC ; then the angle BAG is not equal 
to the angle BAC. But the angle BAG is equal to the 
angle EDF, therefore EDF and BAC are not equal, 
ana they are also equal by hypothesis, whidi is impos- 
rible. Therefore the point G must fall upon AC ; now, 
if it fall upon AC but not at C, then AG is not equal 
to AC ; but AG is equal to DF, therefore DF and AC 
are not ecjual, and th^ are also equal by supposition, 
which is impossible. Therefore G must coincide with 
C, and the triangle AGB with the triangle ACB. But 
AGB is every way equal to DEF, therefore ACB ajad 
DEF are also every way equal. Q. E. D. 
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By help of the same postulate, the 5th may also be Ml i. 
very easily demonstrated. ^ 

Let ABC be an isosceles triangle, in which AB, AC 
are the equal iddes ; t}i6 angles .^C, ACB oppoate to 
these sides are also equal. 

Draw the straight line EF equal to BC, and suppose 
that on £F the triangle DBF is constituted every way 
equal to the triangle ABC, that is, havmg DE equal to 
AB, DF to AC, the angle EDF to the angle BAC, the 
angle ACB to the angle DFE, &c. . 





Then, because DE is equal to AB, and AB is equal 
to AC, DE is equal to AC ; and for the same reason, 
DF is equal to AB. And because DF is equal to AB, 
DE to AC, and the angle FDE to the angle BAC, the 
angle ABC is equal to the angle DFE, (4. 1.) But the 
angle ACB is also, by hypothesis, equal to the angle 
DFE; therefore the angles ABC, ACB are equal to 
one another. Q. E* D. 

Thus, also, the 8th proposition may be demonstrated 
independently of the 7th. 

Let ABC, DEF be two triangles, of which the sides 
AB, AC are equal to the sides DE, DF each to each, 
aad also the base BC to the base EF ; the angle BAC 
is equal to the angle EDF. 



/ . 




NOTES. 




On BC, w&ich is equal to EF, and on the side of k 
opposite to the triangle ABC, let a triangle BGC be 
constituted every way equal to the triangle DEF, that 
is, having GB equal to DE, GC to DF, the angle BGC 
to the angle EDF, &c. : join AG. 

Because GB and AB are each equal, by hypothesis, 
to DE, AB and GB are equal to one another, and the 
triangle ABG is isosceles. Wherefore also (6. 1.) the 
angle BAG is equal to the angle BGA. In the same 
way, it is shewn tnat AC is equal to GC, and the angle 
CAG to the angle CGA. Therefore adding equals to 
equals, the two angles BAG, CAG together are equal 
to the two angles BGA, CGA together; that is, the 
whole angle BAG to the whole BGC. But the angle 
BGC is, by hypothesis, equal to the angle EDF, there- 
fore also the angle BAC is equal to ^ angle EDF. 
Q. E. D. 

Such demonstratbns, it must, however, be acknow- 
ledged, trespass against a riile which Euclid has unifonfl- 
' ly adhered to throughout the Elements, except where be 
was forced by necessity to depart from it. This rule is, 
that nothing is ever supposed to be done, the manner of 
doing which has not been already taught, so that the 
construction is derived either directly from the three 
postulates laid down in the beginning, or from problems 
already reduced to those postulates. Now, this rule is 
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not essential to geometrical demonstration, where, for Bookii. 
the purpose of discovering tbe properties of figures, we 
are certainly at liberty to suppose any figure to be con- 
structed,- or any line to be drawn, the existence of which 
does not involre an impossibility. The only use, there- 
fore, of £uclid*s rule^ is to guard against the introduction 
of impossible hypotheses, or the tmcing for granted that 
a thing may exist which in fadt iniplies a <x)ntradiction ; 
from such suppositions, false conclu^ons might, no 
doubt, be dedu^, and the rule is therefore useuil in as 
much as it answers the purpose of excluding them. But 
the forgoing postulatiun could never lead to> suppose the 
actual existence of any thing that is impossible ; for it 
onljr assumes the existence of a figure equal and similar 
to one already existing, but in a di:flfer6nt part of space 
from it, or having one of its sides in an assigned posi-^ 
tion. As there is no impossibility in the existence of one 
of these figures, it is evident that there can be none in 
the existence of the other. 

PROP. VII. 

Dr Simson has very properly changed the enunciation 
of this proposition, which, as it stands in the original, is 
considerably embarrassed and obscure. His enunciation, 
with very little variation, is retained here. 

PROP. XXI. 

It is essential to the truth of this proposition, that the 
straight lines drawn to the point within the triangle be 
drawn frohi the two extremities of the base; for if they 
be drawn from other points of the baj^e, their sum may 
exceed the sum of the two sides of the triangle in any 
ratio that is less than that of two to one. This is de- 
monstrated by Pappus Alexandrinus in the 3d Book of 
his Matliematical Collections^ but the demonstration is 
of a kind that does not belong to this place. If it be 
required simply to shew, that m certain cases the sum of 
the two lines drawn to the point witliin the triangle 
may exceed the sum of the sides of the triangle, the de- 
monstration is easy, and is given nearly as follows by 

D d 
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Book I. Pappus, and also by Procius, in the 4th book of his 
Commentary on Euclid. 

Let ABC be a triangle, having the angle at A a right 
anele ; let D be any point in AB ; join CD, then CD 
win be greater than AC, because in the trian^e ACD, 
the ang^ CAD is greater than the angle ADC. From 
DC cut off DE equal to AC ; 
bisect CE in F, and join BF ; C 
BF and FD are greater than 
BC and CA. 

Because CF is equal to 
FE, CF and FB are equal 

to EF and FB, but CF and 

FB are greater than BC, A D 

therefore EF and FB wee greater than BC. To EF 
and FB add ED, and to BC add AC, which is equal to 
ED by construction, and BF and FD will be greats 
than BC and CA. Q. E. D. 

It is evident, that if the angle BAC be obtuse, the 
same reasoning may be applied. 

This proposition is a sufficient vmdicaUon of Euclid, 
for having demonstrated the 21st proposition, which some 
affect to consider as self-evident ; for it proves, that the 
circumstance on which the truth of that proposition de- 
pends is not obvious, nor that which at first sight it is 
supposed to be, viz. that of the one triangle being in- 
cluded within the other. For this reason I cannot agree 
with M. Clairaut, that Euclid demonstrated this propo- 
sition only to av^d the cavils of the Sophists. But I 
must, at the same time, observe, that what the French 
Geometer ha& said cm the subject has certainly been 
misunderstood, and, in one respect, unjustly censured by 
Dr Simson. The exact translation of his words is as 
follows : ^^ If Euclid has taken the trouble to denioD- 
^* strate, that a triangle included within another has the 
^* sum of its sides less than the sum of the sides of the 
^^ triangle in which it is included, we are not to be sur- 
^^ prised. That geometer had to do with tliose obsti^ 
^^ nate Sophists, who made a point of refusing their as- 
" sent to the most evident truths,"' &c. (Elemens de 
Geometrie par M. Clairaut. Pref.) 
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Dr Simson supposes M. Clairaut to mean, by the ^5***^^X', 
proposition which he enunciates here, that when one '' 
triangle is included in another, the sum of the two sides 
of the included triangle is necessarily less than the slim 
of the two sides of the triangle in Which it is inclu'dedj, 
whether they be on the same base ot not Now, this id 
not only not Euclid'^s propositicHi, as Dr Simson remarks^ 
but it is not true, ana is directly contrary to what has 
just been demonstrated from Proclus. But the fact 
seems to be, that M. Ciairaut^s meaning is entirely dif- 
ferent, and that he intends to speak not of two of the 
sides of a triangle, but of all the three ; so that his pro. 
positicoi is, *^ that when one triangle is included within 
" another, the sum of all the three sides of the included 
*^ triangle is less than the sum of all the three sides of 
" the other,^ and this is without doubt true, though I 
think by no means self-evident. It must be acknow- 
ledged also, that it is not exactly Euclid's proposition, 
which, however, it comprehends under it, and is the ge- 
neral theorem, of which the other is only a particular 
case. Therefore, though M. Clairaut may be blamed 
for maintaining that to be an Axiom which requires de- 
monstration, yet he is not to be accused of mistaking n 
fMse proposition for a true one. 

PROP. XXII, 

Thomas Simpson in his Elements has objected to 
Euclid'^s demonstration of this proposition, because it 
contains no proof, that the two circles made use of in 
the construction of the Problem must cut one another ; 
and Dr Simpson, on the 'other hand, always unwilliim to 
aeknowledge the smallest blemish in the works of Euclid, 
contends, that the demonstmtion is perfect. The truth, 
hfmever; certainly is, that the demonstration admits, of 
{K)me improirement ; for the limitation that is made in 
the enunciation of any Problem ought always to be 
^ewD to be necessarily connected with the construction 
of k, aaid this is what Euclid has neglected tof dp in the 
pre5«nt instance. The defect may easily be supplied, 
and Dr Simson himself has done it in effect in his note 
on this proposition, though he denies it to be necessary. 
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Book I* Because that of the three straight lines DF, FG, GH, 
' any two are greater than the third, by hypothesis, 
FD is less than FG and GH, that is, than FH, and 
therefore the circle described from the centre F, with the 
distance FD, must meet the line F£ between F and H ; 
and, for the like reason, the circle described from the 




centre G at the distance GH, must meet DG between 
D and G and therefore the one of these circles cannot 
be wholly within the other. Neither can the one be 
wholly without the other, because DF and GH are 
greater than FG ; the two circles must therefore inter- 
sect one another. 

PROP. XXVII. and XXVIII. 

Evctip has been guilty of a slight inaccuracy in the 
enundations of these propositions, liy omiuing the con- 
dition, that the two straight lines on which the third 
Kne fsdls, making the alternate anales, &c. equal, must 
be in the same plane, without which they cannot be pa- 
rallel, as is evicknt from the definition of parallel linips. 
The only editor, I believe, who has remarked this omis- 
rion, is M. de Foix, Due de Candalle, in his trans- 
lation of the Elements published in 1566. How it has 
escaped the notice of subsequent commentatop is not 
easily explained, unless because they thought it of little 
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importance to correct an error by which nobody was Booki. 
likely to be misiedi ^ - 



PROP. XXIX 

The subject of parallel lines is one of the most diffi-> 
cult in the Elements of Geometry. It has accordingly 
been treated of in a ereat variety of different ways^ of 
whidi, perhaps, there is ncNie that can be said to ha^^ 
given entire Satisfaction. The difficulty consists in cxm^ 
verting the S7th and S8th of Euclid, or in demonstrat- 
ing^ wX parallel ' straight lines, or such as do not meet 
one another, when they meet a third line, make the al- 
ternate angles with it equal, or, which com^ to the same, 
are equalfy inclined to it, and make the exterior angle 
equal to the interior and oj^posite. In order to demon- 
strate this proposition, Euchd assumed it as an Axiom, 
that <^ if a straight line meet two straight lines, so as to 
^^ make the interior angles on the same side of it \ei& 
^^ than two right angles, these straight lines being conti- 
" nually produced, will at length meet on the side on 
^^ which the an^es are that are less than two r^ht 
^ angles.^ This pnopoffltion, however, is not self^vi- 
dent, and ou^ht the less to.berecdived without fooof, 
that, as Proclus bait observed^ the converse of it is a pn>- 
poaition that confessedly requires to be demonstrated. 
For the converse of it is, that two straight lines which 
meet 6ne another make the interior angles, with any third 
line, less than two right angles ; or, in other words, that 
the two interior angles of any triangle are less than two 
right angles, which is the 17th of the First Book of the 
Elements; and it should seem, that a proposition ^ can 
never rightly be taken for an Axiom, of which the con- 
verse requires a demonstration. , 

The methods by which Geometecs have attempted tp 
i^ove this blemish from the Elements are oi three 
kinds. 1. By a new definition of paralld lines. 2. By 
introducing a new Axiom concerning parallel lines, more 
envious than Euclid''& 3. By reascming merely from the 
definition of parallels, and the properties of lines already 
demonstrated, without the assumption of any new Axiom. 
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1. One of the definitions that h»9 been substituted for 
Euclid^s is, that straight lines are paralldl, wMdi pre- 
serve always the same distance from one another, by the 
word distance bein^ understood, a perpendicular drawn 
to one of the lines from jany pcnnt Wnatever in the other. 
If these perpendiculars be every where of the same 
length, the straight lines are called parallel. This is 
the definition given by Wolfius, by Boscovich, And by 
Thomas Simpson, in the first edition of his Elements. 
It is,' however, a faulty definition, for it conceals an 
Axiom in it, and takes for granted a property of straight 
lines/ that ought either to be laid down as self-evident, 
or demonstrated, if possible, as a Theorem. Thus, if 
from the three points, A, B, and C of the straight line 
ACj perpendiculars AD, BE, CP be driawn all equal 
to one another, it is implied in 
the definition, that the points D, 
E and F are in the same straight 
line, which, tbough it be true. 
It was not the business of the 
definition to inform us of. Two 

perpendiculars, as AD and CF are alone sufficient io 
determine the position of the straight line DF, and there- 
fore the definition ought to be, " That two straight lines 
^^ are paralld, when there ' are twb points in the one, 
** from which the perpendicifTars drawn to the other, are 
" equitti, and on the same side of it.*** 
; This is the definition of parallels which M. D^Alem- 
'bert s.eems to prefer to all othiers ; but he acknowledges, 
and Very justly, that it still reihains a matter of difficulty 
to demonstrate, that all the perpendiculars drawn from 
the one of these lines to the other are equal. (Encyhpe- 
die\ Art, Parallele). 

Another definition that has been given of parallels is, 
that they are lines which make equal angles with a third 
line, towards the same parts, or such as make the exterior 
angle equal to the interior and opposite. Varignon, Be- 
?out^ and several other mathematicians, hhve adopted this 
definition, which, it must be acknowledged,4s a perfectly 
good oiie^ if it be understood by it, that the two lines call- 
^ parallel, are such s^s make equal angles with a certain 
'^I^rd line, but Qofwith awy line that falls upon them'. It 
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Remains, therefore, to be demonstrated, That if AB and 
CD maJ^e equal angles with GH, they will do so also 
with any other line whatsoever. The definition, there- 
fore, must be thus understood. That parallel lines are 
such as make equal angles with a certain third line, or, 
more simply, lines ^hich are perpendicular to a given line. 
It must tnen be proved, 1. That straight hues which are 
equally inclined to a certain line or perpendicular to a 
certain line, must be equally inclined to all the other lines 
that fall upon them ; and also, S. That two straight lines 
which do not meet when produced, must make equal 
andes with any third line that meets them. 

The demonstration of the first of these proportions is 
not at all facilitated by the new definition, unless it be 
previously shewn, that aU the angles of a triangle are 
equal to two right angles. 

The second proposition would hardly be necessary if 
the new definition were employed ; for when it is required 
to draw a line that shall not meet a ^ven line, tnis is 
done by drawing a line that shall have the same inclina- 
tion to a third hne that the first, 6r given line has It is 
known that lines so drawn cannot meet. It would no 
doubt be an advantage to have a definition that is not 
founded on a condition purely negative. 

^. As to the Mathematicians who have rejected Eu- 
clid^s Axiom, and introduced another, in its place, it is 
not necessary that much should be said. Clavius is one 
of the 'first in this class ; the Axiom he assumes ii^ 
^* That a line of which the points are all equidistant 
'* from a certain straight line in the same plane with it, is 
^' itself a straight line.*" This proposition he does not, 
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*»** however, assume altogether, as he gives a kind of meta- 
physical proof of it, by which he endeavours to connect 
It with Euclid^s definition of a straight line, with which 
proof at the same time he seems not very well satisfied. 
His reasoning, after this prc^sition is granted, (though 
it ought not to be granted as an Axiom,) is k^cal and 
conclusive, but is prolix and operose, so as to leave a 
strong suspicion that the road pursued is by no means 
the shcHtest possible. 

The me]thod pursued by Simson, in his Notes on the 
First Book of Euclid, is not very different ftom that of 
Clavius, He assumes this Axiom, ^^ That a str^ht line 
" cannot first come nearer to another straight line, and 
" then go farther from it without meeting it."" (Notes, 
&c. English Edition). By coming nearer is understood, 
conformably to a previous definition,^ the diminution of 
the perpendiculars drawn from the one line to the other* 
This Axiom is more readily assented to than thdt of Cla- 
vius, from which, however, it is not very different ; but 
it is not very happily expressed, as the idea not merely 
of motion, t3ut of time, seems to be involved m the no- 
tion of first coming hearer, and then going farther off. 
Even if this inaccuracy is passed over, the reasoidns of 
Simson, like that of Clavius, is prolix, and evidently a 
circuitous njethod of coming at the truth. 

Thdmas Simson, in the sebond isdition of his Ele- 
ments, has presented this axiom in a i^impler form. ** If 
** two points in a straight line arte'posited at unequal dis- 
" tances from abotlier straight line in the same plane, 
" those two lines being indefinitely j^wxluced oh trae side 
" of the least distance will meet one another.'*' 

By help of this Axiom it is easy to prove, thpt if two 
straight lines AB, CD are parallfel, the perpendiculars to 
the one, terminated by the other, arfe all equals and are 
also perpendicular to both the parallels. That they are 
equal is evident, otherwise the Kneil would meet by the 
Axiom. That^ they are perpendicular to both, is demoh- 
^tt^ted thus : 
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If AC and BD, whkb «re popendkukur 
equal to one another, be not ]) 
also perpendicular to GD, from 
C kt'CE bedrawaatrightan^ 
glestoBD. Then^becauaeAB ^ 
and C£ are both perpendicidar ^ 
to BD^ tbey are parallel, and D 
therefore the perpendioulara AC avA BE are eqfual. But 
AC 18 equal to BD, (b^ hypothesis,) tber^cwe BE ami 
BD are equal, which is impossible ;' BD is therefor^ at 
right angles to CD. 

Hence, the proposition, that ** if a straight Hue fall on 
^ two parallel lines, it makes the alternate angles, equa^^ 





i& easily derivedi Let Ft! and 6l5 be perpendicular to 
CD, then they will be parallel to one another, and also 
at right angles to AB^ and therefore FG and HE are 
'Bqual to one ahbthef^ by the last proposition. Where- 
fore in th^ ttiangle^ £F6^ EFH, the sides HE and EF 
are ^tiftl tb the ndes GF and F£, each to each, and al- 
so the third side HF to the third side EG, therefore th^ 
dngle HEF is equal to the angle EFG, and they are al- 
ternate angles. Q. E. D. 

This method of treatifig the doctriiie of parallel lines 
is extremely plain and concise, and is peiiiaps as good as 
any that can be followed^ when a new Axiom is assum*'' 
ed. In the text above^ I have, however, followed a dif- 
ferent method^ emjdoying as an axiom, ** That two 
^* straight lines, which cut one another, cannot be both 
^* paraUel to the same straight line.''' This Axiom has 
been assumed by others, particularly by Ludlam, in his 
very useful little tract, ifentitled Rmtiments of Mathemd- 
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iatkk f . It U a propdAitioii really enough admitted as aelf-evi. 
' defit) and leads to the demonstratioii of Euclid^s d9th 
)E*ropoiiMi(»i) even with mora brevity than Simaon^e* 

& All the methods above enumerated leave the mind 
somewhat dissatisfied, as we naturally expect to discover 
the pn^rties of parallel lines, as we do those of other 
sBometric quantities, by comparing the definition of those 
fines, witii the prc^ities of straight lines already known* 
The most ancient writer who appears to have attempted 
to do this is Ptolany the asttonamer, who wrote a trea^ 
tise expressly on the subject of Parallel Lines. Frodus 
has jMreserved some account of this work in the Fourth 
BdoK of his Commentaries; and it is curious to observe 
in it an argument founded on the principle which is 
known to the modems by the name of the mffficiefU rea- 
son. 

To prove, that if two parallel straight lines AB and 
CD be cut by a third line £F, in G and H, the two in- 




terior angles AGH, CHG will be equal to two right an- 
gles, Ptolemy reasons thus: If the angles. AGH, CHG 
be not equal to two ris^ht angles, let them, if possible, be 
greater than two right angles ; th^i, because the lines 
AG and CH are not more parallel than the lines BG 
and DH^ the angles BGH, DHG are also greater than 
two ri^t angles. Therefore, the four angles AGH, 
CHG, BGH, DHG are greater than four right angles.; 
and they are also equal. to four right angles which is ab- 
surd. In the same manner it is shewU) that; the. angles 
AGH, CHG cannot be less than tyo .rigjit an^s. 
•jherefpre they are equal to two right angles. 
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But thiR reasoning^ is certainly iiiooileliifiil^< f'oT lirhy 
ar& we to suppose that the interior angles which the piw 
rallela make with th^ Kne cutting them, ore ekhcr itt 
every case greater than two right angles, or in erery 
<iase less than two right angles P For any thing that we 
afd vet supposed to know, mey may be sometimes greats 
er than two right angles, and sometimes less, and ther^ 
ibre we are not entitled to conclude, because die aagles 
AGli, CHG are greater than two right angles, SiAt 
iherefotie the angles BOH, DHQ are also necessarily 
greater than two right angles. It may safely be assert- 
ed, therefore, that Ptolemy has not succeeded in his at> 
tempt to demonstrate the properties of parallel lines wiih^ 
out the as^stance of a new Axiom. 

Another attempt to demonstrate the same propositioti, 
without the assistance ct a new Axiom, has been made by 
H modern geometer, Franceschini, Professor of Mathe- 
matics in the University of Bologno, in an essay, which 
he entitles, La Teoria delle pa/rcJiele rigoraaamente di- 
monstf-ata^ printed in his Opuscdi Mathematidi at Bas- 
aano in 1787. 

The difficulty is there reduced to a proposition near-* 
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iy the'sam^ with this, That if BE make ail acute anglq 
w{th BD, and if DE be perpendicular to B5D at any 
pciim, BE and DE, if produced, will meet. To demon- 
strate this, it is supposed, that BO, BC are two parts 
takth in 'BE, bf wWch BC is greater than BO, and that 
the -perpendiculars ON. CL are drawn to BD; then 
shall BL be' greater' thin fiN. For, if not, that is, if 
the perpendicular CL falls either at N, or between B 
and N, as at F ; in the first of these cases the angle 
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Bm* t. CNB is equal to the an^le ONB, because they aire both 
^ ^ ' rigfit angles, which is iinpossiUe ; and, iti the second, 
the two angles CFN, CNF, of the triangle CNF, ex- 
ceed two nght angles. Therefore, adds our author, 
mnce, as BC increases, BL also increases, and since BC 
vamf be increased without limit, so BL may become 
greater than any given line, and therefore may be great- 
er than BD ; wherefore, since the perpendiculars to BD 
from pdints beyond D meet BC, the perpendicular from 
D necessarily meets it. Q. E. D. ^ ' 

Now, it will be found, on examination, that this rea- 
soning is no mor^ conclusive than the preceding. For, 
unless it be proved, that whatever multiple BC is of BO, 
the same is BL of BN, the indefinite increase of BC 
does not necessarily imply the indefinite increase of BL, 
or that BL may be made to exceed BD. On the con- 
trary, BL may always increase, and yet may do so ill 
such a manner as never to exceed BD : In order that 
the demonstration should be conclusive, it would be ne- 
cessary to shew, that when BC increases by a part eqtial 
to BO, BL increases always by a part equal to BN ; 
but to do this will be found to require the knowledge (k 
those very properties of parallel lines that we are seek- 
ing to demonstrate. 

Legenbbe, in his Elements of Geometry, a work en- 
titled to the highest praise, for elegance and accuracy, 
has delivered the doctrine of parallel lines without any 
n6w Axiom. He has done this in two different w^s, 
one in the text, and the other in the notes. In the mr- 
tner he has endeavoifred to prove, independently of the 
doctrine of parallel lihes, that all the angles of a triangle 
are equal to two righ^ angles ; from which proposition, 
when it is once established, it is not difficult to deduce 
every thing with respect to parallels. But, though Iris 
demonstration of the property of triangles just mention- 
ed is quite logical ana conclusive, yet it has the fault of 
being long and indirect, proving first, that the three 
angles of a triangle cannot be greater than two right 
angles; next, that they cannot 'be less, and doing both 
by reasonings abundantly subtle, and not of a kind rear 
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diily apprehended by thofie who are only beginDiBg to ^^^ '* 
study the Mathematics. ' 

Tne demonstration which he haa given in the noles 
is extremely ingenious, and fMXxseeds on this very donple 
and undeniable Axiom, that we cannot compare an an* 
gle and a line, as to magnitude, or cannot have an equa- 
Uon of any sort between them. This truth is invdtved 
in the di^inction between homogeneous and heteroge- 
neous Quantities, (£uc. v. def. 4.), which has long been 
recdived in Geometry, but led only to n^ative conse- 
quences, till it fell into the hands of Legendre. The 
proposition which he deduces from it is, thai if two an^ 
gks Q^ oiie triangle be equal to two angles rf another^ 
the third a/ngle of these triangles are also equaL For, 
it is evident, that, when two angles of a triangle are 
^ven, and also the side between them, the third angle is 
thereby determined; so that if A and B be any 'two an- 
gles of a triangle, P the side inteijacent, and C the third 
an^e, C is cfetermined, as to its magnitude, by A, B 
mid P; and, besides these, there is no other quantity 
whatever which can affect the magnitude of C. This is 
plain, because if lA^ B and P are given, the triangle can 
be constructed, all the triangles in which A, B and P 
are the same, being equal to one another. 

But of the quantities by which C is detenmned, P can. 
not be one ; for if it were, then C must be 9l Junction of 
the quantities A, B, P ; or the value of C must be equal to 
some.combination of the quantities A, B and P. There- 
fore also a value of P may be found in terms of the 
quantities A, B, and C; but this is impossible, P 
bein^ a line, and A, B, C being angles, no function of 
whic^ can be equal to a line, or to any other thing 
than angles or ratios. The angle C must therefore be 
determined by the angles A and B alone, without any 
regard to the magnitude of P, the dde interjacent 
Hence in^all triangles, where two angles of one are equal 
to two of another, each to each, tha third angles are d. 
SO equal. 

Objections have been made to the assertion, that no 

Junction of an anele can ever be any other than an angle 

or a ratio. This assertion, though certainly true, is 

perhaps not to be fully f»roved, without entering into 

discussions on the application of symbolical language to 
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B«dk I! ex{>ress geometric magnitades, which are not well sA&pU 
■^^'"■^ ed to this place. It may, however, be observed, that ' 
in all the Variety of the functions of angles which have 
been introduced into mathematical reasoning, there is 
not one which denotes a line, or any thing but an angle 
or a ratio. 

The proposition in the preceding paragraph being 
demonstrated, it is easy to prove that the three angles 
of any triangle are equal to two right angles. 

Let ABC be a triangle right angled at A, draw At) 
perpendicular to BC. The 
triangles ABD, ABC have the 
angles BAC, BDA right an- 
gles, and the angle B common 
to both ; therefore, by what ha.^ 
just been proved, their third 
angles BAD, BCA are also 
equal. In the same way it is 

shewn that CAD is equal to CBA ; therefore the two 
angles BAD, CAD, are equal to the two BCA, CBA ; 
but BAD+CAD is equal to a right angle, therefore the 
angles BCA, CBA are together equal to a right angle, 
and consequently the three angles of the right ati^ed 
triangle ABC are equal to two right angles. 

And fiince it is proved that tjie two oblique angles of 
every right angled triangle are equal to a right angle, 
and since e^ery triangle may be divided into two right 
angled triangies, the four oblique angles of which are 
equal to the three angles of the triangle, therefore the 
three angles of every triaiigle are equal to two right 
angles, Q. £. D. 

As the reasoning in tlie first of the two preceding de- 
monstrations is not perhaps sufficiently simple to be ap- 
frehended by those just entering on mathematical studies, 
shall add one, not liable to the same objection, which I 
know, from experience, to be of use in explaining the Ele- 
ments. It proceeds, like that of the French geometer, by 
demonstrating; in the first place, that the angles of any 
triangle are together equal to two right angles, and de- 
ducing from thence, that two lines, which make with a 
third line the interior angles less than two right angles, 
must meet if produced. The reasoning about to be used 
for demonstrating the first of these propositions may be 
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objected to by some, as involving the idea of motion, and Bpolc i, 
the transference of a line from one place to another. This, 
however, is no more than Euclid has done himself on some 
occasions ; and when it furnishes so short a road to the 
truth, as in the present instance, and does not impair the 
evidence of the conclusion, it seems to be in nt> respect 
inconsistent with the utmost rigour of demonstration^. It 
is of importance in explaining the Element of Science, 
to connect truths by the shortest chain possible ; and till 
that is done, we can never consider them as being placed 
in their naiural order. The reasoning in the first of the 
following propottUons is so simple, that it seems ho^rdly 
susceptible ot abbreviation, and it has the advantage of 
connecting immediately two truths so much alike, that 
one might conclude, even from the bare enunciations; 
that they are but different cases of the same general theo- 
rem, viz. That all the angles about a point, and all the 
exterior angles of any rectilineal figure, are constantly of 
the same magnitude, and equal to four right angles. 



.DEFINITIOIT. 

If, while one extremity of a 
straight line remains fixed at A, 
the line itself turns about that pcant 
from the position AB to the posi- 
tion AC, It is said to describe the 
angle BAG contained by the line» 
AB and AC. 

Coa. If a line turn about a point frorfn the position 
AB, till it come into the position AB again, it describes 
angles which are together equal to four right angles. 
This is evident from flfie second Cor. to the 15th. 
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which the exterior angles are DC A^ FAB, GBC ;CltbSP^9 
angles are U^edier equal to four right itogles. 

ib^tbe^*liiieJ((al;»f4A»d»^ BC^ 

duo^^ttton about' the ^point 6ii|}U< ioiiB^iiiiidb<^mibi(l^ii3 
a partiof idie nd^'CjAi^ atid'Ahftvb*>d^iiitfHMd^ thdcextbiiMtf " 

• jj 'Aii['-\*. iU't Kit i.;^-'* v>;'.i.i 'K«ni>J/ ■> fiOj bud. j.-.>l3fli" 
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angle DCE or DC A. Let it then be carried along the 
line CA, till it be in the position AF, that is, in the di- 
rection of CA produced, and' the point A remaining 
-fixed, let it turn about A till it describe the wi§;le FAR 
and coinride with a mrt of tihe line AB. UeV^ iifesftT)* 
carried along AB till it come into t*te positten i|(Sj TM^^^/ 
by turning about B, let it describe the anfrfe XJBC,''iJ#'-^ 
as to coincide with a part of BC. Lastly, let it be car- 
ried along BC till it coincide with CD, its first position. 
Then, because the line CD has turned about one of its 
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extremis taU it has ocnae into the poslioii CD a^pftin, Book I.' 
H has by the corollary to the above definition deacnbed ' 
angles which are together equal to four right angles; 
but the angles which it has described are the three exte- 
rior anj^ of the triande ABC, therefore the exterior 
anises of the triangle J&C are equal to four right ai^ks. 
X. If the rectilineal figure have any number of sides, 
the proportion is demonstrated just as in the ease ef a 
tiiang^. * Therefore all the exterior angles of any reo- 
tilmeal figure are together equal to four right aisles. 
Q. E. D. 

Cob. h Henpe^ all the interior aniles of any triangle 
are equal to two ri^ht ai^W For m the angles c^ tne 
triao^^ both exteruxr and interior, are equal to »x ridit 
angles, and the exterior being ^qual to four right angles, 
the interior, are equal (o two right angles, 

C6b. % An exterior angle of an^ trian'de is ecjual to 
the two interior and opposite, or the angfe 1>CA is equal 
to the angles CAB, ABC. For the angles CAB, ABC, 
BCA are equal to two right angles; tod the angles 
ACD, ACB are also (13. 1.) equal to two right angles; 
therefore the three angles CAB, ABC, BCA are equal 
to the two ACD, ACB ; and taking ACB from both, 
the angle ACD is equal to the two angles CAB» ABC. 

Con. 8. The interior angles of any rectilineal %ure 
axe equal to twiee as many n^t an^es as the figure has 
sides, wanting four. For all the angles exterior and in* 
tecior are eqiial to twice as many right angles as th^ 8- 
gurehasaoes; but the exterior are equals to four ri^t 
angles ; therefore the interior are equal to twice ai many 
ri^t angles as^the figure has.»des, wanting fa»r* 

\ 
' ' • . .i* .' • 
PROP. II. , i 

l?wo Straight Unes, which make with a third line. the 
interior andes on the same side of it less than two right 
angks;, wilTmeet on that side, if produced far enoughfi 

•*■■''■' * ' ■ Ke '. ' * 



Mf^i Let , the atnught listas AB, CD, nrnke with AC tbe 

J^^ two iUigte9 BAC, JJiCA Id» than tw>f right im^H^'m 

and CBMiiU hieet if produced towwil fi abd'R '" ''^ 

In AB take AFrzAG ; job CF^ pioduce BA toH^ 

and dimuffh.CdraMr.CE, making ibe angle AC£ eqiol 

tothejmipe CAH/' i >.,.>. o i 

. BeeattseAC is equal to AF, tht-.m^AEEy ACF 
,areal»«qual (S. 1.)'; but th«>.exterior angle H^C is 
equal to tm* two interioir andomositte an|^ ACF^ ^^C, 
and therefore it is double «f «ither>of ^them^.as of iwit.. 
Now ACE is equal to HAC by Qonstruetion, th^r^wre 
ACE is double of 4.CF, ^nd is bisected by the fine CF. 
In the same manner, if FG be' takth ei^tofc^'bAd 
if CG tt'e drawn, it may b^ sh^n'thal CGT^iiecSthe 
angle Ve% khd so tfn coh^ihiiaffy. 'mi if fttAfc a nilig. 
nitude,' as the angle AC£» there lii^' taken 'it» hdlf^ and 
from the r«munder FCE its^hal^JiCCr; kbd frdm tl^e're- 
nuundeTw^ClB it9 balf» Scc^ a r^ainder will at length t)e 
foupd less thaj^ the giyea^nji^ DCE \. Let GCE be 




the angles whiose haU £C^ is less than 'DC£^ t^es a 
fatrtiigiit ^ncf CK is fpund, which Bdls-faebne^ CD .and 

6S:, but nevertfael^ ' n^eets^ the line AB ih ]|/ jTJ|ae 
,j^tii^ CD;^ if grodupcd, < must iKkeet AB iaia ;aomi be^eei 

G^«d K/- Thei^foi^j &c^ ^.E.D^' .:^ • ' ^^ 

. This dembn$tmUfoni& indirect: but thb proprndop, 

Vil^ the definition of parallel's wer^ changed, as,sufijg^^ 

at p. 4d0, would not be necesssarr ; and ^ne , pp^, ^^ 
, lines equally inclined toaliy one Ime must be $o to ey^ 
^l^ie, would follow directly from the a.rigles of a' uisuagle 
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. *^ Piop. If 1* 'op* 1*b® reference to this pr^ipirwMno iw^clvefl^aimng 
fiioMv^Ne«^ wiUi ipM|4 naaoui^, ^ thtf deaMbfiti«fie» ^titfTSknUf^^^ 
pend on any thing Uiat has gone before, so that it may ha i uU o flw s f* i n 
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lines woi^, 1^1,% niflpi^r.^ fre^ fro» tAl^^^y^tf^ ^ ^-^v^^ 

PROP. HI. 29. i.aWiA ' . ' 
■•i')yv • :/• • • • ', . •■/•,•■', 

\m %js|^aig3[it fine fairbri two pa^Uel strai^rht lines, it 
m^j^es^^he altpiiiatfx angles 'cijuarto*5ne another ; ffee ex- 
iep9r equ^ to the interior an4 opposite on th^ same sicfe ; 
'^njji.Jikewi3e,,^e two interior a^^s, on the same side 
,^ual,io,t¥H)Vightaiiglft»^- ... ^ r " ii ' 

»rf- ^.J^ tteaigfef lihe JEFcfiill ;on (lie pairaMistra^ 
Ji^l^yVl>;>Ae altei«atef ^g^les' ^6la^f0^1> ar^ 
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^pp^te .X^RB i to* th^ two inMot arigleis MiP, 
[JPkAre eqqai -tdirtjiro 4^!t angled ' . ^J . : ^ '" / ; 
^cr iif AGH be^ic*; ^ual tb GH»,let it \km^\»Vf 



then adding BGH to botli, .the toiles AGH^ Iw^ 
;']ia»ii: tJ?ai|.tl^ ,toglfes; X)HG; S©B:f '»But- A»H, 



W £ix)duced toward B aija D. But they d6 not itieet, 

s/ffrf?^^ therefore; the 

.:»01igl^AGlH.GH4) are not unequal; that is, . thej are 

^ ikptA touode- «nothqp. : x ./w/, 

Now the angle AGH is equal to BOfi, because. these 

are Tertical, and it has been 4dso shewa to be equal to 

GHD, therefore EGB and GHD are equal. Lastly, 

£ e 2 



m 



NOTES. 



Book I. to ^ach of the eaual angles EOB, GHD add the angle 
^-'^^-^ BOH, then the fwo KGB, BGTH a-^^-^^^^^^' 
DH6, BGH. Btit £6B, B6H are 



BOK; thed the two K<5B, BGfH ai^ pqya^ tara|^ 

angles, (18. 1.), therefore BGH, GHD are atso^e^uaffe 
two right angles. Thenefore, &c. <J. E. D. ' ' ^ •• "^ 
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Thb followix^ pKopofttm is placed b^r^.lmali^i^ is 
ioaire<coniiectied wuh the first uotk thw wvlb a9(f <QlUKir^ 
It is useful £ir expUdning theMtureoC Hadkwysfx|fl9ft( 
and th0ugh Lwc^ved in theiemlanatiiGm usually ,^Ym<^ 
tbat iastrum^nt, it hus not,! i)eUeve^ li^^eu \ii&M^pm^ 
sidored as a d^^ct G«<xii9trio Fji^osido% thov|g^iy<6qi 
wdl entitled tp bp so» m. neopuht of it» aivspfifiityi^nd 
ek^anoe^ as wcjl as its utiUt}S/ .4 > v^ i.ui - 
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THEOREM. 



If cm ejpterior angle €f a friemsk be bisected^ and abo 
one ^ interior and oppariief tne angle contained by the 
bisecting lines is equal to half the ciher interior and 
opposite angle of the iriamgk. 

I>t the exterior ai^le ACD of the triangle ABC he 
bisected by the straight line C£^ and the interior and op.- 
poate ABC by the strught liqeBE^ the angle BSC is 
j^ual to half the angle BAG. ., : e,.: 

Hie lines C£> B£ will meet ; for,^ oufse the an§» 'App 










«ft' 



lUkXi 






KOTES. Hi 

u^iaiber than ABC, the half cS ACD is greater than AmM i> 
dje hiJf of ABC ; that is, BCD is greater than EBC ; '"'v^*^ 
add £CB to both, and the two angles ^CT>, ECB are 
^eaUT than EBC, ECB. But ECD, ECB are equal to 
two ri^t angles ; therefore ECB, EBC, are less than two 
ri^t angles, and therefore the linea C£, BE must meet 
oa the same nde of EC on which the triangle ABC is. 
Let them meet in E. 

Because DCK is the exterior angle of the triangle 
BCE, it is equal to the two angles CBE, BEC, and 
tberefcffe twice the angle DCE, that is, the ai^e DCA 
ia ^qnal'to twice the angles CBE and BEC. But'twice 
tfatf'im^ CBE is equal to tiie angle ABC, therefore the 
wtt^'OCA 1» eqiW by the angle ABC, together with 
iwne the-i^le BEC; and the a«ne an^le DOA h^^ 
d»«xt«noi> ae^ of the tHaaigle ABC, neqitid tothe 
tsn> ai^^ ABC, CAB, whoi^OTe the tw» a^es ABC) 
GAB. am equid to ABC, nd twice BBC. Therefore', 
taking awav ABC from both, there r^anns the ngle 
CAB equal to twice the angle BEC, or BEC equal to 
the half of BAC. Therefore, &c Q. E. D. 



BOOK 11. 



'•^TtCe demonstrations of this 

Hia^ad, than by introducans ' 

Anmir to those of Algebra, mi 

y^eje the reasoning turns on tl 

yFitcia%Iefl. To EucliJs d 

sometimes added, serving to deduce the propoatiras frun 

the fourth, without the asastance of a diagram. 
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These TheoremU are adtjed oD accou^ of tbar great 
use in geometry, and theuTcIoseconnectioiiwith the other 
propoisitiQns which are the subject of this Book. Prop. A ' 
tt an extension of the &th and 10th. 
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Book III, 



' BOOK HI. . ; . . J. 

I 

DEFINITIONS. 



The definition whidi Eticfid makes the first of this 
Book is that of equal eircks; which he defines to be 
^ those of which the diameters are equal.^ Thb is re- 
jected from amoi^ the defiivitidns^ as being a Theorem, 
the truth of whicn is proved by supposing the circles ap- 
plifed to one amKber, so thftt tbj^ centres, may coincide ; 
for^he whole of the one- must thencoinciae with- ^e 
whole of ^ the' '6ther.< The' convfrse, viz, Tk^ qirdbeis 
whkh ttr^ -equal hare equai diameU^ is pipved W|.tb^ 
samt'^mr. ^ » • ,.-:.., ^^n 

The de£nil&on oftheandte of a'^Be^neot^is^al^o^fjpa^ 
ted, because it does not rdate to a rectilinoal ai\jg)^^ Ifijff 
to one underBtood to be contained betwpen a .^^ra^f, lu^ 
and a portion of liie circnmfeveaoce of a ciiiple, iXK mi^ 
manner, no notice is taken in the 16th proportions of tb^ 
angle comprehended between the semicircle and die dia- 
meter, which is said by Eudid to be greater than any 
acute rectilineal angle. The rtoson for these omissions 
has already been assigned in the notes on the fifth defini- 
tion of the first Book. /' < * 



'' ' 7^ .a . i p^ • .ft nt 
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' Tt has been i^marked of this d^noonstratioQ, thi^ it 
takes for granted, that if two magnittid^s be dtukble of 
two others, each of each, the sum or difi*erenoe of iiihe 
first two, is double of the suni>6r -difference of th^^ot^er 
two, which are two cases of the list and 5th of .the. 5th 
BboL * The^ justness- of' thi^ *rf»nark' cannot be dteoiied ; 
aoid,' though the eases of the Propositionii iheife r^ffineA 
to, are thesitnplest of any, yet the^tiH:^ lof dietnio^riit 
»(K, in sti^ictnessy to be assumed without '^prooC/'^^m 
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proof is easily given. X.et A and B, C and D be four ^^^^^^ 
tnagnitudes, such that A ^r 8C, and B = 2D; then A + ^^ 
B=a<C + m For, since A = C + C, and B=D + 
D, addbg equals ta equals, A + B = (C + D) + <C + D) 
= £ (C + D). So also, if A be greater than B, and 
therefore G greater than D, shide A' = C + C, and B = 
D + D, taking equals from equals A — B = .(C-*D) + 
(C— D), that is, A— B =r »(C-^D). 



^ t TTff"^^^^ff^T 



BOOK V. 



The subject of proportion has been treated so diffe- Book v. 
reutly bv those who haVe written on elementair geome- ^^^ 
try, ana th^ method which ^udid has followed has been 
so often, and so inconsiderately censured, that, in these 
notes it will not perhaps be more necessary to account fat 
tfife changes thdt I haVc made, than for those that I have 
tidt made. Th^ changes are but few, and relate to the 
language, not to the essence of the demonstrations ; they 
will be' explained after some of the definitions. have been 
particularly considered. 



.1 



DEF. III. 



t: 



The definitioR of ratio given here, J^as^beein gretatly ex- 
tolled by same authors; but whatever value it may nave 
in the eyes of a metaphysdcian^ it has but little in thoee 
of a geometer, bttcause^mthibg^cDAcerning.the ptoperties 
0[ ratios can be jdeduced from it. !Dr Ikurow has very 
Vudietbusly i^marked coneerhing^ it, M That £udlid Itad 
"^'probably no ^ether design in making this • de&iitton, 
*^%an t» give a general siimmary idea of ratio to be^ 
^ ginners, ^by premismg this metaphysical d^nitian, la 
^^ 'the* {Hare accurate definitions of ratios that are ^qual to 
^^^one a.nod)^4 or one of which is greater or lass than the 
^^ ddifer : I call it a metaphysical, for it is not properly «, 
^^^mathesnaltidal definition,. since* nothing ^n miuchennatios 
^ 'Spends on it, or is deduced, iSiory as I judge, ^m^hc; 



^ SqDiMMi Uu^v the defimtioa has^bepi m^ }^wo ^i¥ e i 
(l^lful ediux-; but tber€ i» m. ground for tM^appgoie? 
tioQ. oth^r tbAQ wbftt - Ariaes finKDL.the defiiutkiii beunEHtf 
i^ U8^ ; We my^ hofwevsar, weU.ttMMgh innigiw^ jtllat j|» 
certauf^idea of order itfid.^e(hod.iiidu^ £ii#l¥i't(vg^ 
some general 4efimtioa of. latiot bef(W jiie jim^.iii^^m^ 
ia the definitioa of ^vaL ratMis. .ij. .,;, p. 

DEP. IV. 

^ This defimtioo ift a little altered in tlie eUpraMDni 
EufiUd has it, that f^ ma^mtudea are aaid ^hsne a ratio 
f* to one andther^ when the ksa eax be.nidliplied aoaate 
<< CKceed th^ gneater*^ 



DEP. V. 



is 



.? , 



One of the chief obstacles to the ready un^efkandSi^ 
of the 6th book of ^^ttcKd, is the diflfculty ;tly* ttK)8t 
pec^le find of necdnciEng the idea of proporilon wlii^ 
they have abeady acquired, \idth the account, of it tjiat f^ 
^ven in this demiition. Our first ideas of proportion, or 
of proportionality, ar^ got by tryhig to compare togediet 
the magnitude of external bo£es ; atid thoU]^ tfa^y bd 
at first abundantly vague and incorrect, they are usually 
rendered tolerably precise by dUe study of arithmetic; 
from which we learn to call rour numbers proportioiaipls, 
when they are such that the quotient v^ch arises mm 
dividing the first by the second, (accortliftg to the coniJ. 
mon rule for division,) is the same Mth' the quotiettt 'fliit 
mses from dividing the third by Ae ftrtlrth. ' ' * ' 

Now, ks the operation 6f aritmnetkWdivliSdh is 
cable as' I'tadlly to any two t^agratudigs of^ tttS sam^ 
88 totwti numbers, life notidn Ki^pk^porwii tfi[uii bb^iii: 
e^maybeeonsideredailffxn^^rg^^ fbr,WaritK 
inetie, after finditig Ho^'bften the'd{Vitor'i»'iikMita%^M 
-Ae divWettd, we imfltiply tJhe ttemMnd6i»''by 1«, br MO 
or loeo, or any pdw^, as It is e^Wdi bP10^,= knd ifrtiW^ 
to inquire how oft tht divisor fe teohtaincd'^nf this' wwdU 
videM; andj'if Aere be arfy remainder, we^tJtf 6y^iil- 
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tf^y by 10, KM), tee. as before, and to AvMe die' pro. ^*g^T^ 
iMCt - by tiie oiighial ^Tisor, and ao on, the £viaon florae^ i-— -^^ 
times terminating when no remmnder is left, and some* 
times ^ing on m iniimkimf in oonseqnence of a reuuttn«i 
der beinj^ kit at eecn op^tition. Now, this process may 
eoflUy be imitated with any two magnitudes A and B, 
providing' diey be c^the some kind, or sudi that the one 
can be multiplied so as to exceed Uie other. For, sup- 
pose that B IS the least of the two ; lake B out of A as 
oft as it can be founds and let the quotient be noted, and 
also the remainder, if there be any; multiply this re- 
mainder by. 10, or 100, &c« so as to exceed B, and let B 
be taken out a£ the quantity produced by this imiltiplica- 
tioD as eft as it can be found; let the quoti^it be noted, 
and ^dso the remainder, if there be any* PnBceed with 
this remainder as before, and so on oontiflaftUy ; and it is 
evident that we have an operation that is applicable to all 
magnitudes whatsoever, and th^t may be performed with 
respect to any two lines^ any two plane figures, or any two 

;' Now, when we have two magnitudes aiid two othe^ 
and find that the first divided by the second^ according to 
this method, gives the very same series of auotients mat 
the third does when divided by the. fourtI^ we say <^ 
these magnitudes, as we. did at the numbers, abova der 
scribed, Siat the first is tQ the secmd as the third to tb? 
foulrth* There ar^ only two more circumstanocas neces- 
sary to be considered^ m order to bring u^ precisely to 
Budid'^s definition* 

First, it is known from arithmetic, that the muitiplicar 
tion of the successive remainders, each of them by 10, is 
equivalent, to multiplyipg the quantity .to be divided by 
the product of aH ijioae t^ns ; so that mi^tiplTOig, fi^ in^ 
slaoce, th^ ^t.n^mamder hyJO, the seccoij, by 10, and 
the third b^.lOi i^.the same tbin^. with r^pect to th^ 
quoti^t> M If the quantity to be divided bad bee^ at .first 
muljUplied. lis^ 1000; 9d^ thelrefore. Our standard of idbe 
pTQpcxtiooality of nun^bers may be es^iressed thus i If 
tbe first multiplied any number of times by iO, ^aad than 
divided liy thi^ ,seccmd, p^^ the same, quotient (Sf».when 
tb^ jthird^ o^uiUiplied as .often hy 10, and tbeti divided 
by . th^ fourth, the fpur . ni^gnitudes ar^ prop^nrtioiiais. - 

Again, it is evident, that there is no necessity, in these 
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BooiV. mukiplicatlons, fbr cdnfimng ourselves to 10, or ikt 
"^ powers of 10, and that We do so, in arithmetic, tfeijlat 
the eonTeniency of the decimal notation ; we may therciw 
fore use any multipliers whatsoever, providing we use thie' 
same in both cases. Hence we have this deftnibon.dT 
proportionals, When there are four magnitudes, aijd way 
multiple whatsoever of the first, when divided <by tHe 
second, gives the same quodent with the fike multiple of 
the thiril^ when divided by the fourth, the four nii^i». 
tudes are proportionals, or the first has the same ratio to 
the secona that the third has to the fourth. 

We are now arrived very nearly at Euclid*^ definition ; 
for, let A, B, C, D be four proportionals, according to the 
definition just given, and m any number; and let the 
muhiple of A by m, that is, mA^ be divided by B ; and 
first, let the ouotient be the number n exactly^ then also, 
when f»C is oividcd by D, the quotient will be n etMcAj. 
But, when f» A divided by B gives n for the ouotiaH, 
mA = nB, by the nature of division, so tliat wnoi MsA 
= nB, mC = nD, which is one of the conditions of Eu- 
clid'^s definition. ^ 

Again, when m A is divided by B, let the divioen not 
be exacttf p^ormed, but let n be a whole number iesft 
than the exact quotient, then nB^^mA, or mAp'^B ; 
and, for the simie reason, mCii^^D, wbidi is another of 
the cond]ti<»is of Euclid's definition. 

Lastly, ^when mA is divided by B, let n be a whole 
number greater than the exact quotient, then tn^^^nB^ 
and because n i< also greater than the quotient of 911C 
divided by D, (which is the same with the other quotient,) 
therefore mC^^nD. 

Therefo]^, unitinff all these three conditions, we call 
A> 9^ C, D; pm]9iorti6niEilS|-wfaen'tbe3r*are such', 'that ii^ 
iP#A::?-nB ♦wCp^ill* V if wA ±f nB,' l*G =5iiiD? Attd JP 
mA^^nB, mC^rrrnD, m and n bring any numb^rs^ what- 
soever. Now, this is exactly the criterion of proportiona- 
lity establi^ed by Euclid in the 5th definition, and is de- 
rived here by senerahsinff the common and most fam^r 
ideaofprop^ilon. ^ 

it appears from this, that the ccmdildon of mA contdin. 
ing B, >mether with pr without a remainder, ast often* as 
rnC contains D, with or without a remsdnder, and of this 
being the case, whatever value be assigned to the number 



f^ffin^^dos in it, all the three conditions that are meo^ RoobV. 
t^^ ^» Euclid's definition ; and hence that definitipn 
may. be, expressed a little more amply, by saying that 
fy^r m^igfiitudca are proportionaisy wfim ofny multiple of 
t^ejir^t contains the second, (ivUh or wUhoui remainder^) 
(U.qfi 419 the same mvliipU of the third contains the fourth. 
Itpt, though this definition, is certainly, in the expres* 
sion, naore siinple than Euclid\ it is oot, as will be found 
on trial, so easily iqpi^ied to the purpose of demonstra^ 
tion. The .three conditions whicn Euclid brings toge* 
ther in his definition, though they somewhat embarrass 
the expression of it, have the advantage of rendering the 
demonstrations more simple than they would otherwise 
be, by avoiding all discussion about the magnitude of the . 
remainder left, after B is taken out of mA as oft as it can 
be found. All the attempts, indeed, that have been made 
to demonstrate the properties of proportionals rigorously, 
by means of other aefinitions than Euclid^ only serve to 
evince the excellence of the method followed by the 
Gieek Geometei:, and his singular address in the applica- 
tion of it. 

The great objection to the. other methods is^ that if 
th^y are meant to be rigorous, they require two demon*- 
strations to every proposition, one when the division of 
mA into parts equal to B can be exactly performed, the 
other when it cannot be exactly performed, whatever va- 
lue be assigned to «», or when A and B are what is called 
incommensurable; and this last case will in general be 
feund to require an indirect demonstration, or a reductio 
ad absurdum. 

M. D^Alembert, speaking of the doctrine of proportion, 
ill. a diso^arse th^t contains many excell^t oo^^ratioals, 
but ill which he hflf joverlot^e^ EucljidV manner pf tr|^->^, 
i^g'thJis ^ub^t entirely,- has the folloifing remark : ^^ 0«' 
' ne peut d^ontrer que de cette maniere, (la r^uction 
It absurde,) la plupart des propositions qui regardenjt 
]es incommensuraUes. Uid^ de Tinfini entre au moins 
'^ ii;nplicitement dans la notion de ces. aprtes de quantitds; 
et comme nous n'^ayons ^u^ime idee negative de Pipfini, 
pn^ne peut d^moutrer directement, et a jprtorj, tout ce 
qui conceme rinfini mathematiqup.''--fJBiwjyd5op^d«^,, 
nn9t G6ometrie») 

This remark, sets in a strong and just light, the difii^ 









^]^Tj culty of demonstrating the propositions that r^pi3t|j^ 
proportion of ificommensumble magnitudes^ witnout h^n 
vin^ recourse to the reductio ad ahmrdym; but it is au^ 
^risingi that M. D^Alembertt a geometer no less lea^iif^ 
thaii profound^ should have neglected to make m^ntiops^ii^ 
JEuchd^s method, the. only one in w^cb itbe dilpculty .Ji^ 
ptates is completely overcome.. It is o^^^rcon^W th^^bb 
troductibn ox the idea of indefinitpde, ^if^t |aa)r fep.peir^ 
iaitted to iis^ thcj^rd,) jijisjtead of the idea^^^ipgmtv<it 
for m and n. the multipliejre emDioyed^ %i^ ^Pp<>Bkl|tQi]b^ 

Slide values, ai^^itiis \^ 

.... ,. .>tthetiKes6ityrfi^i^efifc 

demoristrafions is avoideti; ^ the wMq:<rfl^fecH»^|y^ Jt 
know hot thiit any happier invention is to be found ; yj a^ 
i^ is worth remarlung thftt Eudiid, a{^^»rariB^.aDt)th^ offiis 
works to have ayail^ himself ^ ilihe idci^ eSi tudefinitu^ 
with the same. aijiQcessY viafl ip 6is books of Fcriems, ;^hidb 
have been restored by l)r Siwsqn, and m which, ^thq 
^hpTe analysis turned on that idej^ as I hav^ sbeitaiili 
length, in the Third Volume of the Tnuisaedons pf ^ 
Boyal Society of Edinburgji. The investiga$iQip$;<)f tl^Mio^ 
{nxjpositions were founded entirely on tne principle <C 
certain magnitudes admitting of innumerablip value».;i 
and the metnods of reasoning concemiiig thein sieetn.tx> 
have beeii extremely similar to those employed in Xk^ 
fifth of the Elements. It is curious to remark, this am^ 
Iqgv between the different works of the same author i 
ana to consider, that the skill, in the conduct oi*\thit 
yerjr refined and ingenious artmce, acquired ill; trealiiig 
the properties of proportion's, njay hayi^.^oahMjBu^d 
to succeed so well in treating the stHl n*»e di fficiiltlsubi^* 
jectof Porisms. ^^ \ . . r *:, i 

Viewing in thii^ light jE^(jlid> minuet of tn^f^^^^o- 
portion, I had no dedre to changerany thing in:tli^.pijaK 
ciple of his demonstrations. I have only sought tgxmxpmnb 
the kn^age of them, by itttroduciiig a con^^se ii^xlc^cC 
expression, of the same nature with that wMdb we uite iv 
^n^metic, and in algebra. Ondinary tkngimge coc^m 
the ideas of the different operaticxnui su{qi09ed to bp pdBc 
fomied in these demonstrations so slowly, and breaku 
them down into so many parts, that they make wA a 
sufficient hnpression on the understanding. This.i^? 
deed will generally hajppeii when the things treated of 



NQTEI, ^ 

are not represented to the senses bj INagrams^ as tfiejr %qk.% 
osbikit 1^ wlien vre reason conoemmg m^gmtude iii ge^ Ss?" ~ 
iM^al^ as in this part of 'the Elements. Here we ought 
dtMgMjf to adopt the hnmiaee of ar?tbin;etic or dlgdbra^ 
irtiich, by its snortnesfii, ana the tUpidi^ witSi wmdi it 
fki^&^ objects before us, makes tip tti w best ipaiitier 
pdsaible rot* b^i^ mer^ a ocniTentionai language^ and 
uBing sjrmbbls tmct have no resemblance tp the things 
exj^^ssed'bt Ihem. Soeh a language, therefore, T^ have 
enjjpleavcHiiM to introduce here ; and' I am convm'oed^ 
that if it ^hali be found ah Jmproveipent, it is the only 
on^ of >Mch the fifth of Euclid wOl ax^i. tn other 
i^espeets I have followed I)r Simson^s edition, to ihe ac-' 
(fciracy '4il which it would be d^cult td make any addin 

tn dfwiihins I must observe, that the dbcttbe pf pro. 
pottibb, as*l^ down Here, is meant to be more^nei^T 
lliiin in Euditfs' Elements. , II is in^ei^ded'tfi ihcl^ejth^ 
pfopetti^ of^ proportional numbers as well as'dP aXf mag- 
ilitudes; £u<^a has not this design^ for Hd has jgiven s^ 
definltiOA dT pr6p(Ktg)nal^ number^ ^-^^ seventh ^boli;'^ 
vepfjd^^itetii mm ^^t of prbpbrtioi^ 
jbe d^4' nid k te not essy to justify Hbe logici of %h!s 
mannev of proct^eding ; tot we can never speak of t^o 
numbers and Xyfo magi^tndes both liaving the same 1*a-; 
tios, lUifesd' the word riUid have in both cases the sahie 
signifiedtion. AU the propositions about proportionals 
here fftveti^ are therefore understood to be applicable to 
numbers ; and accordingly, in the aghth Book, the pro- 
position that proves equiangular parallelograms to be iii 
a ratio compounded or the rados of the numbers propor- 
tional to their iMdes, is demonstrated by help of tne pro-' 
pofidtions of the fifth Book. - • > > * 

On aocounf of this, the word quantity^ rather than 
ntagnihide, 6U^t in strictness to nave been ui^ in tli^ 
enunciiaion of these propositions, because we employ the 
word Quantity to denote, not only things extended^ to 
whidi alone we ^v^ the nam^ or Hagmtude, but also* 
Biimbm. ' ItwiU be sufficient, however, to remark, that 
ali thit' ntapCfA^KHni respecting the ratios of magnitudes 
wdMetffmmy.iojA tl^gs of which inuldples can be ta-' 
ken, diat i«^ to all Ihat is usuaUy expressed by the word 
Qwadly- in 'M ttmt extended s%nmcation; taking car^ 
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BMkir*^ ^m$jB to ^iMmtVie, that ratio tdke pflace'imfy iunpi^ 
^ quantities. (See def. 4.) ' 

*• bEF. X.' *' • .' 'I "'"" 

... . . 

The dennitioi^ of compound raiio waft jQr^t ^iy^u Hf^^ 
ratel^ by Dr Simsoa ; for, though £l|ci|d use^i the^^mipl, 
he did so without deiShing it I have plap^ thi$ c^tW-^ 
tion before those^of duplKike,B.nd}rifdf6aip^ tatio^ fs.^is 
in fact more general, and as the relatibli.of all the, wee 
definitions is best seen whch they aire' ri^lnged in tlus or- 
d^. It is then plain, that two edii^ r£Lw)s compoum) a 
ratio duplicate of eithSr'df tlteni; thi-ee equal^ratiosL a 
ratio triplicate 6f either of theto,&c.' ^"' ' " '*> '\ " 

It was justly observed by Dr.Simson^ that tjhe express 
sionf compouna rcdiOy Is intitduo^ meray tb prevent .cur- 
cundocution, and for the sake'^rincip^y of enuticiating 
those propositions with condsetiess thdfaire demonstrated 
by reasoning ea; legt^y, that b, by reasoning from the 9Sd 
or 23d of this Book. This will be evident to ai^ one 
whb' considers cai^fulhr the Prop. F/Bf^iRlSj^br the^ 28d 
of the 6th Book. ' 5.L. ,, ... . .^/i 

An objection which naturally dceiiris to the use oiffie 
tenm compotmd ratw^ arises from its not being evident 
how the ratios described in the definition :de[termine in 
any way the ratio which they are said to compound, sincQ 
tl^e magnitudes cc»Qopounding theQiarpi^s§iJiD^,9.t, plea- 
sure. It may ba of ^se for renj<;)vijr)g.this 4i?Beyjiy,.,^ 
^I^e the master as fellows : ,if there. l|e.a^YJ[^^ml|€^]9f,J^ 
tio^ (aoi&ong magnitudes of the same l^x)^.su€jh jP^|^ 
ccnseouent of any of them is the antec^^ljept fif^th^^ 
invfi(i^f3(UAtely follows, Jthf^ first of tti9;;aj^tece<^^^ -^l^ 
thjB last pt the /corisequents a ratio whicjj^^evid^tj^j^^ 
pen4s on the intermediate ratios, because if thejr ar^ < 
t^muned, it is determined also ; an4 thisdepenc^ei^migf 
one ratio on all the other ratios, is expressed by sayiilg 

that it is compounded of them. Thus, if -— ~ j -^ ^i 

be atiy series of ratios, such as described above, the ratio 

A * 

^, or of A to £ is said to be compounded of the nitio« 
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* £^, &C. The mtio ^ is evidently determined byAe .'^ ''^' 

A B 

ratios ^f p, &c., because if jeacb of the latter is fixed and 

invariable, the former cannot change. Theexiict ni((ure. 
of this dependence^ and how the one thing is determined 
by the other, it is not the business of the definitioato ey:^ 
plain, but merely to give a name to a relation which it 
may be of importance to conader more attentively. 



• M • 


BOOK VL 











[^oThisl definition is changed from that of recipr0cal 
JigweSj which was of no use, to one that owrespon(b to 
the language used in the 14th and 15th propositions, and 
in o^her parts of geometry. 






• PKOP. XXVII, XXVUI, XXIX. 

As oonsiderdble liberty has been taken with these pitv 
*]^o^tion6, it is necessary tlyit the reasons for doing )so 
ij^ould beexplatned. In the first place, when the enun- 
ciations .are translated- liten^y from the Greek,, they 
JMydiidVery hiu«hly, and' are, in fact, extremdly obscure,' 
'^he'phiraie ef applying to a straight line, a paralldo. 
I^ram deficient, or exceeding by another parallidograin, 
w' so elliptic^, and so little analogous to ordinary Ian<* 
^l^ui^, that there could be no dodbt of the pit^ety of 
^' least chai^ng the enundations. 
(I It next occurred, that tl^e I^blen^s themselves in the 
fl^th and 89th propositions are proposed in a more gene- 
rfi^^foi;^ ^lian is necessary in an elementary wtivk^.i^ld 
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4^ ^\ thai, th^ipf€>re, to take those cases ai them that are the 
most useful, as they happen to be the most simple, must 
be the best way of accommodating them to the capacity 
of a learner. The problem which Eudid proposes m the 
528th is, ^^ To a given stnught line to apply a parallelo- 
^ gram equal to a given rectilineal figure, and defident 
'* Dy a parallelogram similar to a given pandlelogram C 
which may be more intelligibly enunciated thus : ** To 
*' cut a given line, so that the parallelogram which has 
in it a given angle, and is contained under one of the 
segments of the given line, and a straight line which 
has a ^ven ratio to the other s^ment, may be equal 
^ to a given space ;"* instead of which problem I have 
substituted this other: ^* To divide a ^ven straight 
^< line so that the rectangle under its segments may be 
*< equal to a g^ven spaoe.^ In the actual solution of pro- 
blems, the greater generality of the former proposiUon is 
an advantage more apparent than real, and is nilly com- 
pensated by the simpliiaty of the latter, to which it is al- 
ways easily reducible. 

The same may be said of the S9th, which Euclid enun- 
cjuittes thus ; ^^ To a given straight Jiine to apply a pa- 
*^ rallelogram equal to a given rectilineal figure, exceed- 
<' ing by a paralleloCTam similar to a given parallelo- 
** gram. This might be proposed otherwise : ** To 
*' produce a given line^ so that the parallelogram having 
*^ m it a fnven angle, and contained by the whole line 
^* produced, and a straight line that has a ^ven ratio to 
^< the part produced, may be equal to a given rectilineal 
^< figufe.* Instead of this, is riven the following pro- 
blem, more simple, and, as was dbserved in the former in- 
stance, very liule less general : ^^ To produce a givai 
*^ straight line, so that the rectangle contained by the 
^ segments, between the extremities of the riven line, 
^^ and the point to which it is produced, may be equal to 
** a given spoce.^ 



i?ROP. A, B, C, &c. 

Nine propositions are added to this Book, on account 
of their utility and their connection with this part of the 



Bfemetits. ' Tlie first foiir of therft are in jpr'SiirUdti^s eat* ^v^^isu 
tion, and anionjg these Prop. A is given immediately 4fter ^""^^i^^^^ 
th^ third, bein^, in feet, a second case erf* that projSosi- 
tfon, and c^piatde of bein^ ittchided witH It in. one ehun^| 
ciation. Pl-op.U ii remarkable for'beihg a thedrem' of^ 
Ptolemjr thd Asti^Onotncr, in' his Mfy«?in Swr^gi^'dndJlie, 
foundation of the iconstfuctwh of his tngonomettical-'^- 
bles, '. Prop, i! is the simplest case of tfie Jfbrtner ;' it 13, 
also useftil in trigonometry, and, tinder another forin, 
w^ the Srtfth, or,* m ^fae edftiohfe, tlid'«4ib' of lEuclia'g' 
I>ato. ' The jffojxj'sifidris P^^^^ ire^fery lisefiiljp^o- 

peities pf flxe circle, und* are taken^roAi'the Zocf Aiini 

_ _^„^ ,._ ^ig'p .^ 

trigonometry, is so often, bftl^ in othei'^arts of the Mar ! 
thematics, that it may fcfe'pit)ife*fr^ ranfeea among thc^ ele- 
mentary theorems of (Jerimet^: ^' "^ ';' "^ • ' ' "'''■ 
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PROP. V. and VI. &c. 



THE demonstrafions of the 5th and 6th propo^- 
dons require the method of exhaustions, that is to 
say, they prove a certain property to belong to the drcle, 
l^ause it belongs to the rectilineal figures inscribed in it, 
or described about it, according to a certain law, even 
when those figures approach to the circle so nearly^ 
as not to fall snort of it, or to exceed it by any assignable 
difference. This principle is general, and is Uie only one 
by which we can possibly compajre curvilineal with recti- 
lineal spaces, or the length of curve lines with the length 
of straight Unes, whether we follow the methods of the 
ancient or of thie modem geometers. It is therefore a 
great injustice to the latter methods to represent them as 
standing oh a foundation less secure than the former;, 
they stand in reality on the same, and the only difference 
is, that the application of the principle, common to them 
both, is more general and expeditious in the one case 
than in the other. This identity of principle, and affini- 
ty of the methods used in the elementary and the higher 
mathematics, it seems the more necessairy to observe, 
that some learned mathematicians have appeared not to 



be sufficiently aware of it, and have even endeavoured to ^upplcmcn^ 
demonstrate the contrary. An instance of this is to be 
met with in the preface of the valuable edition of the 
works of Archimedes, lately printed at Oxford. In that 
preface, ToreDi, the learned commentator, whose labours 
have dcMie so much to elucidate the writings of the Greek 
Greometer, but who is so unwilling to acknowledge the 
merit of the modem analysis, undertakes to prove, that 
it is impossible, from the relation which the rectilineal 
figures mscribed in, and circumscribed about, a given 
curve, have to one another, to conclude any thin^ con- 
cerning ihe properties of the curvilineal space itself, ex- 
cept in certam circumstances which he has not precisely 
defined. With this view he attempts to shew, that if 
we are to reason from the relation which certain rectih- 
neal figures belonmng to the circle have to one another, 
notwithstanding that thos6 figures may approach so near 
to the circular spaces within which th^y are inscribed, as 
not to differ from them by any asidgnable magnitude, we 
shall be led into error, and i^all seepi to prove, that the 
circle is to the square of its diameter exactly as 3 to 4. 
Now, as this is a conclusion which the discoveries of Ar- 
chimedes himself prove so clearly to be false, Torelli ar« 
gues, that the principle from which it is deduced must be 
false also ; arid in this he would no doubt be right, if his 
former conclusion had been fairly drawn. But the truth 
is, that a very gross paralogism is to be found in that part 
of his reasoning, where he makes a transition from the 
ratios of the small rectangles, inscribed in the circular 
spaces, to the ratios of the sums of those rectangles, or of 
tne whole rectilinead figures. In doing this, he takes 
for granted a proposition., which it is wonderful that one 
who had studied geometry in the school of Archimedes, 
should for a moment have supposed to be true. The 
proportion is this : If A, B, C, D, E, F, be any number 
of magnitudes, and a, i, c, d, e,^ as many otners ; and 
if A : B : : a t 6, 

C : D : : c : rf, 

E : F : : e :Jl then the sum of A, C and E will be to the 
sum of B, D and F, as the sum of ^, c and ^, to the sum 
o(b,dandf,orA+C+B:B+l)+F::a + c^e:lb + 
d ^f. Now, this proposition, which Torelli supposes to 

rf2 
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Supplement be perfectly general, is not true, except in two eases, vi;^ 
either first, wh^i A : C : : a : c, and 

A : £ : : a : ^ ; and consequently, 

B: D: :b:d, mi 

B : F : : & \f; or, secondly, when all the 
ratios of A to B, C to D, E tp F, &c. are equal to one 
another. To demonstrate this, let us suppose that there 
are four magnitudes, and four others, 

thus, A : B : : a : 6, and 

C : D : : c : d, then we cannot have 
A + C:B + D::fl + c:6 + d, unless either, A : C : : a : i:, 
and B : D : : 6: d; or A : C : : fr: d, and consequently a:b 

Take a magnitude K, such that a : c : : A ^ K, and ano- 
ther L, such that 6 : d: : B : L ; and suppose it true, that 
A+C:B + D::a + c:6 + d. Then, be- 
cause by invendon ; E :• A : : c : a, and, 
.by hypothesis, A : B : : a : 6, and also 
B : L : : 6 : d, ex aequo,- K : L : : c : d ; and 
consequently, K : L ; ^ C : D. 

Again, because A : K r : a : c, by addition, 

A + K : K : : a + c : c ; and, for the same reason, 
B + L : L : : 6 + d : d, or, by inversion, 
L : B + L : : d : ft + d. And^ since it has been 
shewn, that K : L : : c : d ; therefore ex aequo. 



K, A, B, L, 

c, a, d, d. 



A + K, K, L, B + L, 

a -|- ^9 ^9 d, & 4* d. 



A + K:B + L::tf + c:fi + d i^ but by hypothesis, 
A + C:B + D::a + c:ft + d, therefore 
A + K:A + C::B+L:B + D. 

Now, first, let K and C be supposed equal, then it is 
evident, that L and D are also equal; and therefore, 
since by construction a : c : : A : E, we have also die:: 
A : C ; and, for the same reason, £ : d: : B : £>, and these 
analogies form the first of the two conc^tions, of which 
one is afiirmed above to be always essential to the truth 
of Torelli's proposition. 
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5^ext, if E be greater than C, then since Supplement 

A+K : A+C : : B+L : B+D, by division, ^ >--^.-^ 

A+E : E — C : : B+L : L — D. But as was'shewn, 
E : L : : C : D, by converaon and alternation, 
E — C : E : : L — ^D : 1*, therefore, ex aequo, 
A+E : E : : B+L : L, and, lastly^ by ^vision, 
A : E : : B : L, or A : B : : E : L, that isi, 
A : B : : C : D. 
Wherefore, in this case the ratio of A to B is equal to 
that of C to D, and consequently, the ratio of a> tod equal 
to that of c ta d. The same may be shewn, if E is less 
than C ; therefore, in every case there are conditions ne- 
cessary to the truth of Torelli's proposition, which he 
does not take into account, and which, as is easily shewn, 
do not belong to the magnitudes to which he applies it. 

In consequence of this, the conclusion which he meant 
to establish respecting the circle, falls entirely to the 
ground, and with it the general inference aimed against 
the modem analysis. 

It will not, I hope, be imagined, that I have taken no- 
tice of these circumstances with any design to lessen the 
reputation of the learned Italian, who has in so many re- 
spects deserved well of the mathematical /sciences, or to 
detract from the value of a posthumous work, which, by 
its eleg^ce and correctness, does so much honour to the 
English editors. But I would warn the student against 
that narrow spirit which seeks to in^nuate itself even in- 
to the abstractions of geometry, and would persuade us, 
that elegance, nay truth itself, are possessed exclusively 
by the ancient methods of demonstration. The high tone 
in which Torelli censures thje modem mathematics is 
imposing, as it is assumed by one who had studied the 
writings of Archimedes with uncommon diligence. His 
errors are on that account the more dangerous, and re- 
quire to be the more carfully pointed out. 



PROP. IX. 

This enunciation is the same with that of the third of 
the Dimensio Ciradi of Archimedes ; but the demonstra- 
tion is different, though it -proceeds, like that of the 
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So^enoeirt Greek Geometer, by the continual bisecticin of the 6th 
~ ' part of the ciicumference. 

The limitfl of the circumference are ikuA assi^ed ; and 
the method of bringing it about, nottnthstanmng many 

auantities are neglected in the arithmetical operations, 
lat the errors shall in one ca^ be all on the side of de> 
feet, and in another all on the side of excess, (in which 
I have followed Archimedes,) deserves particularly to be 
observed, as affording' a good introduction to the gene- 
ral methods of approximation. 
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DER VIII. and PROP. XX. 



Solid angles, which are defined here in the saane 
manner as in Euclid, are magnitudes of a very peculiar 
kind, and are particularly to be remarked for not admit- 
ting of that accurate comparison, one with another, which 
is common in the other subjects of geometrical investiga- 
tion. It cannot, for example, be said of one solid angle, 
that it is the half or the double of another solid angle, 
Dor did any geometer €ver think of proposing the pro- 
blem of bisecting a given. solid angle. In a word, no 
ixiultiple or submulupleof such an angle can be taken, 
<and we have no way of expounding, even in the simplest 
<;ases, the ratio which one of them bears to another. 

In this respect, therefore, a solid angle differs from every 
other magnitude that is the subject of mathematical rea- 
soning, ml of which haVe this coimnon property, that muL 
tiples and submultiples of them may be found. It is not 
our business here to inquire into the reason of this.anoma^ 
ly ; but it is plain, that, on account of it, our knowledge 
of the nature and the properties of such angles can never 
be very far extended,' and that our reasonings concern- 
ing them must be chiefly confined to the relations of the 
plane angles, by which they are contained. One of the 
most remarkable of those relations is that which is demon- 
jstratcd in the 21st of this Book, and which is, that .all the 
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ntaae-angles which contain any solid angle must to^ther'^uppinuiit 
be less than four right angles. This proposition is the ^ 
Jilst of the 11th of Eudid. 

The prc^iDsition, however, is subject to a restriction 
in certain cases, which, I believe, was first observed bj 
M. le Sage of Geneva, in a communication to the Aca- 
demy c^ Sciences of Paris in 1756. When the section of 
the pyramid formed by the planes that contain the solid 
angle ia a figure that has none of jt« angles exterior, suc^ 
«8 a. triangle, a parallelogram, &o. the truth of the pro- 
position just enunciated cannot be questioned. But, when 
the aforesaid section is a figure like that which is annex- 
ed, viz. ^ ABCD, having some angles, such as BDQ, 
exterior, or, as they are 
sometimes called, re-.en- 
tertng angles, the propo. 
'sition is not necessanly 
true; and it ia|)lain, that 
in such cases the demon- 
stration which we have 
given, and which is the 
same with Euclid\ will 
no longer apply. Indeed, 3 
it were easy to- shew, that 

on bases of this kind, by multiplying the number of sides, 
solid angles may be formed, such that the plane angles 
which contain them shall exceed four right angles by 
any quantity assigned. An ilhistration of this from the 
properties of the sphere is perhaps the simplest of all 
others. Suppose viat, on tne surface of a hemisphere^ 
there is descnbed a figure, bounded by any number of 
-arches of great circles making angles with one another, 
on opposite sides alternately, the plane angles at the cen- 
•tre of the crphere that stand on tliese arches may evident- 
ly exceed four right angles, and that, too, by multijdy- 
ing.and extending the arches in any assigned ratia 
Now, these plane angles contain a solid an^e at the cen- 
tre of the spnere, according to the definition of a solid 
angle. 

We are to understand the proposition in the text, 
therefore, to be true only of those solid angles in which 
the inclination of the plane angles are all the same 
way, or all directed toward the interior of the figure. 
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6up|4eiiwiii rpo distinguish this class of solid angles from that, ta 
' ~ which the propositioir does not apply, it is perhaps best 

to make use of this ' criterion, that they are such, that 
when any two points whatsoever are taken in the planes 
that contain the solid angle, the straight line joining 
those pcnnts falls wholly within the solid angle : or they 
are such, that a straight line cannot meet the planes 
which contain them in more than two points. It is in 
this way also that I woidd distinguish a plane figure that 
has none of its angles exterior, by saying, that it is a rec- 
tilineal figure, sudfi that a straight hne cannot meet the 
boundary of it in more than two points. 

We therefore distinguish solid angles into two species; 
one in which the bounding planes can be intersected by 
a straight line only in two points; and another where 
the bounding planes may be intersected by a straight 
line in more than two points ; to the first of these the 
proposition in the text applies, to the second it does not 

Whether Euclid meant entirely to exclude the consi- 
deration of figures of the latter kind, in all that he has 
said of sdids, and of solid angles, it is not now easy to 
determine : It is certain, that his definitions involve do 
such exclusion ; and as the introduction of any limita- 
tion would considerably embarrass these definition^, and 
render them difiicult to be understood by a be^nner, I 
have omitted it, reservitig to this place a fuUef" explanar 
tion of the difficulty. I cannot conclude this note with- 
out remarking, with the historian of the Academy, that 
it is extremely singular, that not one of all those who 
liad read or explained Euclid be&re M. le Sage, ap- 
pears to have beoi sensible of this mistake, (Minunres 
jde VAcad, des Sciences 1766, Hist. p. 77.) A circum- 
stance that renders this still more singular is, that ano- 
tb^ mistake of Euclid on the same subject, and per- 
-hapsof all other geometers, escaped M. le Sage also, 
and was first discovered by Dr Simson, as will appear 
irom the notes on the third Book. 
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PROP. IV. 

t 

This very elegant demonstration is from Legendre, 
and is much easier than that of Euclid. 

The demonstration given here of the 6th is also great- 
ly simpler than that of Euclid. It has even an advan- 
tage that does not belong to Legendre's, that of requir- 
ing no particular construction or determination of any 
one of tiie lines, but reasoning from properties common 
to every part of them. This simplification, when it can 
be introduced, which, however, does not appear to be 
always posdble, is perhaps the greatest improvement that 
can be made on an elementary demonstration. 



PROP. XIX. 

The problem contained in this proposition, of drawing 
a straight line perpendicular to two straight lines not in 
the same plane, is certainly to be accounted elementary, 
although not given in any book of elementary geometry 
that I Know of before that of Legendre. The solution 
given here is more simple than his, or than any other 
that I have yet met with : it also leads more easily, if it 
be required, to a trigonometrical computation. 



BOOK III. 
DEF. II. and PROP. I. 



These relate to similar and equal solids, a subject on 
which mistakes have prevailed, not unlikq to that which 
lias just been mentioned. The equality of solids, it is 
natural to expect, must be proved like the equality of 
plane figures, by shewing that they may be made to co* 
incide, or to occupy the- same space. But, though it be 
»true that all solids which can be shewn to coincide are 
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Book JII« equal and nmilar, yet it doos not bold converaely, that 
* afl solids which are equal and similar can be made to 

coincide. Though this assertion may appear somewhat 
paradoxical, yet the proof of it is extreme^ simple. 

Let ABC be an isosceles triangle, of which the equal 
Bides are AB and AC ; from A (baw A£ perpendicular 
to the base BC, and BC wdl be 
bisected in E. From E draw 
ED perpendicular to the plane 
ABC, and from D, am point 
in it, draw DA, DB, DC, to 
the three angles of the triaimle 
ABC. The pyramid DABC 
is divided into two pyramids 
DABE,DACE, which, though 
their equaUty will not be disput- 
ed, cannot be so applied to one 

another as to comcide. For, rf^ ■ X ^ 

though the triangles ABE, ^ U ij 

ACE are equal, BE being equal to CF, EA common to 
both, and the angles AEB, AEC equal, because they 
are right angles, yet if these two triangles be applied to 
one another, so as to coincide, the solid DACE will, 
nevertheless, as is evident, fall without the solid DABE, 
for the two solids will be on the opposite sides of the 
plane ABE. In the same way, though all the planes of 
the pyramid DABE may easily be shewn to be equal 
to those of the pyramid DACE, each to each ^ yet will 
the pyramids themselves never ccwncide, though the equal 
planes be applied to one another, because they are on the 
opposite sides of those planes. 

It may be said, then, on what ground do we conclude 
the pyramids ,to be equal ? The answer is, because their 
construction is entirely the same, and the conditions that 
determine the magnitude of the one, identical with those 
that determine the magnitude of the other. For the 
magnitude of the pyramid DABE is determined by the 
magnitude of the triangle ABE, the (ength of the line 
ED, and the position of ED, in respect of the plane 
ABE ; three circumstances that are precisely the same 
in the two pyramids, so that there is nothing that can 
determine one of them to be grater than another. 

This reasoning appears perfectly conclusive and satis 
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ftctor J ; and it seemn also very oertauiy tha^ there is no Bdok ill. 
other principle equally ample, on which the relation of *^ ' 

the solids DABE, DACE to one another, can be deter- 
mined. Neither is this a case that occurs rarely ; it is 
one, that, in the compatison of magnitudes having three 
dimensions, presents itself continually ; for, though two 
plane figures that are equal and similar can always be 
made to coincide, yetj with regard to solids ;that are 
equal and similar, if they have not a certain similarity in 
their position, tha« will be found just as nmny cases in 
which they cannot, as in which they can coincide. Even 
figures described on surfaces, if they are not plane sur- 
faces, mav be equal and dmilar, without the possibility 
of ccnnciding. Thus, in the figure described on the sur- 
face of a spjnere, called a spherical triangle, if we suppose 
it to be isosceles, and a perpendicular to be drawn from 
the vertex on the base, it will not be doubted, that it is 
dius divided into two right angled spherical triangles^ 
equal aiid similar to one another, and niTiich, nevertheless 
cannot be so laid on one afnother as to agree. The same 
holdur in innumei*cible other in^ances, and thereffore it is 
evident, that a principle, more general and fundamental 
tlian that of the equality of coinciding figures, ought to 
be introduced into Geometry. What this principle is, 
has also appeared very clearly in the course of these re- 
marks ; and it is indeed no other than the princifde so 
celeln*ated in the |rfiiIosophy of Leibnitz, under the name 
of THE SUFFICIENT SEASON. For it wasshcwn, that the 
pyramids DABE ftnd DACE are concluded to be equal, 
oecause each of them is determined to -be of a certain 
magnitude, rather than of any other, by conditions that 
are the same in both, so that tnere is no reason for the 
one being greater than the other. This Axiom may be 
rendered general by saying, That things of which the 
magnitude is determined by conditions that are exactly 
the same, are equal to one another ; or, it might be ex- 
pressed thus: Two magnitudes A and B are equal, 
when there is no reason that A should exceed B, rather 
than that B should exceed A. Either of thes^ will serve 
as the fundamental principle for comparing geometrical 
magnitudes of every kind : they will apply m those cases 
where the coincidence of magnitudes with one another 
Jbas no place ; and they will apply with great readiness 
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Book III. to the cases ia which a coincidence may take place, sucb 
' as in the 4th, the 8th, or the S6th of the First Book .of 
the Elements. 

The only objection to this Axiom is, that it is some*- 
what of a metaphysical kind, and belongs to the doctiine 
of the sufficient reason^ which is looked on with a sus>i. 
cious eye by some philosophers. But this is no solid 
objection ; lor such reasoning may be a|^fied with the 
greatest safety to those objects with the nature of which 
we are perfectly acquainted, and of which we have com* 
plete d^nitions, as in pure mathematics. In physical 
questiohs, the same pnnciple cannot be. applied with 
equal safety, because in such cases we have seldom a com- 
plete defimtion of the thing we reason about, or one that 
includes all its properties. Thus, when Archimedes 
proved the sj^encal figure of the earth, by reasoning 
on a principle of this sort, he was led to a uilse conclu- 
sion, because he knew nothing of the rotation of the earth 
on its axis, which plaices the particles of that body, 
though at equal distances from the centre, in circum- 
stances very different from one another. But, concern- 
ing those things that are the creatures of the mind alto- 
gether, like the objects of the mathematical investigation, 
there can be no danger of being misled by the pnnciple 
4}[ the sufficient reason, which at the same time furnishes 
us with the only single Axiom, by help of which We can 
compare together geometrical quantities, whether they 
be of one, of two, or of three dimensions. 

Legendre in his Elements has made the same remark 
that has been just stated, that there are solids and other 
Creoroetric Magnitudes, which, though similar and equal, 
cannot be brought to coincide with one another, and he 
has distinguished them by the name of Symmetrical Mag- 
nitudes. He has also given a very satisfactory and inge- 
nious demonstration of the equality of certain solids of tnat 
sort, though not so concise as the nature of a simple and 
elementary truth would seem to require, and consequent- 
ly not such as to render the axiom pri^sed above alto- 
gether unnecessary. 

But a circumstance for which I cannot very well ac- 
count is, that Legendre, and after him Lacroix, ascribe 
to Simson tlie first mention of such solids as we are here 
considering. Now, I must be permitted to say, that no 
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lieinark to this purpose is to be found in any of the writ* ^^^ ^^^j 
ings of Simson, which have oome to my knowledge. He ^ 

has indeed made an observaticm concerning the Geome* 
try of Solids, whidi was both new and important, tiz, 
tmit solids may have the conditions whidi Euclid thought 
sufficient to determine their quality, and may neverthe- 
less be unequal ; whereas the observation made here is, 
that sdlids may be equal and similar^ and may yet want 
the condition of being ^le to coineide with one another. 
These propositioDS are widely diffierent ; and how so ac- 
curate a writer as Legendre should have mistaken the 
(Hie for the other, is not easy to be explained. It must 
be observed, that he does not seem in me least aware of 
the observation which Simson has really made. Perhaps 
having himself mode the remark we now speak of, and 
on looidng slightl]^ into Simson, having found a Hmitaticvi 
of the usual description of equal solids, he had, without 
much inquiry, set it down as the same with his own no- 
tion : and so, with a ^reat deal of candour and some pre* 
cipitation, he has ascnbed to Simson a discovery which 
really belonged to himself. This at least seems to be 
the most probable solution of the difficulty. 

I have entered into a fuller disCus^on of Legendre ^s 
mistake than I should other«nse have done, from having 
flittd in the iiist edition of these dements, in 1795, that I 
believed the non-existence of similar and equal solids, 
in certain circumstances^ was then remarked for the first 
time. This it is evident would have been a pretension 
as ridiculous as ill-founded^ if thje same observation had 
been made in a book like SimsonX which in this coun- 
try was in every body^s hands, and which I had myself 
professedly studied with attention. As I have not seen 
any edition of JLegendre^s Elements earlier than that pu- 
blished in 1802, I am ignorant whether he or I was the 
first in making the remark here referred to. That dr- 
cumstance is, however, immaterial ; -for I am not inte- 
rested about the originality of the remark, though very 
much interested to shew that I had no intention of ap- 
propriating to myself a discovery made by another. 

Another observation on the subject of those solids, 
which with Legendre we shall call Symmetrical, has oc: 
eurred to me, which I did not at first think of, viz. that 
Euclid himself certainly had these solids in view when he 
formed his definition (as he very improperly calls it,) of 
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Supplement equal and similar solids. He says ttiiat those solids 
are equal and similar^ which are oontauied under the 
same number of equal and similar j^bmes* But this is 
not true, as Dr Simson has shewn in a passage just about 
to be quoted, because two solids may easiW be aso^gned, 
bounded by the some number of equal and similar 
planes, which are obviously unequal, the one bang con- 
tained within the other. SimsoQ observes, that Euclid 
needed only to bave added, that the equal and similar 
pianes must be similarly situated, to have made his defi- 
nition exact. Now, it is true, that this addition would 
have made it exact in one respect, but would have r^- 
deied it imperfect in another ; for though all the solids 
having the conditions hst^ enumerated, are equal and a- 
milar, many others are equal and similar which have not 
those conditions, that is, though bounded by the same 
equal nvunber of mmiho* planes, those planes are not si- 
milarly situated. The symmetiical solids have not dieir 
equal and nmilar planes similarly situated, but in an or- 
der and position directly contrary. Euclid, it is pro- 
bable, was aware of this, and, by seeking to render the 
description of equal and tdmilar solids so general, as to 
comp^^id solids of both kinds, has stript it of an essen- 
tial condition, (so that solids obviously unequal are m- 
duded in it,) and has also been led into a very illogical 
proceeding, that of defining the equality of solids, instead 
of proving it, as if hfe had been at liberty to fix a nfew 
idea to the word etjuol every time that he ap^ied it to a 
new kind of lAagnitude. The nature of the difficulty he 
had to ixmUxiA with, iviU perhaps be the more readily ad- 
mitted as an apology Ibr mis errw, when it is considered 
that Siihson, who had studied die matter so carefully, i|s 
to set Euclid right in cme particular, was himself wrong 
in anofher, and has treated of equal and similar i^olids, so 
as to exclude the symmetric^ altogeihiBr, to which in- 
deed he seems not to have at all adverted. 

I must, therefore, again repeat, that I do not think 
that this matter can be treated ill a way quite ample and 
elementary, and at the same time general, without intro- 
ducing tHe principle of the suffiMnb reason as stated 
above. It may then be demonstrated, that mnular and 
equal solids are those contained by the same number of 
equal and similar planes, either with amilar or contrary 
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situations. If the word contrary is properly understood, St^ptemcitt 
this description seems to be (juite general. 

Simson^s remark, that sohds may be unequal, though 
eontained by the same number of equal and simikr 
planes, extends also to solid angles wnich may be un- 
equal, though contain^ by the same number of equal 
plane angles. These remarks he published in the first 
edition of his Euclid iii 1756, the very same year that 
M. le Sage commumcated to the Academy of Sciences 
the observation on the subiect of solid angles, mentioned 
in a former note; and, it is singular, that these two 
geometers, without any communication with one another, 
should almost at the same time have made two disco- 
veries very nearly connected, yet neither of them compre- 
hending the whole truth, so that each is imperfect with^ 
out the other. 

Dr Simson has i^ewn the truth of his remark, by the 
following reasoning. 

^^ Let there be any plane rectilineal figure, as the tri- 
angle ABC, and from the point D within it, draw the 
straight line DE at right angles to the plane ABC ; in 
DE take DE, DE equal to one another, upon the oppo- 
site sides of the plane, and let G be any point in EF ; 
join DA, DB, DC ; EA, EB, EC ; FA, FB, fC ; 
GA, GB, GC : Because the straight line EDF is at 
ri^ht angles to the plane ABC, it makes right angtes 
with DA, DB, DC which it meets in that plane ; and in 
the triangles EDB, FDB, ED and DB are equal to FD, 
and DB, each to each, and they contain ri^t angles % 
therefore the base iBB is equal to the base FB ; in the 
same manner EA is equal to FA, and EC to FC : And 
m the triangles EBA, FBA, EB, BA are equal to FB, 
BA, and the base E A is equal to the base FA ; where- 
fore the angle EBA is equal to the angle FBA, and the 
triangle EBA equal to the triangle FBA, and tibe other 
angles equal to the other angles; therefore these tri- 
angles are similar :; In the same manner the triangle EBC 
is similar to the triangle FBC, and the triangle EAC to 
FAC ; therefore there are two solid figures, each of 
which is contained by fflx triangles, one oithem by three 
triai^les,. the common vertex of which is the point G^ 
and their bases the straight lines AB, BC, CA, and by 
three other triangles, the common vertex of which is th^ 
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point E9 and their bases the same lines AB, BC^ CA. 
The other solid is contained by the same three triangles, 
the common vertex of which is G, and their bases AB, 
BC, CA ; and by three other triangles, of which the com- 
mon vertex is the point P, and their bases the same 
straight line's AB, BC, CA : Now, the three triangles 
GAB, GBC, GCA are common to both solids, and the 
three others EAB, EBC, ECA, of the first gpolid have 
been shewn to be equal and similar to the three others 
FAB, FBC, FCA of the other solid, eacji to each ; 
therefore, these two solids are contained by the same 
number of equal and similar planes : But that they are 
not equal is manifest, because the first of them is con- 
tainea in. the other : Therefore it is not universally true, 
that solids are equal which are contained by the same 
number of equal and similar planes.*" 

*' CoK. From this it appears, that two unequal solid 
angles may be contained by the same number of equal 
plane angles." 

^^ For the solid angle at B, which is contained by the 
four plane angles EBA, EBC, GBA, GBC is not 
equal to the solid angle at the same point B, which is 
contained by the four plane angles FBA, FBC, GBA, 
GBC ; for this last contains the other : And each of them 
is contained by four plane angles, which are equal to one 
another, each to each, or are the self-same, as has been 
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ftoffA I And, indeed^ there may be kununendble aolid 
angles idl iineqiial to one anotbery wfaidi are each of them 
contained by plane aiurles that are equal to,<Hie apother^ 
each to eadi : It is l&ewise manifest, that the before- 
meDtioned solids are not saaihuTy once their sohd ang^ 
are not all equaL^ 
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TRIGONOMETRY. 



DBFIKlTICtl7S, &C. ' ^ 

• 

'"'^ijwwiii. fir^tiGONOMETRY IS defined in the text to be the app£- 
M cation of Number to express the reli^kms of the 
ffldes and angles of trian^es. it depends, tberefare^ on 
the 47th of the first of Euclid, ana on the 7tli oC the 
first of the Supplement, the two propositions which do 
most immediately connect together the sciences of J&rith- 
metic and Gecxnetry. 

The fflne of an angle is defined above in the tmual 
way, viz. the perpencUcular drawn from oi!ie extn^ty 
of the arch, which measures the an^le on the 'hidux 
passing through the other ; but in stnctness ^the Une is 
not the perpendicular itself,, but the ratio of that petpeh- 
dicular to the radius, for it is this ratio which i!enia|ns 
constant, while the angle continues the same, thougtt tUe 
radius vary. It might be convenient, therefore, 'tioride- 
fine the sine to be the quotient which arises Irom divide 
ing the perpendicular just described by the radius of the 
circle. . V^ 

So also, if one of the sides of a right-anglei) .ttisbsle 
about the right angle be divided by the other, '^the quo- 
tient is .the taagent of the angle opposite to the first-men- 
tioned »de, &c. But thou^ this is certmnl^'thle^m-- 
rous way of concaving the smes, tangents^ be; ci^ augl 
which are in reality not magnitudes, but .the ratioaic^f 
magnitudes; yet as this idea is a Uttlg^ isare fdbsUact 
than the ooounon.Qne, and woi]ld also iqvolY^ some 
ehanjge in the language of trigonometry, ai tn& same fime 
that It would in the end lead to nothing; that is not attain- 
ed by making tlie radius equal to unity, I have adhered 
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to ^ c»iilnoii ttediod, 4toU*fa I Wirf tlkHlSftU) #At 'g?*^ 

to poittt out that wbidi shouyTin fiitB^^^^^ B^f?!>i^i^ 

A ptgppsitioij i$ left out ki th^ Pljyip T5|R^ 
i^hicti the astronomers make use of, ^orfletl'w&Wiwp 
mdes of a trkuigle, and the angle cbtitained bt t&^ m 
giTCRi totei& nglcs at the base; ^rfOibiic/tifadiib^ oM 
of th& sumw ^€f ^i0D of lb« skkt, wMob, ifi^ a^fPil 1^^ 
when only the L6garithms of the sides are g^vean^^ J!^^i9^ 
tie conveniently' found. 

♦ . » ' ** T . ' V 

• • • . , . .' / 

TH&OR£lf. ':.:■■' 

JJ^mtke grtmteir of. amf^ pakf fi^st^^itiui^ 
t& the k$&^ SQ the radius ta the: Aingmt ^' 4 
certain at^e ; then wiU the radius he to the- 
ta^itgmi Oflhe ^E^fferende between that af^le 
Ana h(df a right angle^ as the tangent oj nal^ 
the sum of the angles at the hdsc ojthe trian^^ 
t0 the. tangent (jfhoiJ^ihdr difference. 

Let ABC be a triangle, the ^dcs of which are BC and 
CA, and the base AB, and 
let BC be greater than C A. C 

I^t DC be drawn at riffht 
angles to BC, and equal to 
AC ; jpii^ ISi^t and because 
l(Pr&p. 1.) in the right 
anded triangle BCI>, BC : ^ 
CD::B:tanCBD,CBD 
\$ the angle, of which the 
tangent is to the radius as 

CD to BC, that is, as CA to BC, or as the least 6f 
two sides of the triangle to the greatest. 

But BC + CD : BC— CD : : tan i (CDB + CBD) : 
tjm \ (CDB— CBD) (Prop. 6.) : 
\*sA also, BC + CA : BC— CA : : tan 5 (CAB + CBA) ; 
tab I (CAB— CBA). Therefore, «ince CDsaCA, » 
fem 1 (CDB + CBD) : tan \ (CDB-CBD) : ; 
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^Afll^ tm i (CAB+CBA) : tani (CAB-^BA). Bathemni 
the ai^ CDB+CBI)=90^; tan I (CDB4-CBD> : 
tan i (CDB— CBD) ::E: tan (45*'— CBD),(2 Con Prop! 8.); 
theK&re, R : tan (45^---CBD) iitml (CAB+CfiA)'- 
U^ %J(fiASr^42BA\ ; <mdr. qSAtmir 4^^}! itemi to 
bMiieli to ai#»^llH^ BC e CA t : B t 'li]i'eSD>.»^nM^' 

/>eoi. H BC^ OA, and the migle C are given to %i^ 
tlie iliigles A and B ; find mlai^.£: 3yfi}if tliat BC 
i^ B; J^D^ then K : taa (4iP— JE) ;\ tan 5 (A^tl^: 
'ila^ii (A^>« ^BuMil (Aiu«)ittftMttd;atid|<j«^ 

In reading the elements of Plane Tri gmioiiWliy» it 

may be of use to obsei^^t that tj^&rst five pvoposkipns 

eontiun all the rules abscMUtely neoessaty for solviDg the 

different cases of plane triangles. The learner, when I^ 

"^ !J!iigpmmetty for the fitst thne, 'may satisfy Hw 

^^thfi^ .pc^^p^ttt^ butahonld by no xnMxm^ 

PROP. VII. and VHI. . , ..t 




1 have changed the denuHistration which J ^ 
these pxopofiiticxis in the first edition, for two oth^ oon« 
nderaoly simplar and mxSre concise, eonamunicated to 
me by Mr James JjtiniNE, Civil Engipep, well known 
for hts in^nuity apd siull| both in the pure and mixc4 
' itios. 
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% nlhe iM»tiwtMi| apd. luie «f jBuuhemfttitd in*«i> 
ments, and pardcularjy as oontaii^ing, oq^ of the . mMfe 
{^iidpfesr of tbi. modern hnprovement which has substi-* 
tuted the entire di^e for the quadj»|it, liie firmii^il^fL 
and odi^r segm^ts formerly used in the instruments q^ 
^AslMnomy and Prac&»il Giw»netry. ^ - r -, j '^ 
.Thou^^ th^prop<K^tioii'isqtiite>eIementarjr, being ill 

been reseWed to iUs^g^l/ji^ ]!lSi^%^^!^r^Sf^^ 
the language of Tngonomcitry. 

^ t liite^iHterseet tme wmftktrmHt^ 

pomt "wiihm a circle^ ha^ the Mm- of^the^ opi^ 
posite arcs cut cffbg t^m is the measure dj^ 
the angle which they contain. 

Let BE and CD cut one another in the pcnnt A : 
half the sum of the arc^ BC, D^ is the memire oX, the 
ai^leBAG. ^ ., 

. ' ' • it '»1 
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CfTf 



Through E, draw EF parallel to DC, meeting the 
circumference in F; the arc CF is therefore equal to 



^h 




NOTES* 

DE. Add BC to both, and the arc BF is equal to the 
mim of the arcs BC awl DB; But because the angle 
BEF at the drcumference, stands on the arc BF, it is 
equal to half the angle at the centre standing on the same 
arc, and is thereforo measured by half that arc But 
the ai^le BEF is equal to the BhAe BAG, dierefbiethe 
atide BAC is, meamired fajr half me are BF^ that is bf 

"^f--! •, orby half the aumof theapmriteansi, nOffA 

AB and CD intercept 

... - '•• *• • 

n.j^OBm h tt is demopstrated in idie sme ^y,10i&l'l(^kte 
4x>i|Hk in which the Enes iotersect be' without tike c«^ 
mlf the difference of the arcs which thej interte^ is'^ 
Bieasave of tha angles which they contain* '* '""^^ 



^ Cob. 2. J[t is evident, that if the catcumferenoe of f 
dxde be divided into d^grees^ and parts of a degree, hdf 
the sum of the opposite arcs cut off by any two lines 
wiU ^ve the degrees and parts of a degree that measure 
the ang^e made oy the two lines, nii^ier thqr ittetseil 
una aiwther in the centre or not 
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jK,y,.RPP»,TJaii5,., : 
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''' The an^W at'fhe'iaw ''<^ the y^^^ sj^ieqcal (^ 
ila^ ,ira J S f/ mi ^tkui x onigriMdair't 9^^(adndfti%; bf 



bemg laid <m one anodwr, nor ^ooinGi<fing, pali*i|^ 
standing their equality. It might teKfafidaa 



y%iiA:. 




H> qe 01 8 Oertam n&rantQde raUMVlon 




mat 'there is Uo^v^lsoii why c£i of um '^6am W 
than another. I^or ^^ laaKe 'bP'%ote'i6 '#kottl 

may not pra^^^ti#«^, th. d«,^n^ in 




Ijh^text is ^yen, yhicli is i&trictly geomet^d^ 
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